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CHAP. XIL 

Of the Method of iTi/initesimals, of the Limits ofRdtios, and of 
the general Theorems which are derivedftom this Doctrinefor 
the Resolution of geometrical and philosophical Problems, 

495. JlN the accomiti^icli ire liave gives ^-ilie i6feibbd Qf 
fluxions^in the preceding part of this treatise, inagnihides wer^ 
supposed to be generated by motion; and, by comparing the in- 
crements that were generated in any equal sirccesisive parts of 
the time, it was first determined whether the motion was uni- 
form, accelerated, or retarded. When the motion was uni- 
form, the fluxion of the magnitude was measured by the in- 
crement which it acquired in a given time. When the mo- 
tion was accelerated, this increment was resolved into tw6 
parts; that which alone would have been generated if the motion 
had not been accelerated, but had continued uniform ftom thi^ 
beginning of the time, and that which was generated iti cotise^ 
quence of the continual acceleration of the rnotion during that 
time* The latter part was rejected, and the former only n^ 
tained for measuring the motion at the beginning of the timei. 
And in like manner, when the motion was retarded, the quanti- 
ty, which was founddeficient inconsequence of this retardation, 
was supplied; so that the motion at the term proposed was ac*- 
curately measured, and the ratio of the fluxions alwtays ac?- 
curately represented. In the method of infinitesimals, the ele^ 
ment, by which any quantity increase!^ or decreases, is supposed 
to be infinitely small, and is generally expressed by two or 
more terms, someof which are infinitely less than the rest, which 
VOL. II. B being 



9 Of the Method df Infinitesimah* Book I. 

being neglected as of no importance^ the remaining terms form 
vfliHt is called the difference of the proposed quantity. The 
terms that are neglected in this manner, as infinitely less than 
the other terms of the element, are the very same which arise 
in consequence of the acceleration, or retardation, of the gene- 
rating motion, during tHe infinitely small time in which the ele-. 
ment is generated; so that the remaining terms express the ele- 
ment that would have been produced in that time, if the gene- 
rating motion had continued uniform. Therefore those differ- 
ences are accurately in the same ratio to each other as the ge- 
nerating motions or fluxions. And bence,though in this method 
infinitesimal parts of the elements are neglected> the conclusions 
are accurately true, without even an infinitely small error, and 
agree precisely with those that are deduced by the method of 
fluxions. Forexample, *inprop.2, whenDGCJig' 21), the in- 
crement of the b^wA^^^*'**^^ irt^nslcADEjie supposed to become 
infinitely little, the trapezium DGHE (the simultaneous incre- 
ment of the triangle) consists of two parts, the parallelogram 
EG, and the tria.ngle EIH; the latter of which is infinitely less 
than the former, their ratio bemg that of 4. DG to AD. There- 
fore, according to this method, the part EIH is neglected, and 
the remaining part, viz, the parallelogram EQ, is the difference 
of the triangle ADE. Now it was shown above (art. 93), th^t 
EG is precisely that part of the increment of the triangle ADE 
which is generated by the motion with whidh this triangle 
flows, and that EIH is the part of the same incren[ient which 
is generated in consequence of the acceleration of this motion, 
while the ba^ by flowing uniformly acquires the augment 
DG, whether DG be supposed finite or infinitely little. In 
prQp.3,casel,theincrementDELMHGr/fg.22)oftherectangle 
AE consists*of the parallelograms EG, EM, and 16; the last of 
which 16 becomes infinitely less than EG or EM, when DG and 
LM,theincrementsofthesidesare supposed infinitely small; be- 
cause ib is to EG as LH to AL, and to EM as DG to AD,- 
therefpre lb being neglected, the sum of the parallelo- 
grams EG and EM is the difference of the rectangle AE : 

• Thp figures cited from Vol. I. arc repeated in this Volame in plate ^5, opposit« 
to-p.. H. 

and 
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Chap. XII. Of the Meihod of Infinitesimals. 3 

and it was sb6wn in ail. 102> that the sum of EG and £M^ 
is the space that would have been generated by the motion 
with whicb the rectangle AE flows continued uniformly, but 
that lb is the part of the increment of the rectangle which is 
generated in consequence of the acceleration of this motion^ 
in the time that AD and AL by flowing uniformly acquire 
the augments DG and LM. The same may be observed of 
all the other propositions wherein the fluxions of quantities are 
determined above. 

496. In general suppose, as in art. 66, that while the point P 
C%. 220) describes the right line Aa with an uniform motion, the 
pointMsetsout from L with a velocity thatis to the constant velo- 
city of P as Lc to Dg, and proceeds in the right line Ee with a 
motion continually accelerated or retarded, that LS any space 
described by M is always to DG the space described in the same 
time by P as I/to Dg, that ex Is To Vg as the difference of the 
velocities of M at S and L to the constant velocity of P, and 
that LS is always to LC as I/to Lc. Then LS being always 
expressed by LC ^ CS, it is manifest that (since LC is to DG 
as Lc to Dg, or as the'velocity of M at L to the velocity of P) 
LC is what would have been described by M if its motion had 
continued uniformly from L, and that CS arises in this expres- 
sion in consequence of the acceleration or retardation of the 
motion of the point M while it describes LS. But if LS and 
DG be supposed infinitely small increments of EL and AD, ex 
will be infinitely less than Dg; and since ^is less than ex by 
what was shown in art. 66, it follows that cf will be infinitely 
less than Lc, and CS infinitely less than LC. Therefore when 
theincrement LS is supposed infinitely small, and its expression 
is resolved into two parts LC, and CS, of which the former LC 
is always in the same ratio to DG (the simultaneous increment 
of AD while the increments vary, and the latter CS is infinite- 
ly less than the former LC, we may conclude that the part CS 
is that vvbich arises in consequence of the variation of the mo- 
tion of M while it describes LS, and is therefore to be neglect- 
ed in m easur ing the motion of M at L, or the fluxion of the right 
line EL. Thus the manner of investigating the differences or 
fluxions of quantities in the method of infinitesunals maybe de-; 

B C ' duced 
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duced from the principles of the uiethod of fluxions demonstrat- 
ed above. For instead of neglecting CS because it id infinites- 
ly less than LC (according to the usual manner of reasoning in 
that method), we may reject it, because we may thence^conclude 
that it is not produced in consequence of the generating motion 
at L, but of the subsequent variations of this motion. And it 
appears why the conclusions in the method of infinitesimals are 
not to be represented as if they were only near the truth, but 
are to be held as accurately true. 

497. In order to render the application of this method easy, 
some analogous principles are admitted, as that the infinitely 
small elements of a curve are right lines, or that a curve is a po- 
lygon of an infinite number of sides, wliich being produced give 
the tangents of the curve, and by their inclination to each other 
measure the curvature. This is as if we should suppose that 
when the baseflows uniformly the ordinate flows with a motion 
which isunifbrm for every infinitely small part of time, andin* 
creases or decreases by infinitely small difierences at the end of 
every such time. Buthowever convenient this principle may be, 
it must be applied with caution and art on various occasions. It 
is usual therefore in many cases to resolve the element of the 
curve into two or more infinitely small right lines; and some- 
times it is necessary (if we would avoid error) to resolve it into 
aninfinitenumberof suchright lines, which are infinitesimals of 
the second order. In general it is apostulatum in this method that 
we may descend to the infinitesimals of any order whatever as 
we find it necessary,.by which means any error thatmight arise 
in the application of it may be discovered and corrected by a 
proper use of this method itself. This will appear by consider- 
ing some instances wherein it is said to lead us into error. 

498 (Fig- 22 1 ). The most noted of these is taken from the doc- 
trine of pendulums. If we were toconsiderthecircleABH, whose 
diameter AH is perpendicular to the horizon, as a polygon of an 
infinite number of sides, and consequently the infinitely smalh 
arch AB as coinciding with its chord, it would seem to follow 
that the time of a vibration in such an arch ought to be equal to 
the time of descent in its chord, which is equal to the time of 
descent in the diameter HA ; whereas if the ratio of those times 

be 
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be a*t all assignable, it must be that of the quadrant of a circle 
to the diameter, as may be shown from art. 408, But it is easy 
to discover that we are not in this case to argue from infi- 
nitesimals of the first order,since if we should suppose the same 
arch to coincide with its tangent AT, the time of descent in it 
would-be found infinite. This difficulty however cannot be re- 
moved (as some others) by resolving the infinitely small arch 
AB into two infinitely small chords BD and AD, or tangents 
BC and AC, or into any finite number of such chords or tan- 
gents. The timfe in the tangent BC must be supposed the half 
of the time in the chord BA, because BC is equal to CA, and 
when BDA is supposed infinitely small, BC is one half of BA ; 
the time in CA is the half of the time in BC ; consequently the 
time in BC and CA is three fourths of the time in the chbrd 
BA, or diameter HA, which is nearer to the true time in the 
arch BPA, but is not yet equal to it. By supposing the arch 
BDA to be continually subdivided into more and more equal 
parts, and the tangents or chords to be drawn at each division^ 
the times in the circumscribed and inscribed figures will conti- 
nually approach to the time in the arch, and will at lengtli 
agree with it when the divisions aie supposed infinite in number, 
in the same manner that the circumscribed and inscribed poly- 
gons approach to the circumference of the circle, and are said 
to coincide with it when the number of their sides is supposed 
infinite. But the time in such an infinitely small arch is briefly 
deteraiined by considering it as coinciding with the time in the 
arch of the cycloid of the same curvature, which was determin- 
ed in art. 408. 

499 ( Fig, 9,0.2) . When a curve is considered as a polygon of an in- 
finite number of sides, and CE, EH are any two of those sides, if 
CE produced meet GH the ordinate from H in T, CT is com- 
monly supposed to be the tangent, and HT the subtense of the 
angle of contact ; and if CL> EI parallel to the base meet the 
ordinates DE, GH in L and I, IT will be equal to LE, and 
TH equal to the differen9e of LE and IH which aie the first 
difierences of the ordinates; and hence HT the subtense of the 
angle of contact is often supposed by authors on this method to 
be equal to the second difference of the ordinates^; whereas it 

B 3 follows. 
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follows^ from what was shown above, that when the arch is 
infinitely diminished, the subtense of the angle of contact is 
equal to the half of the second difierence, or second fluxion of 
the ordinate, only. But it is obvious that there is no reason why 
the tangent of the curve at E ought to be supposed to coincide 
with one of those elements CE, EH, rather than the other; and 
that it ought to be considered in this method as equally inclin- 
ed to both, or rather as forming with each infinitely small 
angles that differ from each other by an angle infinitely less 
than either. Therefore let the tangent iEt be supposed equal- 
ly inclined to EC and EH, and meet BC, GH in t and t; then 
the second difference of the ordinate (or the difference of LE and 
IH) will be equal to Ct-|-H^ or SH^, that is to twice 
the subtense of the angle of contact. They however who 
consider the subtense of the angle of contact as equal to the 
second diference of the ordinate, compensate this error by suppos- 
ing that angle in effect to be double of what it is. But whether 
we suppose CEand EH to be rectilineal or curvilineal elements 
of the figure, the subtense of the angle of contact ought to be 
supposed equal to the half of the second difference of the ordinate 
only .See art. 254. If we would compare these subtenses at 
different distances from the point of contact, it is better then to 
consider the element of the curve as an infinitely small arch of a 
circle, unless when the curvature is of those kinds which were 
described in art. 377 and 378, that are either less or greater 
thai^ the curvature of any circle. Hence when the ray of cur- 
vature is fitiite, the subtenses of thesame angle of contact are in 
the duplicate ratio of the arches ; but in the cases described in 
those articles they follow other proportions. 

600. When the value of a quantity that is required in a 
philosophiijal problem becomes in certain particular cases infi- 
nitely great, or infinitely little, the solution would not be air- 
ways just though such magnitudes were admitted. As when it 
is required, to find by what centripetal force a curve could be 
described about a fixed point that is either in the curve, or is 
so situated that a tangent may be drawn from it to the curve, 
the value of the force is found infinite at the centre of the forces 
in the former case, and at the point x>f contact in the latter-; 

ye* 
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yet it is obvious that an infinite force could not inflect the line 

described by a body that should proceed from either of these 

points into a curve ; because the direction of its motion in 

either case passes through the centre of the forces, and no flS^ct 

how great soever that tfends towards the centre could cause it 

to change that direction. But it is to be observed that the 

geometrical magnitude by which the force is measured is no 

more imaginary in this than in other cases where it becomes in* 

finite ; and philosophical problems have limitations that enter 

not always into the general solution given by geometry. 

501 . But to in»st on no more instances: what we have chief- 
ly in view is to show how these scruples may be obviated, 
which the brief manner of proceeding in the method of infini*- 
tesimals is apt to suggest to such as enter on the higher parts 
of geometry, after having been accustomed to a more strict and 
rigid kind of demonstration in the elementary paits. To such 
it may seem not to be consistent with the perfect accuracy that 
is required in geometrical demonstration, that in determining 
the first differences, any part of the element of the variable 
quantity should be rejected merely because it is infinitely less 
than the rest, and that the same part should be afterwards em- 
ployed for determining the second and higher differences, and 
resolving some of the most important problems. Nor can we 
suppose that their scruples will be removed, but rather confirm- 
ed, when they come to consider what has been advanced by 
some of the most celebrated writers on this method, who have 
expressed their sentiments concerning infinitely small quantities 
in the precisest terms ; while some of them deny their reality 
and consider them only as incomparably less than finite quanti- 
ties, in the same manner as a grain of sand isimcomparably less 
than the whole earth ; and others represent them, in all their 
orders, as no less real than finite quantities. It was with a view 
to remove any ground there might seem to be given for scruples 
of this kind, that we followed a less concise method in the 
preceding chapters of this treatise, and showed in art. 495 and 
496, that a satisfactory account may be given for the more 
brief way of reasoning that is in use in the method of infinitesi- 
mals. When we investigate the first diflTerences, wq may reject 

B4 the 
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tJbe infiniUsimal parts of the element^ not merely because they 
are infinitely less than the other parts ; but because the quanti- 
ties generated^ and their mutual relations depend upon the ge- 
nefj^pig motbns (art. U, 33^ A% 43)^ and are discovered by 
^em: and because in measuring these motions^ at any term of 
tt^ time, the infinitesimal parts of the element are not to be re- 
garded^ ^ince they are not generated in consequence of those 
motions themselves, but of their variations from that term ; as 
w^ shown at length in prop. % and its corollaries, and in seve- 
ral other pares of the preceding chapters. The same infinitesi- 
iqal parts of the element however may serve, for measuring the 
acceleration or retardation of those motions from that term, or 
the powers which may be conceived to accelerate or retard 
th^m at that term : and here the infinitely small paits of the 
i^^ment that are of the third order are neglected for a similar 
fe^PQ^^eing. generated only in consequence of the variation of 
^bose powers from that term of the time. In this manner we 
presuns^e spQue satisfaction may be gi^en to the scrupulous (who 
ni£^y b^ apt to demur at the usual way of reasoning in this me- 
tbqd), while nothing is neglected without accounting for it ; 
and Uhis the harmony may appear tabe more perfect betwixt 
the method effluxions and that of infinitesimals. 

502^ Bat however safe and convenient this method may be, 
^PUae will always scruple to admit infinitely little quantities, and 
infinite orders of infinitesimals, into a science that boasts of the 
most evident and accurate principles as well as of the most rigid 
denionstrations; and therefore we chose to establish so extensive 
and useful a doctrine in the preceding chapters on more unex- 
ceptionable j906^t</a^a. In order to avoid such suppositions. Sir 
haac Newton considers the simultaneous increments of the 
flowing quantities as finite, and then investigates the ratio which 
is the limit of the various proportions which those increments bear 
to each other, while he supposes them to decrease together till 
they vanish; which ratio is the samewith the ratio of the fluxions 
by what was shown in art. 66, 67, and 68. In order to discover 
this limit, he first determines the ratioof the increments in gene- 
real, aud reduces it to themost simple terms, so as that (generally 
speaking) a partat least of eachtermmay be independent of the 

value 
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yalae of the increments themselves ; then by supposing the in* 
crements to decrease till th^y vanish^ the limit readily appears. 
503. For example^ let a be an invariable quantity^ x a flow- 
ing quantity^ and o any increment of x ; then the simultaneoD^ 
increments of xx and ax will be 2x04-00 Btidap, which are in 
the same ratio to each other as 2x-4-o is to a. This ratio of 
$x4*o to a continually decreases while o decreases, and is at 
ways greater than the ratio of 2x to a while o is any real incre- 
ment^ but it is manifest that it continually approaches to the ra- 
tio of 2x to a as its limit; whence it follows that the fluxion 
of XX is to the fluxion of ax as 2x is to a. If x be supposed to 
flow uniformly, ax will Ukewise flow uniformly, but xx with' a 
motion continually accelerated : the motion with which ax 
flows may be measured by ao, but the motion with which xx 
flows is not to be measured by. its increment 2x0-4*00 (by 
ax. 1), but by the part Qxo only, which is generated in conse* 
quence of that motion ; and the part do is to berejected because 
it is generated in consequence' only pf the acceleration of the 
motion with which the variable square flows, while o the in^ 
crement of its side is generated : and the ratio of £xo to ao b 

thatofSxtoa, which was found to be the limitof the ratioofthein* 
crements 2iX0'{'00 and ao (fig. 220).- In'general, if (as in art. 
66, 4rc.) the point P be supposed to describe DG upon the right 
line Aa with an uniform motion, and M describe LS upon £e 
with a variable motion in the same time, the vebcity of M at 
L be to the constant velocity of P as Lc is to Dg, and I/be al- 
ways to Dg as LS to DG; it wa^ shown in those articles that 
if LS and DG (the simultaneous increments of EL and AD) be 
supposed to decrease till they vanish, then the ratio of I/(or 
Lc "+ ^ to J)g\ or of LS to D(jr, will approach continually 
to that of Lc to Dg as its limit. Therefore if the ratio be de- 
termined, which is the limit of the various proportions in which 
I/is t6 Dg while the increments LS and DG decrease till they 
vanish, this can be no other than the ratio of he to Dg, or of the 
velocity of M at the term when it comes to L to the constant 
velocity of P, that is of the fluxion of EL to the fluxion of AD. 
If LC be to CS as Lc is to C/J then LC will be the part of LC 
^pCS (the expression of LS) which arises in consequence of the 

motion 
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motion of M at L^ and CS the part which arises in consequence 
of the variation of the motion of M while it describes LS. 

504. This limit is discovered by any method that serves to 
distinguish the two parts Lc and ^of he + </ the expresfsion of 
ly; oiJLC and CS the two parts of LC + CS the expression of 
LS^ from each other ; of which parts the former measures the 
motion of M at L, while the latter arises from the variation of 
the motion of M while it describes LS. We distinguished these 
parts from each other by this property, in the preceding chap- 
ters. But since it is the property of the part cf to decrease, arid 
at length to vanish, with the increments LS and D6, while Lc 
remains, it appears to be a just as well as concise method of in- 
vestigating this limit, to suppose the increments to decrease, to 
find whatpartof the expression of 1/ decreases, and at length 
vanishes with them, to reject this part, and retain the other Lc 
only for measuring the velocity of M at L. It is objected 
against Sir Isaac Newton's method of investigating this limit, 
that be first supposes that there are increments (as LS and DG), 
that when it is said let the increments vanish, the former supposi- 
tion is destroyed, and yet a consequence of this supposition, t. e, 
an expression got by virtue thereof, is retained. But the suppo- 
sitions that are made in this method of investigating the Umit 
are not so contradictory as this objection seems to import. He 
first supposes that there are increments generated, and represents 
their ratio by thatof two quantities (as I/and Dg),one of which 
(Dg) is given so as not to vary with the increments. If be had 
afterwards supposed that no increments had been generated, 
this indeed had been a supposition directly contradictory to the 
former. But when he supposes those increments to be diminish- 
ed till they vanish, this supposition surely cannot be said to be 
so contradictory to the former, as to hinder us from knowing 
what was the ratio of those increments at any term of the time 
while they had a real existence, how this ratio varied, and to 
what limit it approached, while the increments were continual- 
ly diminished. On the contrary, this is a very concise and just 
method of discovering the limit which is required. It had been 
easy, if it had been of any use, to have supposed the generating 
motions to have proceeded in their course; and tohavesubstitut- 
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ed, in place of his decreasing increments^ quantities that stiould 
decrease so as to be always in the same ratio to each other as the 
increments were while they were generated. But this was not 
necessary, and it is to be remembered that the ratio Lc to Dg, the 
limit of the variable ratio of I/to J)g, is not proposed as the ra- 
tio of increments that have vanished, but as the ratio of the velo- 
cities with which the points M and P did set out from L and D 
to generate real increments. 

505. The ratio of L'c to D^ is likewise called the Jirst or 
prime ratio of the increments LS and DG; because though the 
ratio of those increments continually varies when the motion of 
M is continually accelerated or retarded, yet the ratio of the 
generating nrotions (or that of Lc to Dg) is the term or limit 
from which the variable ratio of the increments proceeds, or 
sets out, to increase or decrease. This ratio, strictly speaking, 
is not the ratio of any real increments whatsoever, because any 
increment LS partly depends on the motion of M at L, and 
partly on the continual acceleration or retardation of its motion 
from that term. But as the tangent of an arch is the right line 
that limits the position of all the secants that can pass through 
the point of contact (art. 181), though, strictly speaking, it be 
no secant, so a ratio may limit the variable ratios of the incre- 
ments, though it cannot be said to be the ratio of any real in* 
crenients. The ratio of the generating motions may be like- 
wise said to be the last or ultimate ratio of the increments while 
they are supposed to be diminished till they vanish, for a like 
reason. 

506. Most of the propositions in the preceding chapters may 
be briefly demonstrated by this method. It will be sufficient to 
giveafewexamples(^j?g.38). First, let us resume the construction 
in art. 140, where SA is invariable, SA, AP and AL are in con- 
tinued propoition, and it is required to find the ratio of the flux- 
ion of AL to the fluxion of AP. Because U the increment of 
AL is to Pp the increment of AP as DL is to SP, and the angle 
PSD is always equal to pSA, it is manifest that if those incre- 
ments L/and Pjp be supposed to be diminished till they vanish, 
the angle PSD will approach to PSA, and at length coincide 
with it, PD will become equal to PL and DL to 2PL; so that 

the 
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the ultidnate ratio oiU to Vp must be that of SPL to SP, or 
(^2AP to SA; and the fluxion of AL must be to the fluxion 
€f AP in the same ratio. In the same manner SA^ AP> AL^ and 
AM being in continued proportion^ Mm the increment of AM 
i» to Pj? as 6M to SP ; and when these increments are diminish- 
ed till thej vanish^ GL becomes equal to 2LM^ and GM to 
3LM ; sQ that the last ratio of Mm to Vp is that of sLM to* SP, 
OF that of 3AL to SA ; and the fluxion of AM is to the fluxion 
of AP in the same ratio. In like manner the 8th and gth propo- 
sitio3i3 may be deduced. 

507. In prop. 14, where AJ)( Jig. 47) is the base, DE the or- 
dinate, DG the increment of the base, IH the simultaneous 
increment of the ordinate, if DG be supposed to be diminished 
till it vanish^ the angle HET (contained by the chord EH and 
tangent ET) decreases till it vanish^ by art. 181 ; and the ulti- 
mate ratio of DG to IH is thatof £1 to IT, which is therefore the 
latioof thefluxionof the base AD to the fluxion of the ordinate. 
The ultimate ratio of the arch EH to the tangent ET is a ratio 
of equality, and the fluxion crfthe curve is to the fluxion of the 
baseasETtoEI. In the samemanner the 15th, l6th,and 17th 
propositions may be briefly deduced. 

508. Inprop. 18, a circle described through C,E, and K(;?g.6l, 
aHidSS) touchestherightlineAE, because theangle ECKismade 
equal to SEA. Therefore when P approaches to E till it coin- 
cide with it, the ultimate ratio of the angle PKE to PCE is a 
ratio of equality, and the ultimate ratio of the angle PCE to 
the angle PSE is that of SE to KE, or of ST to CT; whence 
the fluxion of the angle ACP is to the fluxion of aSP as ST is 
toCT. 

509. If the point C(j^g.223)b€ taken upon therightline AB, 
thatjoi ns the centres ofthe bodies A and B,so thatCAbetoCBas 
the body Bis to A, then G is the centre of gravity of A and B ; 
a the point G be taken upon CE, so that GE be to GA as the 
sum of A and B is to the body E, then is G the centre of gra- 
vity ofthe three bodies, A, B, and E; and in the same manner 
the centre of gravity of any number of bodies is determined. 
JiCt kn be any right line, Afl, B6, and Cc any parallel lines from 
A>B, and C that meetA";zin a, 6, and c;^thenthesumof therect- 

angles 
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angles contained by A and -Aa, and by B and B6, sball be 
equal to the rectan^e contained by A-{-B and Cc wh^n A and 
B are on the siame side of kn*, but to the rectangle contained by 
A — B and Cc when they are on different sides of kn ; because 
if AV and "Bv parallel to kn meet Cc in V and v, CV will be to 
Cv as CA to CB^ or as B to A ; and the rectangle AXCV 
eqnal to B X Ct;. It follows that if G be the centre of gravity of 
any number of bodies^ the rectangle contained by Gg(any right 
line from 6 that meets a given plane kn in g) and the sum of 
all the bodies is equal to the aggregate of the rectangles con* 
tainedby each body^ and the parallel from it terminated always 
by kn, that is to the aggregate of A X Aa, BXBby E XEe^ ^c* 
in collecting which any rectangle is to be considered as nega- 
tive^ or to be subducted, when the body is noton the same sideof ibi 
with G (fig. 80). Hence, cor. 6, prop. 19, maybe deduced (thai 
the surface described byanylineFN/^rcrolving about the axis Jb| 
is equal to the rectangle contained by FN/* and the linedescrib-» 
ed by its centre of gravity C in the same time) by applying 
what has been shown of the bodies A^B^E^i^cto the elements 
of the arch FN/^ and substituting this arch itself for the sum of 
the bodies. In the same manner it is shown that if G (/ig, 225) be 
the centre of gravity of any figure DBd,kn aright line in the plane 
of this figure parallel to Dd and given in position, G A perpen- 
dicular to kn in A meet Mm any ordinate of this figure parallel 
to kn in P, then the solid contained by the area DBrf and tjhe 
perpendicular G A will be equal to the fiuent of the solid con- 
tained by the rectangle which measures the fluxion of the area 
MBi» and the perpendicnlar PA^ by substituting the elements^ 
of the area for the bodies A^ B^ £^ 6^c. and the whole area DBd^ 
for the sum of the bodies. And if G be the centre of gravity of 
a solid DBdy of which Mm represents any section parallel to 
Jid, let the whole solid be represented by S, the fluxion of the 
solid MBm hy f, and GAXS will be equal to the fluent of 

PAX/. 

510. There are several theorems concerning the centre of 
gravity^ and its motion^ that are useful in the resolution of pro- 
blems of various kinds^ which we shall take this occasion to 
describe briefly. In any system of bodies the sum of their mo« 

tions 
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tions when estimated in a given direction is equal to the motion 
of a body that is equal to the sum of those bodies^ and pro- 
ceeds with the velocity of their common centre of gravity, if its 
motion bereducedtothesamedirection (JigMQ,^), Amotion that 
is asCL, in the direction CL, reduced.to any other direction Cc 
is measured by CP, if LP be perpendicular to Cc in P. The 
same motion reduced to the opposite direction cC is still mea- 
sured by CP, but is then considered as negative. Let the bo- 
dies A and B with their centre of gravity move in tlie same 
time inloF, H, and L respectively ; letF/, UA,and L/ parallel 
to Cc meet kn in j^ h, and /; and FM/HN, LP parallel to kn 
meet Aa, Bi, Cc in M, N,and P respectively , then since the 
sumof AXAa-fBXB6is equal toA + BXCc, and AXF^ 
4-B X HA is equal t o A + BxL/, it follows that AxAM-}- 
B X BN is equal to A + Bx CP. In the same manner A X FM 
-f-B X HN is equal to A -f B X LP. And in the same manner 
it appears that the aggregate of the motions of any number 
of bodies A, B, E, S^c. is equal to the motion of their sum 
A-f-B-}-E, ^c. proceeding with the velocity of their com- 
mon centre of gravity, when these motions are all reduced to 
any one direction. It follows likewise that if the motions of the 
bodies are* all uniform and rectilineal, the centre of gravity is 
either quiescent, or its motion is uniform and rectilineal. For 
in this case the ratio of the right lines AM, FM, BN, HN to 
each other being invariable, as well as the ratio of A to B, the 
ratio of CP to LP mnst be invariable. 

511. As the aggregate of the motions of any number of bo- 
dies^ reduced to any given direction is never affected by the 
composition or resolution of tlieir motions, or by any actions 
of those bodies upon one another that are mutual and equal in 
contrary directions, or by any powers that act equally upon 
them vrith opposite directions ; so the motion of the centre of 
gravity of any system of bodies is never affected by their colli- 
sions, or when they attract or repel each other equally. In the 
same manneras the motion of anyonebody continues the same 
till some external force or resistance effect it, by Sir Isaac 
Newton's first law of motion ; so the motion of the centre of 
gravity of any system of bodies continues the same unless some 

foreign 



Jt 



nateXXy<SRtZ^IW.U. 




^ ■. f 



i 



! 



' ^ V 



1 

it 
» 



t 



I 






* «- 



I 



Chap. XII. and its Motivn. 15 

fbreiga influence disturb it. If there was any action without 
an equal and contrary reaction, the state of the centre of gra- 
vity of the system would be aifected by it. . And the equality 
of these being constantly coufirined byexperience,itis not with- 
out ground that it is held to be a general law, and extended 
by Sir Isaac Newton to the gravitation of bodies. It is mani* 
fest however that it is not the sum of the absolute forces of 
bodies^ without regard to the directions of their motions, that 
is preserved the same unalterable by their collisions, in conse- 
quence of the equality of action and reaction*' (according to 
Sir Isaac Newton's third law of motion) ; since this is a ge- 
neral 

* When it is said that tk^ quantity ef absolute f9rce is unalterable hif the colU^ 

sion of bodies^ and that this fotlovts so evidently from the equality of action and 

reaction y that to endeavour to demonstrate it would only render it more obscure^ 

something* else must b« mcsnt "by action and reaction than has been genendly 

understood hy thefe terms, and that has not been explained by those philoM. 

phers. According to this doctrine it would seem that the equality oi action and 

reaction should take place in the collisions of such bodies only as are perfectly 

elastic (that is of no bodies known in nature), and not even of these, unless we 

measure their forces by the compound ratio of the squares of their velocities and 

of their quantities of matter. And though tkis mensdration of the forces of bodies 

was admitted, the quantity of absolute force will be found to be so far affi^cted 

by the collisions of bodies, that it must be less during the small time in 

which they act upon each other than before and after the stroke ; whereas the 

quantity of motion estimated in the same direction is preserved the same while 

the bodies act upon each other as before and after, and never can suffer any change 

from their mutual actions. But as it might seem to be an improper digression 

if we should insist on this subject here, we shall only subjoin an illustration of an 

argument which was offered some time ago, to show» that we cannot abandon the 

old doctrine concerning the measures of the forces of bodies in motion, without 

exchanging plain principles that have been generally received concerning the actions 

of bodies upon the most simple and uncontested experiments, for notions that seem at 

best to b^ very obscure. 

Let A. and B (fig» 226) be two equal bodies that are separated from each other by 
springs interposed between thehi (or in any equivalent manner) in a space EFGH, 
which in the mean time proceeds uniformly in the direction BA (in which 
the Kprings act) with a velocity as 1 ; and suppose that the springs imprint on the 
equal bodies A and B equal velocities in opposite directions that are each as 1. 
Then the absolute velocity of A (which was as 1) will be now as 2 ; and, accord- 
ing to the new doctrine, its force as 4 : whereas the absolute velocity and the 
force of B (which was as 1) will be now destroyed ; so that the action of the 
springs adds to A a force as 3, and subducts from the equal body B a force as 1 
only ; and yet it seems manifest that the actions of the springs on these equal 

bodieit 
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Aeral law^ ftnd extends to hard and soft bodies as well a» to such 
as are perfectly elastic^ and the sum of the absolute motions of 
those cannot be said to be imalterable by their collisions. It is 
the quantity of motion estimated in the same direction that is 
preserved the same without any change from any mutual actions 
of bodies in consequence of the equality of action and reaction. 
But we proceed to give some instances of the use of those 
theorems in the resolution of problems* 

512. From these principles the effects of the collisions of bodies 
arereadily determined. Thebodies A and B (fig. 2fi7)beingsup- 
posed void of elasticity^ let C be their centre of gravity^ and 
their velocities before the stroke be represented by AD and BD 
respectively. Then supposing the stroke to be direct, they will 
proceed together after it as one mass, and consequently with 
the velocity CD of their centre of gravity. But if the bodies 
are perfectly elastic^ take CE equal to CD in an oj^osite di- 
rection, and the velocities of A and B after the stroke will he 
represented by EA and EB respectively, the change produced 

Itodies ought to be equal. In general, if m represent the Telocity of the space 
EFGH in the direction BA> n the Telocity added to that of A and subducted from 
that of B by the action of *the springs, then the absolute velocities of A and B 
will be represented by m-^n and m — tt respectively, the force added to A by 
the springs will be Stntt'^-nn, and the force talen from B will be ^mn — nn, 
which differ by 2nn, Further it is allowed that the actions of bodies upon one 
another are the same in a space that proceeds with an uniform motion as if the 
space was at rest {la force du choc^ ou Paction des corps les unis sur les autres^ depend 
uniquement de leur vttesses respectives,^ Discouts sur le motmement^ Paris y 1726). 
But if the space EFGH was at rest, the forces copimunicated by the springs to A 
and B had been equal, and the force of each had been represented by nn. These 
arguments are simple and obvious, and seem on that account to be the more 
* proper in treating of this question. Though there are certain effects produced by 
the forces of bodies that are in the duplicate ratio of their velocities, we are not « 
thence to conclude that the forces themselves are in that ratio, no more than we 
are to conclude that a force which would carry ^rbcdy upwards 500 miles in a 
minute is infinite, because it may be demonstrated (if we abstract from the resist- 
ance of the air) that a body projacted with this velocity would rise for ever, and 
never return to the earth. And as reaction is only equal to action when both are 
estimated in opposite directions upon the same right line, so we are never to 
estimate the force which one body loses or acquires by that which is produced or 
destroyed in another body in a different direction % whence the objections against 
the usual manner of measuring the forces of bodies muy be xesolred, and even 
improved for to support it. 

in 
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in their velocities in this case by the stroke being double of 
what it was in the former, the diflference of AD and CD being 
equal to the difference of CD (or C£) and £A, and the differ^ 
ence of CD and BD equal to the difference of EB and CD. If 
B have no motion before the stroke, then CE is to be taken 
equal to CB, the velocity of A before the stroke being repre- 
sented by AB. In this case if the right line oa be to ob as A 
is to B, and ab be bisected in e, the velocity of A before the 
stroke will be to that of B after the stroke as half the sum of 
A and B is to A, or as oe is to oa. And if motion be communi* 
cated in this manner from the body A to a series of bodies in 
geometrical progression, of which A and B are the first terms^ 
then the velocities successively communicated to those bodies 
will be in a geometrical progression, the common ratio of any 
two subsequent terms will be that of oe to oa ; and, if n be the 
number of bodies without mcludiug the first A, the velocity of 
the last will be to the velocity of the first as the power of oa 
whose e3qK)nent is n is to the same power of oe. Therefore if 
od represent the last body in the progression, aud ov the velo- 
city communicated to it, the velocity of the first oa being re- 
presented by oa, and oa be the modulm of the system, the 
logarithm of od vriWhe to that of ov as the logarithm of ob is to 
that of oe, because the logarithm of od is to that of ob as n is 
to 1, and the logarithm of ov is to that of oe in the same ratio* 

513. Any three bodies being represented by oa, 06, and od^ 
let the first strike the second supposed at rest before the stroke> 
and the second strike the third quiescent, let of he to od as oa 
is to ob ;snd the velocity communicated in this manner to the 
third sbaU be to the velocity of the first as oa is to one fourth 
part of the sum of oa, ob,of and od. For the velocity of the 
^t oa is to the velocity of the second ob as the sum of oa and 
ob to Q,oa ; the velocity of 06 is to that of od ^ the sum of 06 
and od to^doi ; consequently the velocity of the first oa is to 
the velocity of the third od in the compound ratio of oa^ob 
to 2oa and of 06+orf to Soft, that is (since oa, ob, of, od, are 
proportional, so that oa is to ob as Qa-\'of to ob'-\^Qd» and oa 
-{- obtoob as the sum of oa, ob, of, and od to ob-^od) as the 
sum of oa, ob, of, and od is to 4pa* Hence th^ velocity of oa 
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^ifig giiren> Ih^ velocity eommunicated to od is inrersely as 
the attto 6f o«, b&, q/i and drf> and is greatest when this 
fum is ka^t^ that is^ if 6a and od be given, when ob and of 
eoincide with each other and widi the mean proportional be^^ 
iwiict oa and od. Therefore the velocity communicated to od 
is greatest when bb the body interposed betwixt oa and od is a 
tflean ji^oportional between them. This is one of Mr. Huygen^% 
theorems> from which it follows, that the more such geome* 
trioal mean proportionals are interposed betwixt oa and od, the 
greater is the velocity comdiunicated to od. 

514. There is however a limit which the velocity commu« 
nicated to od never amounts to (the bodies oa, od, and the ve* 
locity of oa before the stroke being given), to wljiich it ap* 
preaches continually while the nitmber of such bodies inter* 
posed between oa and od is always increased. And this limit 
k a velocity whif^h U to tkc vclooiij of the first body oa before 
the stroke in the subduplicate ratio of oa to od. This limit ii 
not mentioned by Mr. Huygem, but may be determined from 
art. 512 and 179* For while «6 is continually dimtnished> 
and ob approaches to oa, the last ratio of the logarithm of o& 
to o&> or of the logarithm of oe to Ac, is a ratio of equality, by 
artb 179; consequently the logarithm of ob becomes ultimately 
double of that of oe, and (by art. 5 1£) the logarithm of ocldouble 
of that of ov. Therefore if ok be a mean proportion betwixt 
caBXiAod,xht logarithm oiov will become equal to the logarithm 
of ok, but with a contrary sign ; so that ok, oa, and ov will b6 
in continued proportion : and 6v the velocity of the last body 
cd will be to ddt the velocity of the first oa as oa is to ok, or in 
tl)e subduplicate ratio of the first body oa to the last od. 

515. The same principles will serve for determining the 
effectd of the collision, when a body strikes any number of 
bodies at once in any directions whatever. Let the bodies first 
be perfectly hard and void of elasticity, and the body C (Jig. £d8) 
moving in the direction CD with a velocity represented by CI> 
strike at once the bodies A, B, E, isc. that are supposed at 
irest before the stroke In directions CF, CH, CK, Spc in the 
same plane with CD, and Da, D5, D€> be perpendicular to CF, 
CH, CK in a> b, and e TCspcctively. Determine the point P 

irt^here 



Chap. XII. Of the CoUidou ofBodia. 1$ 

where the common centire of gravity of the bodies C^ A, B> £, 
^c. would be found if their centres were placed at the points 
C, a, b, Cy 8cc. respectively, by art. 509, join DP, and CL 
parallel to DP shall be the direction of the body C after the 
stroke. Let PR perpendicular to DP meet CD in R, and DL 
perpendicular to CD meet CL in L ; then if CL be divided in 
6 so that CG be to GL in the ratio compounded of that of CD 
to CR and that of the body C to the sum of all the bodies, th^ 
velocity of C after the stroke will be represented by CG ; that 
is, the velocity of C after the stroke will be to its velocity be- 
fore it as CG is to CD. Let Gf, GA, and Gi, be respectively 
perpendicular to CF, CH, and CK iuf, h, and k, and the ve- 
locities of A, B, and E, after the stroke will be represented by 
C/^ C*, and C&. But if we now suppose the bodies to be per- 
fectly elastic, or the relative velocities before and after the 
stroke he always equal when mcasoredxm the same right line, 
produce DG till Dg be equal to 2DG, join Cf , and the body 
C will describe Cg after the stroke in Uie same time that it 
would have described a right line equal to CD before the stroke. 
And in like manner the motions are determined when the elas- 
ticity is imperfect, if the relative velocity after the strdkeis al- 
ways in a given ratio to the relative velocity before it in the 
lame right line. Mr. Bemouilli has deduced the computa^ 
tions of the motions in the ease when the bodies are perfectly 
clastic, and there are bodies on one side of the line of direction 
CO that are always respectively equal to those on the other 
lside,and are impelled in directions that form equal angles with 
CD in the same plane, from the principle that the sum of the 
bodies mnltiplied by the squares of the velocities is the same 
^fore imd after the stroke ; which computations will be found 
to c^;f>ee with what we have shown, by supposing DP and CL 
to IfiaH vpon CD, and restricting our supposition in other re- 
spects so as it may agree to this case. These problems being 
Tepresented as 9f an uncommon difficulty, it may be worth 
while to SHbjpin the following construction which isstill more ge- 
neral, and is d^4}uc;ejA'fcom the principles in art. 610 and 511. 
616. Let the bodies C, A, B, E, 8^p. < J%:.2S9) move now in 
At 4iFeetiens CD, CF, CH, CK, ^c. in one plane with 
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velocitiea represented by CD, Ca, Cb, Ce, ifc. and the body 
C overtake and strike them at once in these directions. Let 
T be the point where the common centre of gravity of all the 
bodies C, A, B, E, ^-c* would be found if they were placed in 
J), a, b, e, Src. respectively ; let Ta, Tb, Te, S^c. be perpendi- 
cular to CF, CH, CK, ^c. in a, b, e, SfC. and P be the point 
where their common centre of gravity would be found if the 
bodies were placed at C, a, 6, e, Sfc, respectively; join TP, and 
CL parallel to TP will be the direction of C after the stroke 
when all the bodies aie supposed perfectly hard and void of 
elasticity. Let PR perpendicular to TP meet CT in R, and 
TL perpendicular to CT meet CL in L; let CS be to CT as 
the body C is to the sum of all the bodies ; upon CL take CG 
in the same ratio toCL as CTis to CS-f-CR^and C6 will re* 
present the velocity of C after the stroke ; whence the veloci- 
ties of the other bodies in their respective directions CF, CH, 
CK, SfC. are determined as before. We omit some other, 
theorems of this kind where the directions are in different 
planes, because they would lead us too far from our principal 
subject. When the bodies are perfectly elastic, join DG, and 
upon it take Dg, double of DG; but if the elasticity be im- 
pei'fect, and the respective velocity after the stroke be in a 
given ratio to the respective velocity before the stroke, upon 
DG produced take Gg to DG in that given ratio; and Cg will 
represent the direction and velocity of C after the stroke; 
whence it is easy to determine the velocities of the other 
bodies. The other cases of this problem are resolved in like 
manner from the same principles. 

517. Mr. Huygtns has shown that in the collisions of two 
bodies which are perfectly elastic, the sum of the bodies multi* 
plied by the squares of their velocities is the same after the 
stroke as before it. It is justly observed that this proposition is so 
far general as to obtain in all collisions of bodies that are per- 
fectly elastic ; but as this cannot be held an immediate conse- 
quence of the equality of action and reaction, as was observed 
above, and it is by some considered as a theorem of great use, 
we shall show how it may be demonstrated when a body strikes 
aoiy number of bodies at ouce, as in art. 51^.^ Let DQ, g% 
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fm, hn, Arbeperpendicular toC6iiiQ^7^,n and r(fig .928). Then 
the rectangles contained by Cm and CG> Cn and CO^ Cr and 
CG will be respectively equal to the squares ofCf, CA, and Cit. 
If the bodies C^ A, B^ £ be supposed to have no elasticity^ their 
velocities after the stroke will be represented by CG, Cf, Ch, 
and Ckf the velocity of C before the stroke being represented 
by CD; because in this case no relative velocity is generated 
by the stroke in their respective directions; and the sum of 
A X Cm, B X Cn, E x Cr is equal to C x GQ, because the som 
of the motions which would be communicated to A, B, and C 
in the direction CG is equal to the motion which C would lose 
in the same direction by art. 511. Therefore the sum of AX 
Cy*, B X CA% E X C*Ms equal to C x CG x GQ; and to 
these if we add C x CG*, the sum of all the bodies multiplied 
by the squares of their velocities in this case would be C x CG 
X CQ. Bqt when the bodies are supposed to be perfectly elasw 
tic, the velocities of A, B, and Eare to be represented by 2,Cf, 
2CA, and set respectively; the sum of A x 4C/^, B x 4CA* 
and'E X 4CA* is equal to C4. 4CG + GQ or (elem. 8, 9) C+ 
CQ*— C X Cj*; to which if we add C X Cg^ (or C x Cy*+ 
C X GQ*) the whole sum of the products when each body irf 
multiplied by the square of its velocity is equal to C x CD*i 
and consequently is the same after the stroke as it was before 
the stroke. But when the bodies are void of elasticity, this sum 
islessafterthestrpkethaubeforeit in the ratio ofCG + CQto 
CD* or of CG to CL, The same proposition is demonstrated 
in like manner of perfectly elastic bodies in the case of art. 516^ 
Aud when the bodies A, B, E move before the stroke in direc** 
lions different from those in which C acts upon them, the pro- 
position will appear by resolving their motions into such as are 
in those directions (which alone are affected by the stroke), and 
such as are in perpendiculars to tliose directions, from elem. 47 
1. This proposition likewise holds when bodies of a perfect 
elasticity strike any immoveable obstacle as well as when they 
strike one another, or when they are constrained by any power 
or resistance to move in directions different from those in which 
they impel one another, as we shall show afterwards. But it is 
manifest that it is not to be held a general principle or law of 
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motloti, sifice it can take place iti the coUiak>as of one sort of 
bodies only. The'^oltttiona of some {>roblem& which have been 
deduced from it may be obtained in a general and direct man* 
ner from plain principles that are universally allowed^ by de- 
termining first the motions of hard bodies which are supposed 
to have no elasticity^ and thence deducing the solutions of 
other cases when the relative vdocitiesbeforeand afler the stroke 
are equals or in any given ratio. It will be said perhaps that 
'there are no such bodies known in nature. But though no bodies 
that are perfectly elastic^ or no mathematical fluid be known in 
nature^ to investigate their motions is allowed to be an useful 
inquiry. It is a consequence however from the proposition we 
have described^ that while perfectly elastic bodies move in any 
ikianner^ if any new force act upon them that generates equal 
tdlocities in the same direction in each> the excess of the sum 
of the products of each body multiplied by the square of its ve- 
locity, above the product of the sum of the bodies multiplied 
by the square of the velocity of their common centre of gra- 
vityi i(i not aflR^ted by this new fierce or by their coUisions^. 

518. Suppose now that the body C 0^.fi30)mo ving in the direc<» 
lioa CD with thevelocityCDimpelfithebodiesAandBinthedi-* 
rectidn« CF and CH ; but that A and B cannot mo\^ in those 
dir^Citlons^ being constrained to move in the respective direc-* 
tjions Cfand Ch, by planes parallel to C^and CA along which 
weenpp^e them to slide without friction, or by their being fix-» 
^ to the extremities of Unes OA and UB perpeDdictilar to Cf 
md C^A, and moveable about the centres O and U, or in any 
other equivalent manner. Suppoae all those lines to be in tb^ 
same plane with CD, and that A and B were at rest before th^ 
strokel Let Da and D& perpendicular to OF and OH meet Cf 
lirnd CA in a and i respectively ; draw^ *oF perpendicular to Ca, 
and iH perpendicular to C6, meeting CF and CH in F and Hj 
and ¥m, Hn parallel to CD meeting Da and Db in m and n. 
Let P be the common centre of gravity of the bodies C, A, and 
B when their respective centres are supposed to be placed at Cj 
fH, and n, join DP, and CL parallel to DP shall be the direction 
of C afler the stroke, the bodies beiolg supposed 4o be perfectly 
hard and void of elasticity. Let p be the commoQ centre of 

. gravity 



^avity of C^ Aj and B wh^u th?ir resp^^tivi^cent^esivrf soppos* 
«4 to be placed at j), F^ and H; draw pr pf^Tpendipular tp DP 
meeting CD In r, let CS be to CD as the body C is tp ^e son* 
^f all the bodies ; let DL perpfodkql^i: to CD meet (^L in h, 
joia rl,, and le{ SGparallel to rl* oieet CL in Gj th^ CQ will 
represeat the velocity pf C after U>e stroke; and if G/and ^4 
respectively perpendicular to CF a.i|d CH meet C/'and Ci in/ 
apd h, tben Cfand Ci wUl represent tbe velppities of A and B 
after the stroke. 

519. When the bodies are perfectly elai^tic^ Cg the directioii 
ajad velocity of C is fpund as in art. 5 1 5, by producing DG tilj 
Dgbe eqpalto $DG. In thi^ case^ though the mption of tbe oen^ 
tre of gravity, or the sum of the motipns of the bodies in tha 
direction CD, be diminished by the stroke (because of the resists 
ai^ce of tbe planes or lines by which the bodies A and B ar^ 
hindered to i^pvein i^ direct ieo^^F coadCHiu which C imY 
p^ them, and constrained to move in tbe directions C/'aod 
^h)y yet the s\im pf tb^ products of the bodies multiplied by 
the squares pf their velocities i$ the same after the stroke as be** 
fore it* For Jet l\f perpewdicvUr to CA meet CH 'mf, and^ 
peipendicular to Cf m^eet CF 'mu; dxwNfx,u^, DQ« and gq 
perpendicular to C Ji in x^ z, Q, and q f join ^ and the angle 
Cfz being equal to Quz or QG/, the triangles Czf and C/G 
are simi}ar> and the rectangle GC;e: equal to the square of Qf^ 
In the same mann(g;r tjbe rectangle GC^ is equal to the square of 
CA ; therefore t^e sum of A x 4C/* and ? x 4CA* is equal to. 
tbe product of A X Cj^+B X Car by 4CQ. But A x Cz+ 
B X Co: is the quantity of motion which C k>se# in the direction 
CL whcQ it communicates tp A^^ B velpcities C/* and Ch in 
their respective directions C/^aud CA, by impelling them in the 
directions CF and CH, and therefore is equal to C x GQ by 
art, 5 1 1 . Therefore since C xGQ X 4CG is equal to C X CQ* 
-^C X C/jr% if we add C x Cg*, the whole sum of the products 
of the bodies multiplied by dje squares of their velocities after 
the stroke will be C X CD*, the same 9a it was before the stroke; 
and it i^ manifest that this dempustratiop is applicable when C 
strikes apy number pf bodies ip any directions whatsoever. 

C4 520. T 
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' 520. Thedemonstrationof theconstructions inart.515^516^ 
and 5 1 8 will easily appear if we subjoin that of the first in art. 515 
-(/ig. £d 1 ). Resuming therefore the construction in that article, 
suppose moreover that Iff^Lq and Lt are perpendicular to CF,CH 
and CK in p, q, and t ; draw aVLypmy 6N, qn^ fZ, tz, and 
PV perpendicular to CD in' M, m, N, n, Z, z, and V. Let 
the sum of the bodies C^ A^ B^ and E be expressed by S^ and 
since P was the centre of gravity of the bodies C, A, B, and E 
when their respective centres were supposed to be placed at C> 
m, b and c, it follows from art. 509 that S X PV will be equal 
to AxaM+ExeZ— Bx6N, and SxDV equal to Cx 
GD + A X DM + B X DN + E x DZ. If we suppose the 
bodies to be void of elasticity^ or no relative velocity toi be 
generated by the collision in their respective directions, then 
while C describes CL the bodies A, B, and E will describe right 
Ikies respectively equal to Cp, Cy, and Ce. Therefore if we 
suppose CL and CH to be on one side of CD, and CF and CK 
to be on the other side of it, C x DL + B x jn will be equal 
to A X pm + E X tz, by art. 510, because the centre of gravi- 
ty of the bodies had no motion in the direction perpendicular 
to CD before the stroke, and consequently has no motion in 
that direction after it. Let Ip meet aM in r, and pu parallel to 
CD meet aM in u, then au will be to ar (or DL) as DM to 
CD, and au X CD equal to DL X DM, so that A x CD x pm 
will be equal to A X CD X aM— A X DM X DL. In the 
same manner B x CD X g» will be equal to B X CD X 6N-|- 
B x DN x DL,andE X CD x fz equal to E x CD x eZ— E 
X DZ X DL. Prom which it folbws that C x CD x DL +B 
X CD X 6N + B X DN X DL is equalto A X CD x aM— 
A X DM X DL + E X CD X eZ— E x DZ x DL, or S x DV 
X DL equal to S X CD X PV. Therefore CD is to DL as 
DV to PV, and CL is parallel to DP. The direction of C af- 
ter the stroke being thus determined, suppose that CG is to CD 
as the velocity of C after the stroke to its velocity before the 
stroke. Then because the sum of the motions of the bodies 
estimated in any given direction is not affected by the stroke, or 
the motion of their common centre of gravity is uniform, this 

sum 
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"sum will be equal to C x CD in the time C describes CO; and 
C xCD + AxCm+B x C«+E x CzwillbetoC xCD 
ns the time in which C describes CL to the time in which it 
describes C6, or as CL to CG. Therefore since CD X Mm is 
equal toaMxDL, CDxNu toftNxDL, and CDxZjz^to 
eZ X DL, it follows that A x CD X CM— A X aM x DL+ 
BxCDxCN + BxftN X DL+E x CD x CZ— EX<?Z 
X DL is to C X CD* as LG is to CO.; that is, S x CDXCV 
— S X PV X DLis to CD* asLG is to CG. But PR is per- 
pendicular to DP by the construction, and CD to DL as PV to 
VR, or PV X DL equal to CD x VR ; consequently S X CR 
is to C X CD as LG it to CG. Therefore CG the velocity of 
C after the stroke is determined by dividing CL in 6, so that 
CG may ^be to LG in the compound ratio of CD to CR, and 
of C to S the sum of all the bodies ; which was the solution given 
in art. 515, when thcrbodics were supposed to have no ela8<* 
ticity,so thatno relative velocity of Candtheother bodies was ge- 
nerated in their respective directions."*^ In the same manner it is 
shown in thecase described in art . 5 1 6, that CS being to CT as C is 

to 

* Because the points a^hf e, l^c. ^fig* 231, S". 2) are always in the circumference of 
« circle 4escribed upon the diameter CD, if we should suppose a sphere C to strike equal 
liomogeneous particles that touch it in an ark AB which is in the same plane with CD, 
the sum of those particles be called Q, CA and CB meet the circle CaD in a and b^ 
the point X be the centre of gravity of the ark dQb, and CX be divided in P to that 
CP be to CX as Q is to C -{- Q» the. direction of C after the stroke will he parallel t9 
DP. If AB be a semicircle bisected by CDy the point X will be the centre of the 
circle C^D ; and the velocity which C loses by the stroke will be to its incident velo- 
city as Q to ^C-^-Ql. But because the resistance of a sphere in a fluid is not discovered ia 
this manner (Nnot, Princip, lib, 2. prop, 32, \^c» schol.)y we have not insisted oa 
those cases. 

These theorems are given from a treatise concerning the mensuration of the force 
of bodies in motion and the effects of their collisions, written in 1728 (by way of 
supplement to a- small piece printed on this subject at Paris 1734>) that was then com'* 
municated to several persons, and intended to hav^e been published ; wherein I endea- 
vour to show, that according to those who measure the forces of bodies by the squares 
of their velocities, equal actions generate uneqnal forces in equal times, and equal forces 
in unequal times, and that the force of a body must he said to have no greater effect in 
the drrection of its motion than ii> other directions, and that several other suppositions 
must be admitted contrary to what ^ been generally agreed on. But after consiflerinf 
jtt^it these would perhaps be <UIowed with explications by such as favour that opinion, 

and 
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loS,CGi^toCI^^CTtoCS+ CRC%.9«9)- l»iurt,518, 
the suQ) of tb^ Q)qtioDs (fig, 230) estimated in the dirf ctioii 
C]> \% not tb^ swie ^fie^ the stroke as before the stroke ; and 
while aay body A acquires the velocity represented by Cf \x\ 
the direction (^from |Ivb impul^^ of C in the direction CF^ 
we are to suppose that in gisnerating this u^otion C loses a mor 
tion r^resented by A X Cu in the direcUon GV,fu perpcndicus* 
]ar to Q/* vc^f being supposed to meet Of in ti. The motion 
A x/t^ is lost by the resistance of the plane or line that con- 
strains the body A to move in the direction Cf instead of CF 
in which it is impelled by the body C. . By ^edudng the nioi^ 
tions A X/v and B ^ ^to the direction CJ), and addiiig then* 
to the motions of C^ A apd B in that direction after the stroke, 
(<v more briefly by reducing the motionf; A X«Cia and B X C/tQ 

s»d tktt it ^ pHm pfppoftd a»A 4#6yiiiv>o.^r ^f\^m hf, t)mf, ih^i i\ui fjprrt of » Mf 
in motion it mewnvtf^y the number of spring which can produce or destfoy it (thpu|;I» 
the same springs act for a longer time oq a greater body than a lesser^ and thereby 
generate in it a greater quantity of motion), I was umrilling to engage in a disput* 
that was pexpUied by «u)h suppoiitiona» asd that tiler all night coem t9 1w 19 * fVVM 
IMUure about words. And one of the chief designs of this chapter being to describe 
aome general principles that are of use in the resolution of problems, this seemed to be 
% proper opportunity of publishing what waf most q(katerial in that treatise* Therefore 
I have endeavoured to show in these and the following articles, that the oonsideratioB 
of the motions of hard bodies that have no el^tipity (which are rejected for the sake 
of what is called the law of continuity^ and is supposed to be general without sufficien| 
ground^, is of use in ojder to obtain general solutions ; that the principle which Mr. 
Huygcns calls the contervatio vis aufendentis (in his observations on some pieces con* 
cerning the centre of oscillation, i?/^. vol. 1* p* S4S, Edit. Itugd^ Baiav* 1734), and 
which seems to be much the same with what is called the conservatio vis vivtt of late. 
obtains indeed in many cases besides those he has considered, and may be of use in sev9« 
nl inquiries concerning the motions of bodies that have no elasticity, as well as those 
that a/e perfectly elastic, but is not general ; and that there is no occasion to perplex 
the common doctrine concerning the action and reaction of bodies, or the mensuration 
^f their foxpe, fot the sa^e of this principle when it takes place. They who hold this 
principle to be general coniine this theory too much to one sort of bodies, which for 
any thing appears from nature have no prerogative above others. And while some 
insht on the preservation of the same quantity of absolute force in the universe with 
much warmth agauist Sir Jsaae Ne-wtony there is nevertheless no proposition in expert- 
ynental philosophy more evident than that in'many cases force is lost or diminished in 
the collisions of bodies from the weakness of their elasticity, whether we measure it by 
|he velocities or by the squares of the velocities. And there is ground to think that 
it will not be generally allowed to be. so easy \ matter as they seem to imagine to give 
i satisfactory account how this can be reconciled with a principle so contradictory to it. 

the 
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the same direcUoQ) and supposing the sum equal to C X CDj 
which waa the som of the motions in that direction before the 
stroke^ the solution in art. $18^ will appear. But we proceed 
now to show how these th^rems may be applied for deter- 
mining the motions of bodi^ that descend by thar gravity^ 
and at the same time impel other bodies^ which wiU lead us to 
consider Mr. Hu^€m'$ frinaiple concerning what he calls their 
vis aicenden^. 
j»2 1 . Le t the accelerating force Cfig . ^^8) and direction of gravity 
be ^ways represented by CD, and let C by its gravity impel A, 
B and £ (which we supposed at present to be avoid of gravity) 
in the. respective directions CF> CH ai)d CK from, the beghi* 
ning of its descenU If nothing hinder the bo<ties from giving 
way in those directions, and if these sides of A^ B and £ which 
C acts upon be planes perpendicular to QF^ CH and CK (that 
C while it descend9 aao^j- impel them «i)ways in thQ same direc- 
tions) then C will deacend in the right line Ch that was de- 
termined in flgt. dl6^ for CL ihe^r^^bn of C which was d^ 
termined in that article do^ not depend upon the incident ve- 
locity of C, but <mly upon the <)uantities of matter in the seve<- 
ral bodies^ the directipu of the motion of C, and those in which, 
it acts upon the other bodies; fmd when these remain the direc- 
tion of C after the stroi&e i^ always the same. The forces that 
accelerate the motions of C, A, B and E in their respectve di- 
rections CL, CF, CH and CK will be to the accelerating foree 
of gravity, and the respective veloqUi^s that wi}l he acquired 
by them to the velocity that would bc^ acquire in an equal 
time by a body falling freely in the vertical line CD by its gra^- 
vity, as CG, Cf, CA, and Ck to CD. X«et Gd be perpendicular 
to CD in d, and the sum of the products C K CO\ A X Cf^, 
B X CA*, E X C** will be equal to C X CD X Cd; forit waa 
shown in art. 517, that C X CG* + A X <y * +5 X CA* -f- 
E X Ck' is equal to C X CG X CQ, which (because CG is to 
C(iasCDtoCQ)iscqimltt)CxCDxCrf. But if the velo- 
city which C acquires while it descends from C to G, and in 
accelerated by the force CG,be represented by CGj^or its square 
by CG% the square of the velocity which it would acquii^ by 
falling freely in the vertical frooi C to c^ by it^gravityCP will he 

represented 
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represented by CD x Crf (art. 434). Therefore the sum of the 
prbducts which arise by multiplying each body by the square 
of the velocity which it acquires is equal to the product of the 
body C (which alone is ' supposed to gravitate) multiplied by 
the square of the velocity which it would acquire by falling 
freely from C to d, or by descending freely along the inclined 
plane CG. The same theorem holds when the directions vary 
in which the body C acts upon A^ B and E while it descends ; 
the demonstration of which will be comprehended in a more 
general case afterwards. 

522. If th6bodyCimpelAandB0?g.2S0)by its gravity in the 
directions CFand CH from thebeginningof its descent^ but these 
foodies foe constrained^ as in art. 518^ to move in the directions 
Cf^^nd Ch, the direction of the motion of C and the velocities 
that will be acquired by the respective bodies may be deter- 
mined from what waftshowu in thai article^ the Bides of A and 
B upon which C acts being planes, so that C may descend in 
the same right line CL and always impel A and B in the same 
directions CF and CH. The velocities acquired by C,A, and 
• B at G,/and A will be to the velocity that would be acquired 
in an equal time by s^ body falling finely in the perpendicular 
as CG, C/and CA to CD. And because C X CG* + A X Cf* 
+ B X CA is equal to C X CG X CQ (by what was shown in 
art. 519), or to C X CD X Crf, Gd being perpendicular to CD 
in d ; therefore the sum of the products of the bodies multipli- 
ed iiy the squares of the velocities which they acquire is in this 
case likewise equal to the product of C multiplied by the square 
of the velocity which it would acquire by the same descent Cd 
if it fell freely in the vertical CD. 

523 (Fig.232, N*. 1 ). To give some examples of this last case. If the 
body C impelby itsgravity onebody Aonly that is terminated by 
a plane perpendicular to CF, and A slide along a plane paral- 
lel to Cf without friction, let Da perpendicular to CF meet Cf 
in fl, a¥ perpendicular to Ca meet CF in F> and Fw parallel to 
CD meet Da in m ; upon Cm take CP to Cm as A is to C + A, 
join DP> and a right line from D parallel to CF will intersect 
CL parallel to DP in G, If in this case Cfbe supposed hori- 
zontal or perpendicular to CD, Cm will coincide with Ca, and 

CP 
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CP beiog taken upon Ca, in the same ratio to Ctf as A is to 
C+A,9L right line from J) parallel to CF will intersect CL pa- 
rallel to DP in 6> so that CG will represent the direction in 
which C will descend and the force that accelerates its motion; 
and CG will be described by it in the same time that it would 
have described CD by falling freely in the vertical. If we sup« 
pose CF (Jig. £32, N. 2.) to coincide with the vertical CD, 
Da will in this case be perpendicular to CD, and oF bein^ per* 
pendicular to Ca, the point m will fall upon D, and CD is to be 
divided in G so that CG may be to DG in the compound ratio 
of C to A and of CD to CF,or of the square of CD to the square 
of Ca. These last are the two case3 considered by Mr. jBrntouiVA' 
which have been lately published, Comm.Acad.Petropoi. torn. 
5 ; and these constructions agree with the computations which 
he deduces by resolving the force of C into two infinite pro- 
gressions. If the body C impel in like manner two equal bo- 
dies A and B CJig. 232, N. S) in directions CF and CH that 
form equal angles with the vertical, emdfCh be one continuecL 
horizontal line, CD is to be divided in G, so that CG may be 
to GD in the compound ratio of C to the sum of the bodies A 
and B. and of the duplicate ratio of the sine of the angle FCD 
to its cosine ; and CG will represent the force that accelerates 
the motion of C, providing it always impel A and B in the 
same directions from the beginning of its descent. 

524. The rest remaining as in art. 523, let us now suppose the 
bodies A and B (fig. 233) to gravitate as well as C. In this 
case the body C while it descends will have no effect upon 
the bodies A and B, unless the angles Dc/*and Dch exceed DCF 
and.DCH respectively. The force and direction with which C 
desce;ids being represented by CG, let Gf and Gh perpendi-^ 
cular to CF and CH (the respective directions in which C act^ 
upon A and B)jneet Cfand Ch in/and A, that Cfaxid Ch may 
represent the forces by which the motions of A and B are acce- 
lerated in the directions Cf and Ch. Let Da and Db perpen- 
dicular to Cf and CA meet CF and CH in K and R respec- 
tively; let fk perpendicular to Cfmeet Ct iii A, and hr perpen* 
diculartoCAmeetCHinr. Draw KM, Am, RN, and r/iperpendi- 
culartoCGinM, w^N, andw; and draw Grf,/V, and At? perpen-* 

dicula^ 
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dicolar t6 tlie tmical line CD in dy V^aadt?. While Cdescribe? 
CG, Adescribes Of; and because A would have described Ca in 
ihe same time by its own gravity, the part AX«/of the force 
vrhich produces the motion of A is what is generated in conse- 
quence of the action of C upon it; the force which C loses in the 
direction CF(in which itacts upon A)ingeneratmgthi6 increase 
of the force of A in the direction Cf' is AXKA, which reduced 
t6 the direction CG is AXMm. In tlie same manner the force 
which C loses in the direction CG by its action /)n B is BxN». 
Let DQ be perpendicular to CG in Q, and the force with 
whidi C endeavours to descend in CG in consequence of its 
gravity being C X CQ, it follows that C X CG + A X Mm + 
BXNn is equal to C X CQ, and C X CG* + AX CG XMm 
+ BXCGXNnequaltoCXCQXCGorCxCDXCrf. But 
the triangles Cnf, C/G being similar, Mwe is to af as C« to Cf 

or Cfto CG, and Mw X CO ie equal to C/'x ^or Cf* 

CfX Co, that is (because Cf is to C V as CD to Ca, and CfX 

Co is equal to CD X CV) to C/* CD X CV ; and in the 

same manner NnxCG is equal to C/i* CDXCr. There- 
fore CxCG»+ AXC/* AXCDxCV + BxCA* 

BXCDXCcis equal toCXCDXCrf, orCXCG* + AX 
Cf * + B X CA* equal to C X CD X Crf + A X CD X CV. 
+ B X CD X Ct; ; that is (by art. 434), the sum of the pro- 
ducts that arise by multiplying each body by the square of the 
velocity which it acquires is equal to the sum of the prodiK^ts 
when each body is multiplied by the square of the Telocity 
which itwouldhave acquired by the same perpendiculardescent 
if it had fallen freely. But it must be observed, that if any body 
as A (for example) ascend, or the angle DC/' be obtuse, then 
«/ is equal to C/+ Ca,andthetemi AX CDX CVmu* be sub- 
ducted in the latter part of the equation. The general theorem 
therefore is, that the sum of the products of the bodies muhi« 
J)lied by the squares of their respective velocities is equal to the 
difference of the products of those that descend mnltrpiied by 
the squares of the respective velocities that would have beci| 
acquired by the same descents, and of the products o€*flibse that 
ascend multiplied by tfce squares of the rcspectiA^e velocities that 
'would have been acquired by falKagfreely itom the ateitudes to 

wbich 
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which tbey have risen (fig.23S,N.i). Togiveanexamplehow the 

motions are determined in this ease, suppose that C impels the 

equal bodies A and B in directions that form equal angles with 

the yerticai CD, and that those bodies move in directions C/ 

and Ch that likewise form equal angles with the vertical greater 

than BCF Or BCH.' Let f)a perpendicular toCfiixa meet 

CP in K, at perpendicular to CF meet CD in z, and KN lie 

perpendicular to CD in N ; let De perpendicular to CF meet 

(^in e ; divide ae inf, so thatyi; may be to afin the compound 

ratio of CN to Cz, and of the sum of A and B to C ; then Cf 

will represent the force that accelerates the motion of A or B ; 

and fCr perpendicular to CF will intersect CD in 6^ so that 

CG will represent the force which accelerates the motion of 

C« Let Kk perpendicular to CF meet C/* in k, and if G act 

upon one body A only> «€ is to be divided in f, so that^e majr 

be to of B3 AXC&to CX Ca^ and fS pierpendicular to 

CP will intersect DG parallel to CF in G. But in these con- 

fttmctions we suppose that the body C acts upon the bodies A 

and B in invariable direc^ons. 

505 • The same theorem takes place tb ougfa the sides of A and B 
tipon which C acts be not planes^ and the directions vary km 
which they are impelled by the body C ; providing C act upon 
them from the beginning of its descent^ so that there be no col- 
lision or suddencommunicationof motion from onebody to ano- 
ther. LetC6^g.£d4)thedirectionofCatanytiaLemeetC/the 
direction of A at the same time inC^ and c/t the direction of B in c ; 
let CF be the direction in which C then acts upon A^ and cH 
the direction in which it acts upon B ; and the rest of the con- 
. •traction being similar to that in the preceding article^ let G 
lepresent the force of gravity along the inclined plane CG^ g 
the force by which the motion of C is actually accderated in 
this direction/ it the force of gravity along the inclined plane 
Cf, and pthe additional force by which the motion of A is ac- 
tcelerated from the action of G, I the force of gravity along ch, 
^nd q the force added to this hy the action of C. Let P be 

equal to ^ 4" JP^ <uid Q to / 4" ?• ^^^ ^^^^ which the body C 
loses in the direction CG by acting upon A in the direction CF 

and 
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and generating the force A xp 5n thedirection (/is A XpX-^ 

or A X p X gg; the force which C loses in the same direction 
CG by its action on B is B X ^ X^or B X j X ~; consequent- 
ly CXg+ A X pX ^ + B X jX^is equal toC X G. If 

jf, y, and z represent the fluxions of the respective spaces de- 
scribed by C, A, and B, by theirinotion», x will be toy as CG 
to C/; and X to 2; as cQ to cA. Therefore Cgx + Apy + Bqz 
will be equal to CaG, or Cgx + APy + BQz equal to CxG + 
AJfcy +B/z. But if V, Uf and v representthe resfiective veloci- 
ties that are acquired by C,A,.and B at the points G,/, and A> 
and I^ K, L the respective velocities which the same bodies 
would have acquired by falling freely from the same altitudes 
from which they have descended ; then (art. 434) gjr, Py, and 
Qz will represent the respective fluxions of i W, $ uu, ivv ; 
iknd Gx, ky, Iz will represent the fluxions of | II, | KK, and 
I LL. Therefore since we supposq these velocities to begin to be 
generated together, CVV + Auu + Bw is equal to CII + 
AKK + BLL, where AKK or BLL are to be subducted if A 
or B ascend while C descends. It is obvious that if we suppose 
the body C to act upon any number of bodies, or these to act 
on other bodies in any directions, the theorem will still obtain 
by collecting the sums of the products of all the bodies that act 
upon each other multiplied by the squares of their velocities. 
526. If we suppose the bodies C, A, and B to ascend from 
their respective places G, /, and A with the motions which they 
have acquired, so as to be retarded by their gravity only, their 
common centre of gravity will rise to the same level from which 
it descended. For suppose X, Y, and Z to be the respective al- 
titudes to which these bodies would rise in this manner, H the 
altitude which would be described by their cottimon centre of 
gravity, A the altitude which it described in descending, I, K, 
and L the respective altitudes from which the bodies descend- 
ed, and S the sum of the bodies ; then by the last article CX 
+ AY + BZ will be equa.1 to CI + AK + BL: ^nd these 

sumi 



Chap. ?CII. that act tg^&n tmt another. ;S 

sums are respeetitely eqoal to S x HaadS x 4^byarU509; 
therefore H is eqaal to h. These tlieote!as eitteiid ^oaity to bo- 
dies of all kinds, those Uiat are vdd «f elasticity; afc weM as tkose 
that faftve ativ degree of elasticity^ tlMva being tiotaktnre vdk$» 
citj generated by C hi the dinsottom hi wbidklt acta npott the 
other bodies. Whereas the theoieias deaaoiutirtfldl i& art. 5lf 
and 5 \% ooncemiBg the equality of the soinsoMie prodaels of 
the bodies mnhiphed by the squares of their i^locitiesiHimpar- 
ed together beftM^ and aiker thdr collisioAa, extenddniy to such 
bodies as have a perfect elasticity. These last are foafl<fa5d<m the 
equaUty of th^ relative velocities of C^ and the se^kwaral- bodies 
A, B, ^c. in thdor vespec;tive directions b^ore afid afbsr the 
stroke ; but those on art. 434> and the general prihcipk describ**- 
ed in art. 511. 'I'h^re may be an analogy however betweeli 
.those theorems^ that may be explained perhaps irom the mo^ 
tions ivhicfa ^re g^ett^rat^d in bodieii by- th^ acttons of springs^ 
bat we are not to ^^rtend those th^oi^ms to motions o£ ail kinds 
for the sake of this analogy* . 

5^. For if the body C descend finmi any height IC befm 
It begin to act upott the otb^ bodies; or if these be any collie 
ston of the bodied while they descend^ and theyliavis nd ehsi^ 
city^ or an imperfect one; or^ in generd^ if tbele be imy sudu 
den communTcation of motion from one body to anotheor, iatid 
the relative velocilies in their respective directions be less 'iiB» 
mediately after that action than before it; in-diose cases tbe 
smn of the products of the bodies multiplied by ti|e squares of 
their velocities will be less than it would have been if the hoo- 
dies had descended freely firom the same respective altitudes; 
and if the bodies be supposed to ascend with their respective ve- 
lodties at any time> and their motions be retarded by their gra*- 
vity only^ the common centre of gravity will not ascend to the 
same level from tl'hich it descended. When the bodies C and 
A0%^£d5)thatbavenoelasticity^oranimperfectone^uspended 
by equal lines KC and LA from the points K and L (that are on 
the same levels and at a distance from each ofeherequal to the 
sam of the semidiameters of the bodies)^ &fter describing the 
arks IC and EA^ strike one another; or when any body C af- 
ter its descent from I is loaded with a new body at C 
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which it caik'i<d!6 along withlit^mits ascent (as in a known expe- 
riment madebj|rMr« Gn!i^m)^iiisobVio.us that the ascentof their 
-cookmon centre of gravity ttms the less than its clescent.To give an- 
other ftinipleiiisteinoenaiipfiose that the body C 0^g.236)<lescend» 
ill theverticAlCD^aiidiatrthesame time draws anybody Aalong the 
}ioxu5ontal lineiKli > without friction by a line or chain CMA 
(which' we sii|i^ll»6e to be void of gravity) that is directed by 
the puUy M/so'that MA is always horis^nta}. Fii^st^ let C draw 
the body A as soon as it begins to descend; ai^ the accelerat- 
ing iorce being alvr ays as the absolute force directly^ and the 
matter, that is to be moved inversely, the motion of each body 
mil be accelerated by a fqrce that is less th$En. the accelerating 
force of gravity in the ratio of C to C -}- . A. . Let CG be equal 
/to Aa, and the s<5[uare of the velocity of C when it comes to G, 
or of A when it comes to a^ will be tp the square of the ve- 
locity which C would have acquired by falling freely from C 
to 6 in the same ratio of C to C 4- A, the squares of the ve- 
locities acquired by descending from the same altitude beinj; 
as the fcMTces that generate them> when these forces act uniform- 
ly, by iurt. 434 ; consequently the product of the sum of C and 
A multiplied by the square of their conunon velocity is equal 
4x> the product of C multiplied by the square of the velocity 
which it would have acquired by the same perpendicular de- 
acent> if it had fallen freely from C to 6; and if the bodies C 
and A be supposed to ascend from 6 and a with the respective 
motions acquired at these points, their common centre of gra« 
vity will rise to. the same level from which it descended in 
,ihis case. But let us suppose now that the body C first descends 
from M to C, and that the Une or chain AMC is not stretched 
till it come to C^ so that no motion is communicated to the 
body A till that instant; the motion acquired by C will be 
then divided betwixt C and A so as to produce equal velocities 
in each ; the sum of the products of the bodies multiplied by 
the squares of these velocities will be less in this case than the 
product of C multiplied iby the squai'e of the velocity which it 
acquired by descending freely from M to C in proportion as C 
is less than C 4"-^> ^^^ if the^odies C and A be supposed to 
ascend with those velocities from tlieir respective places, the 

ascent 
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ascentof ibeitpentreof gravity will be less than itsdescent in the 
samemtioQ'igi €dO)« If Westtpposei&art.52l and522j thattb^ 
body C falls 4*rom X to G before it act upon A an|d B^ apdjthere- 
after descends impelling those bodies by it^ gravity as above, 
let Ce be to CL as Cd is to CD> and th'se sum of the products o£ 
the bodies multiplied by the squares of the respective velocities 
which they acquire when C comes to G, will be equal to the pro- 
duct of C multiplied by the square of that velocity only which 
it would acquire by descend ing freely from etod. In the same 
manner it may be shown, that in the case of art. 524 (Jig. 233), 
if C fall fropn aj)y altitude before it act upon A and B, and 
thereafter desceild impelling them as in that article, and the bo- 
dies be supposed.to ascend with die respective velocities acquir*^ 
ed-by them from their respective places at any time, the ascent 
of the centre of gravity tVill be less than its descent. We have 
mentioned these instanceii^tliaugh they are obvious, to prevent 
mistakes fi^m the expressions of some celebrated authors^ who 
leem to represent this principle concerning the equality of the 
ascent and descent of the centre of gravity as general, 

528. When the body C C%. 236).was supposed to draw the body 
A along KL by tlie line or chainCMA from the beginning of its 
descent, a greater quantity of motion was genei^ated in C and 
A by the uniform power of gravity acting upon C than that 
which C alone would have acquired by the sapoe perpendicu* 
lar descent CG^. in the same, proportion that the time of descent 
m.CG is prolonged in the; former case above what it is in the 
latter ; and the .like may be said of those cases which were de* 
scribed in ai*t. 521 and 522> if regard be had to, the directions 
in which the bodies move. And as the same power acting with 
the same direction upon the same body may be reasonably sup- 
posed to. generate a greater force in a greater time> as well as 
a greater quantity of motipn ; so there is no ground to alter 
the usual manner of measuring the forces of bodies in motion 
on account of the preceding theorems^ or of those that follow 
concerning, th<^:sums of the prodapts of the bodies multiplied 
by the squfii^ bf^ their velocities. . If we were to measure the 
forces of bodies in motion by the product of their quantities of 
matter, and of the squares of their velocities, the smn of the 
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fercet acquired by the bodies C mid A at G and a would be 
equal to the force which C alone Would acquire by the same de* 
seent CG ; and tRe same force that imprinted on the body G 
alone would cause it to ascend in the vertical from G to C^ if it 
was imprinted on the bodies Cand A at onoe^ so as to generate 
equal velocities in Ae body A from A towards a along the ho* 
rizontal line l4K^ and in the body C upwards from G^ it would 
cause the body C to rise to the same height from G to C as ia 
the other case> and at the same time cause the body A to de- 
scribe a A equal to GC along the horizontal LK ; the force 
which would be sufficient to produce those two effects would 
be always the same how great soever we should suppose the bo* 
dyAtobe: and if we should likewise admit that the force 
which causes a given body C to ascend from G to C^ a&4 die* 
scribe a given altitude GC^ is always the siune without regard 

to the time^ it would thence ^liow that ihe motiofii of the bo* 
dy A from A to a is an effect that ought to be held of no ao« 
count. An observation of the same kind might be made in 
otherinstances; but thereis nonecessityforperplexingthetheo* 
ry of motion with the consequences that follow from this doc- 
trine concerning the mensurarion of the forces of bodies ; and 
therefbre we proceed to argue from the principle in art. 511, 
which is universally allowed. 

529. Hid^rtowehavesuppoi^thebody C(^g.€ld7)toactim«* 
mediately by contact on the other bodies. Let the bodies A and 
B be now fixed to the axis KIL at the respective disijance&KA 
and LB^ and the body C impinge on the inflexible lever IG 
(that is fixed perpendicidarly to the same axi^) with a direetioa 
and velocity represented by Gl>; and suf^osing ^ figure to 
be at rest before the str6ke^ let it b^ moveaUe about the aans 
KL only. Let CQ perpendicular to IC meet DQ pairaUel to it 
in Q ; divide CQ in N^ so that CN may be to NQ as the pro-* 
duct of the body C multiplied by the square of its distance 
from the axis of motion to the sum of the products of the 
other bodies multiplied by the squares of their respective dis* 
tances from the same axis ; and D6 parallel to CQwillinterseet 
NG parallel to ICin G, so that CG will represent the ^velocity 
of C after the stroke i and if A/and 6A be to CN<as KA 

and 
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and LB to IC respeetircly^ Af aod BA will reprtisent tte rmpeo^ 

tivie yeloeities of A and B after the stroke, when there is no elas* 

j ticjtjr. For if we suppose any line CN to represent the velod* 

tj of G after the stroke in the directioa CQ> thenO>ecaii$e when 

the figure moves about the a^cis KL the velocity of any point 

A is to the Velocity of any point C as KA to IC!> or a» 4^to 

CN) A/ will represent the velocity^ and A M A/* the motion of 

A. The motion which C must lose in the direction CQ by ge* 

nerating in A this motion A x A/* must be to A x Af as KA td 

IC (by the principles of mechanics)^ or to A x GN as KA* 

to KC% and the motion which G loses in the same dkrection by 

producing in B a motion B x BA is in like mantier to B X BA 

as LB to IG or to B X CN as LB^ to IG^. And the whole 

motion lost by C in the direction CQ bein^ C x NQ^ it (oU 

lows that C X NQ X IC is equal to A xCN x KA^+B K 

CN X LB% and that CNi» toNQ as C x IC* to A X KA» 

4-B X LB*. Therefor^ since CQ was divided in this ratio 

in N, and the motion QD is not affected by the stroke^ GG will 

represent thediredtion and velocity of G after thestroke. When 

C is perffictly elastic^ produce D6 till Bg be equal to SDG ; 

then Gg will show the direction and measure the .velocity of C 

aftdr the stroke^ and the respective velocities of A and P wdl 

be represented by 2 A/and oBh. 

630. When the body C and the lever are supposed to have 
no elasticity^ the sum of the products of the bodies multiplied 
by the squares of iheix velocities after the stroke is less than the 
product of C multiplied by the square of its incident velocity 
in the ratio of Cd to CD, Gd being perpendicular to CD ; but 
when C is perfectly elastic these are equal to each other. For 

. by what was shown in the last article G X CN X NQ is equal to 
to A X A/* + B X BA*, and by adding G x GG% the whole sum 
becomes equal to the product of G by GD*^GQ*+QGN 
OT CEP— CQN, or (because DG or QN is to Drf as GD to 
CQ) CD*— CD X Drf, that is, to C X CD x Cd; which is 
less than G x CD* in the ratio of Gi to GD. But G x Gg* + 
A x4A/*+B X 4BA* is equal to G X CD* ; for let gn be 

' perpendicular to CN in «, and that suOi being equal to G x Gg* ' 
4- G X 4QNG (by what was shown in the last article) or to 
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the pTodiict of C by Cn*+^/i*4-4QNC, it is equal (dem. B, 
t, QN and Nn being equal) to G x Cl>*, Therefore if w© 
suppose tbatC acquires its incideat Meiocitj CD by falling from 
uny altitude cC, and tfae'bodiesbe supposed to ascend with their 
7eq)eclive velocities immediately after the collision^ so that their 
motions be retarded by their gravity only, their centre of gra- 
vity will ascend to the same height from which it descended in 
the latter case when C is supposed to have a perfect elasticity ; 
but in the former case the ascent* of the centre of gravity will 
be less than its descent in the same ratio as Cd is less than CD. 
These theorems are easily extended to the cases when several 
bodies strike the lever IC at once, or different levers fixed to 
the same axis with given directions and velocities ; and when 
theelasticity is imperfect, the ascentof the centre of gravity will 
Be always less than its descent, the motions of the bodies be- 
ing supposed to be converted upwards after the collision. 

■ 531. Suppose now that the body C acts by its gravity only 
upon the lever IC, and by means of this lever impels the whole 
figure about the axis KL, the bodies A and B being supposed 
to have no gravity, then the accelerating fdrce and the direc-. 
tion of gravity being represented by CD, the force and direction 
with which C will begin to descend will be represented by CG 
if the body C be allowed to slide along the lever IC, but by 
CN, if • the body C be fixed to the lever, the force NG being 
destroyed in this case by the resistance of the axis. Because 
C xCG*+A X A/*+B X BA* is equal to C x CD x Crf, it 
follows th at in either case the sum of the products of the bodies 
multiplied by the squares of their respective velocities is equal 
to the product of C multiplied by the square of the velocity which 
i t would have acquired by the same perpendicular descent,if it had 
fallen freely in the vertical CD, providing the body C act upon 
theleverfromthebegijiningofitsdescent0^g.e37,N.2), Itfol- 
lows likewise from art. 599, that if I be the centre of gravity 
of the bodies A, B, ^c. and a weight P act upon theiever lA 
at the distance IC from the axis of motion which we suppose to 
pass through I, then the force CQ with which P descends will 
be to its gravity CD as P X IC* to the sum of the products of 
^he bodies A, B, S^c. multiplied by the squares of their jrespec- 
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live distances ftom the axis added to P :x 16^ ;' aod hencfe the ' 
motion of P may be determined when it turos the figure around ' 
the centre of gravifly I by means of a rope PCZR>llhat goes! 
round the axis C^R. 

53£. If we suppose all thebodiesC^A^andB(/{g.$d6)fixed tothe 
axis at their respeciitisdistances C I^ AK^andBL to gravitate in pa* 
rallel lines CD^ Aa^ and Bi; let these lines be equal to each 
other; and i^present the aecelerftting force of gravity; let C^^ 
Af, and BA represent the -forces by wl^ich their motions are^^ 
actually accelerated with theilr respective directions perpendicu^ 
lar to ICyKAy and' LB^ while the figui-e moves upon its axis 
KL. Let DQj am, and bh be perpendicular to those direct 
tions in Q, my «and k; and gd,fn, hrhe perpendiculmr io CD, 
Aa, and B6 in' d, n, and r. If CQ be greater than Cg, but Aa 
less than An, and B6 less than Br^ then the body C loses by- 
its action on the leter IC a force C X ^^ and thereby the hoo- 
dies A and B acquire the forces A X mfsokd B x AA respective-^ 
}y. Hence regard being had to the lengths of the several le- 
vers CI^ KA^ and BL> according to the xnown principles of me- 
chanics, C X gQ X IC will beequal'to A x mfx KA +B xkh 
X LB, or (betcause the velocities Cg,-Af, and BA are as the dis- 
tances from the axis IC> AK, and BL) C X C^' x gQ equal to> 
A X A/ X nrf+ B X Bk x ftA> that is, C xCQxCg~C xCg* 
equal to A X A/* — A X A/x Af«+ Bx BA* — B x BA 
X BA. ButCQ X Cgisequal toCD x Cd, A/x Amto Atf x Aas^ 
andBAxBA to B4 x Br. Therefbi^e C x Cg* + AxA/^+' 
BxBA* is equal toCxC0xCrf4A x CD x An+B x CD 
xBr; from which it follows (by. art/ 434), that when all the 
foodies descend while the axis iiu>ves^ the sum of the products 
of the bodies multiplied by the squares, of the respective veloci- 
ties acquired by them at anybiide/i^th^ saihe'asif they had 
fallen freely along the perpendicularaltituded iiroib which diey 
have descended* But if any body as B (for exatiple) had been 
on the otber'sideof the axis KL so as to have ascended while 
the common centre of gravity of the bodies descended, AA had 
been equal to Bft + BA. I» this case the term JJ X CD X Br 
^usjt jbe subducted in the latter part of the last equation; and 
in general the sum of the products of the bodies mviUiplied by 
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tkMi fsquimi f^.ibeir roipectifa velocUae^ ia e%«»} to the differ-* 
enm q£ the wua of the prodaetl of tboee tW 4iS9ce|id multi-* 
{died by Ub^^uftteaof ihe veloeiiictf th^t wcmM have bee^ ac-* 
quired by the same descents if they had A^Ifeu ireely> and of 
tbli^um of tbe jpraducts of those tbait asoend inaItipUe4 by the 
scfxw^ of the re^ective velocities Ihat wmiU be ac<)uired by 
fflUing- freely aloiig the respeetiTe ^tude» t<> which they bavQ 
^li^ta. In either case it foUow9 that if tbe bodies be supposed 
t^.aseend fiom their respective places a^ any time^ f^od to be re« 
tajrded:bj their gravity ohly^ their common cf^ntre of gra^vity 
WiH'dways 9acehd to the same lev^l from which it d^soendedt 
T]?^ I^iaciple is demonstrated in like manoar when the bodiea 
Cui^^ Bt« isC' &re supposed to act upon on^ another \>y compound 
\^^n ^r other meobanioa) ^ngine?^ without friction or re- 
aialaaoe from the ainbient medium. But it will not hold if we 
8upt)osb any body first to impinge on the lever or es^ine with 
any assignable xelocity> and then to descend with it. 

.55a. It was i^vanced long ago by Mx, ffvjfgtm* a£i a ge^ 
n«il principle^ >^ Thai if bodies b^in to niQV^ by their gra^ 
'fv^ity, tb«ir. common centre of gravity c^ never rise higher 
- ^ban wbiQM it Was at the beginning of the motion.'^ To which 
htf ad40d^f a second hypothcm^ " That aJ^tracting from th« 
« rtsftiitanceoftbtaixandsuch obviQusimp^iments^acoinpound 
^^endiilum wtHdiascfib^ equal arkaiaita deseettt and aaoent,'* 
AAd by ihesaiitvopf incipleshe wias abl^ to detjennine the lenglih 
of a simple feiiddum that shook) vilH'ate in a void in the same 
titoe with ^ compound one 'm ^t^ simtlar sgrksj^d to ftad the 
ceo tis of oscillation of bodies. . He did not then affirm th«^t the 
centre of gravity of the bodieSi would always rise to the sam^ 
heigbi frem«rbich it de^iei^ided^ but that it will nev^ rise to a 
greater height than this^. which is inde^ a general principki 
£c>r 1}he ascent of the centre of gravity will be always found tq 
beetlherequ^lioits descent or liess than it^ but never greater, 
I}e seiimd how^w^ to go farther afterwards^ and to affirni that 



* Horol. Ofcil. ptr. 4. Hyp* l.k9, 
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bodies ahro^ retain tbetr w aUend6H$*, as be calU it^ by 
wbicb their centre of gravity would rise to the same level from 
which it descended. This principle obtains indeed in all the 
cases he has mentioiied (these being called hard bodies hy him 
which are supposed to have a perfect «lasticit<y) and in many 
others; a9 has bcien shown in tl^ precedix^g articles; where we 
have en4eavoured, ^p dMstioguish those cases in which this princi- 
pk takes place from those wherein it cannot be admittedj and 
to diiowatth^ saasK^etime tb at no useful cQnclusioa in mechanics 
is afie4xtc4 by the disputes concerning the mensuration of the 
force Qkf bodies in motinjiK ubioh have been objected to m^tbe- 
matuHaiost. 

534. Suppose therefof e OV CAg.?38) tobe equ?il to the length of 
sk simple pei^diiilnm that ^ a void performs its vibratioas in simi- 
lar axk^^in the same time withthi^ cQm>pound pendulum describ- 
ed in art. 632, or let'OV be the distance of a point In this lat- 
ter pendulum that moves in it with the 9ame velocity as if OV 
was a simple pendalmvi suspended a;t O, Let S represent the 
sum of the bodies C, Ar wd S>9nd QQ be the distance of their 
centre of gravity from the axis. While the pend^»lui» movesj^ 
let the points Q'B, A, G, and V dojcei^d to c, b, a, g, and v 
venpecUve^; letGM be the perpendicular descent of the cen- 
tre of gravity^ and VR th^ perpendicular descent of the point 
V , Then becajai^e the ytJ^cities of the points C, B, A, G, and 
V are as their distances 'ffom the axia c^ gsciUatiop, and the ve« 
locity acquired at «a j^ such a^ would cause ik bod^ to ascend 
fifoin R to V ^by the? supposition), wd the altitudes to which 
bodies would ^^ei^^dby the velocities acquired at c-,&> a, and v 
are in the duplicate ratio of these velocities, it follows that C, 
B, and A would asceQ(k by thw respective velocities at those 

points to the altitudes: VRxiS^jVH x^ and VR x J^. 
And, since their commbn centre ofgravity would ascend to thf 

* H^ccansians lex est corpora server e vim suam ascendentem, Uf idcirco summam 
quadratortun velociiatutn Worum seniper manere eandetn. Hoc autem noti solum obtinei 
in ^onderibuspendulofum ^ ptrcusstonecofporum dttroruMy sed in mttltis quo^UA oKis 
tnechmnuis erpermeniis* Cttserf . IXJivj^gtitf in litcru O.^MaicK d« THQipiUl, \Sa. 
Oper. Vol. I. p. 268. 

t 4ft9l^st» Quer^ 9. 

same 
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same altitude frdm which it descended^ by art. 532^ it follows 
(art. 509), that C x VR x^ + BxVRxH! + A'X 

VR X ~ is equal to S x GjVL But thie arks described by G . 

and V being ^imilar^ GM is to VR as OG to OV ; consequent- 
ly SxOGxOV is equal to CxIC*+RxLB*+AxKA* ; 
and OV is fouftd by inultiplying each body by the square of its 
distance from the axis of oscillation^ and dividing the sum of 
the products by S xOG^ which is the product of the sum of the 
bodies multiplied by the distance of their common centre of 
gravity from the same axis. The same demonstration being ap- 
plicable to any number of bodies^ we may conclude that when 
any body moves about a given axis, the distance of its centre of 
oscillation from this axis (or the length of a simple pendulum 
that vibrates in aYoid in the same lime with the body in simi- 
lar arks) is found by computing the fluent when each particle 
or element of the body is supposed to bcmultiplied by the 
square of itsdistance from the axis, and dividing this fluent by 
the product of the body multiplied by the distance of its centre 
of gravity from the same axis. 

535. If the points C, A, and B be in one plane thi^t is per- 
pendicular to the axis of oscillation in O, let Cc, B/ and Afe 
be perpendicular to OG in i, / and k ; then OC* being equal 
to OG* + CG*— 20Gi,0B* to OG* + BG* + sOG/and 
OA* to 0G*+AG*+20Gifc (elem. IQ and 13,2), the point 
i bieing betwixt O and G, and the points / and k on the other 
side of G, and CxiG being equal to B:Jc/G+A xftG (art. 
509), it follows that the sum of the products of the bodies mul* 
tiplied by the squares of their distances from O, or S x OG 
XOV is equal to SxOG* + CxCG* + BxBG* + Ax 
AG* 5 consequently S:X OG X GV is equal to the spm of the 
products when each body is multiplied by the square of its dis- 
tance from the centre of gravity, and GV the distance of the 
centre of oscillation from the centre of gravity is found by di- 
viding this sum by S X OG ; whence the computation of the disr 
tance of the centre^ of oscillation from the axis in solids is in 
some cases abridged, 

536. To 
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536, To give an example, kt DEd(fig,2S9)he tfaesectionofa 
spbere through i ts centre 6 by a plaae jperpendicular to the axis of 
iDsciUation, Dd th^ diameter of this circle perpendicular to the 
axis, G£ the radius perpendicukir to Ddy and PFj9 any concen- 
tric circle; let MP an ordinate perpendicular to Dd at'P meet 
DEd in M, MN be perpendicular to G.E in N, ahd the ra-^ 
iio of 71 to 1 express that of the circumference of a circle to its 
radhis, 'Letacylindric surface be imagined to stand on the' 
circutnference ¥Fp perpendicular to the plane DEd, andternii'*' 
nated by the surface of the sphere, and its altitude being 2lPM> 
Itmay be expressed by ^2 xGP X ON, which being mult ipli** 
ed by the square of 6P (which is the distance of the particles 
in^ach section of this surface perpendiculartothe atLs.of osciI«> 
]atk>ti from the centre of gravity of the section), and the pro- 
duct 2n X GN X GP * beingimultiplied by the fluxion of GP^ 
ar (because GP* is equal to GD*— ^ GN^andthe fluxion of 
GP is to the fluxion of GN as GN to GP) the prtftiuct of £» 
X GN*and GE* -*-GN* beings multiplied by the fluxion of 
PM, this fluent by die convense of art. 146, will be the product 
o{2n X GN' by^iGE* — f GN^ But this fluent becomes 
equal to iV X ?# x GE' when P. has described the whole radiutf<^ 
DO, and GN becomes equal ta GE.; and this being divided 
by !► 71 X GE' X 06 (which expresses the soUd. content 
of the sphere multiplied by iXJ, by what was shown in the 
Introduction), GV the distance of the centre of oaciUar 
tion from the centre of gravity in the sphere is found to be 

Tq^ ov to be two fifths qf a tl^ird proportional to' OG and 

GE. This subjecthaviflgbepntr^a^cdoffully m th(e//p/:o/. Qscil. 
par. 4, 4cta Lipsi^^ 1 7 H, and Method. Increm-.piliyp.y 3.4^and ill ' 
Sjeveral other pieces^ \y€ shjiU not insist on it further herie, and. 
shallonly add, tbat>vhea a weight P(/?g. 237. N.?)furps afigure 
^bout its centre of gravity I by me^s of a rope PC^R tti^t goes 
ypund the axis C^li as in art. 53 1? let V be the cej^trepf oscillation 
of the figure when C is the c^njre of suspension, let S denote 
the mass or weight of the figure to be moved, Ifi te taken up-" 
pn IC in the same ratio to IC as P is to S ; theti Cdr'the force 
\^ which tlie motion of P' will be actually acfc^leratei will be' 
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to CD the aecelerating force of gravity as el to eV« For (by 
art. 5dl)CGtttoQDuitluscaseaaE x. liC^toA H AV + 
B X BI% Sfc. which last it equal to S X JC. X IV> by art. 555; 
Gonsequeittly 06 u to 6D as P X IC to S. x lY^ or a£i el to 
IV^ and CO to CD as el to.eV; which agrees with the solu- 
tion given fay the learned Mr. Daniel BermmUiy CofMunt. 
PetropoHt. tovu 

537. Sir Isaac Nevton has considered the motion qf wa* 
t^rissuingfromacylindricvessel ABDC (/ig.^4f^,N. l)atanori«^ 
fice EF in the bottom CD^ Princip. Hb. % prop. 36. HisdocUrine 
on this subject may receive some iliostration from the foUowuig 

considerations. While the water issuesattheorificeEF^tbatwhioh 
remains in the vessel subsides at the same time; and thoij^h itm 
' particles of this water descend with unequal velocities, we may 
consider the. velocity with which the surface AB descends to be 
their mean velocity. This veladty manifestly b^ns from no-> 
thing (as. tbalt; of any heavyr body that descends by its. gravi- 
ty)^ and wbile it is accelerated is always to the velodty with 
which the water issues at EF in the ratio of £F to AB. The 
continual effect of the gravitation of the whole mass^of water. 
may be considered as threefold. It accelerate^ for. ^me time 
at least, the motion with which the water in the Vessel descends; 
it generates the excess of the motion vdtb which the water is-. 
sues at the orifice above* the motion which it would have ha:d. 
in commdn with the rest of the water; and it acts on the bot- 
tom of the vessel at the same time. Let the velocity with which 
the water issues at £F at any term of the time be represented by 
X> the velocity with which the surface AB subsides by V, the 
acceleratirtff foi'ce of gravity by g, the force trhich would gene- 
rate the accei6mtion of Vby /, and th^ time froih*tbe begin- 
ning of the' motion by T. The gtavitatioii of the whole iiiass- 
of water in the cylindric vessel ABCD may be expt^sed by- 
AB X AC X g; *and because the forced is employed in generat-* 
ing the aicceJer^tion of the tootion with which the* water sub^ 

sides in the y%^, the force AB x AC x g— -/ is what* we 
are ^ $up{>Q8e to laie employed in acting upon the bottom^ and 
in gencrrating jth€J velocity X — V in the water that issues at 
the orifice. Suppose that the ratio of r — 1 to 1 expresses the 

proportion 
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proportion of the parts of this la^ force which prodoce these 
twoeflfectfi, orthatris to 1 a» the for^c' AB x AC x^^^ is to 
that part of it which we conceive to produce the velocity X^— V 
IB the water i^uitig at £F; and this part will be expressed by 

AB X AC x^^. iTie qnairtity of water which would issue at 

the orifice EF in any time T with the velocity X continued 
uniformly is expressed by EF X T x X, and the force which 
would generate the velocity X — ^V in this quantity of water 
is as the quantity of motion that would be generated in this 

manner (br EF x TX x X^V ) dire ctly, and the tim« T io- 
yensely, that is as EF x X x X— V, or (because X is ta V 
asABto EF^aadX— V to Xafl AB— EFto AB). a« EI^ 

X ■ .— X XX, which we are to suppose equal to AB x AG 

X*^ thatrepresewlis the same force^ . The square otiht velo-; 

city that would be acquired by the .de$cetit AC is ^^pre^sed hy 
aAC xg (art. 434), ajod if KCbeto AC as ABxABis to 3r 

XEF xAB — EF^ |ind' A denote the velocity that would be ac* 
quired by the descent KC, then A A will be to a AC xg as KC 

to AC,or as AB X A B to t r x EF x AB— EF,and consequently 
as XX* is to 2AC xg— /. Therefore AA will be to XX as 
g is iqg—f, and g to y as AA to AA — XX. From this it 
follows, that if we suppose the fluxion of X (or of V which is 
in a given ratio to X) to vanish, in order to find its greatest va- 
lue, or the limit of all its values, by art. 242,/* the force which 
accelerates V must vanish, g— ^ must be equal to g, and X 
to A. In general, the descent by which any velocity X of the 
issuing water would be acquired is to KC the descent by whicl# 
A would be acquired as g—f to g. It appears also that the 
fluxion of V is to the fluxion of the velocity of a body that de- 
scends freely at the same time in the vertical asfio g, or as 
AA— XX to AAi If the fluxions of T, X, and V be repre- 
sented by t, X, and v respectively, then / will be represented 

by If and AA will be to AA — XX as gt toft or gt to v, 

• • • 

0r asABxgt to EFx;r, because i; is to x as EF to AB, by 

^ , art. 
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art. 24^ so that i is expressed by a quantity that is toi* in the 
compound ratio of AA to AA — XX, and of AB to £B. By 
AB and £F we mean the areas of the seetbh of the cylinder 
and of the orifice, and not their diamtfeifii We shail suppose, 
theiatioof r to 1 to be invariable ; and beeausc different sup*- 
positions have been made concerning this ratio, we shall show- 
how the motioii of the water may be^ computed from any of 
them, before we enquire what this ratio 1^. 

558. Letanl(fig.240jN. 1 and 2)be an equilateral hyperbola,^ 
fhe centre, a the vertex, afi perpendicular to^la meet the asymp- 
tote in J, ab represent the velocity A, ad the velocity XJoin erf and 
produceittillitmeetthehyperbolain w ; then the timeTin which 
the velocity of the issuing water becomes equal to X will be 
to the time in which a body would fall from }[ to C by its 
gravity in the compound ratio of the area of the orifice EF to 
the area of the bottom CD or AB, and of the hyperbolic sector 
can to the tnaiigle cab, if the water be supposed to be Stt[iplied 
ttl the surface AB so that the vessel he kept always &H.\ ^Eor 
let nm be perpendicular to the axis ca in m, and acP" y^'iJ|| be to 
iim^ as ca^ to cm* or ca^-hnm^ (by the pr9perty of ,tfie hy-. 
perbola), and cm* to ca^ as ab* to ab^-^-nd^, or -ai AA to 
AA — XX. The fluxion of the sector caw is to the fluxion 
of the triangle cad (or | At) as en* to cii* (art. 120), or cm* 
to ca% and therefore as A A to AA — XX, or as ABx^^ to 
EF XX ; consequently the fluxion of the sector can is to 'Agt 
as AB to 2EF, and the sector can to AgT in the same ratio hy 
art. £4. Let Z express the time in which a body falls from I^ 
to C, and by its descent acquires the velocity A, then Z will be 

expressed by -> and T will be to Z as ca»X2EF to co^ 

AB 

xAB. Hence if Z,T, aft X gj; and L be proportional, and 

the ratio of which L is the logarithm (the modulus being ah) be 
that of c to d, then the velocity ab will be to the velocity ac- 
quired at the end of the time T as c + d to c — d. For ex-* 
ample, if the area AB be to the area EF as 10 to 1, and T be 
supposed equal to Z, L will be to aft as 20 to 1, c iodin A 
greater ratio than 485000000 to 1 ; and the excess of ab above 

ad 
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ad will .be less than the 2420000D0 part of ab in, the . time a 
body would fall from K to C, though according to this theory 
ad can never become precisely equal to ab. . 

6S9. Let mk perpendicular to the j^ymptote meet the hyper- 
bola in ^, join cp, and the, quantity: of water that issues at the 
orifice EF in the time T will be to the quantity that would have 
issued at £F in the same time if the velocity had been always 
equal to A as the hyperbolic sector cup is to the sector cm. For 
let the quantity of water that issues at £F in the timeT be re- 
presented by Q^ and its fluxion by q^ then q will be expressed 

by X^ X EF, which (by art. 537) is to EF X — as AA x EF 

to AA — XX X AB ; so that the fluent of Xt is to half the loga- 
rithm of the ratio of AA — XX to AA as EF to g x AB, the 
moduln&h^ixxg AA. Let aebe perpendicular to the asymptote 
in e, and if the modulus be ce% or | AA, the area aekp will be 
the logarithm of the ratio of pk to ae, or of ce to ck or of ca 
to cm, that is, aekp will be equal to one half of the logarithm 
of the ratio of ca* to cw*, or of AA — !XX to AA. There- 
fore the fluent of X^ is to the area atkp, or the sector cap, as 
£EF to g X AB. But A X T X EF expresses the quantity of wa- 
ter that would have issued at the orifice EF in the same time 
T with the velocity A, and A xT is to the sector can in the 
same ratio, by the last article. Therefore Q is to A x T X EF 
as the sector cap to (raw. Hence the difierence of AT x EF 
and Q is to AT x EF as the sector cpn to can, and is to the 
quantity that would issue at the orifice EF in the time Z (in 
which a body would fall from K to C) as EF x ncp to AB x 
cab. Let ch be taken on the asymptote equal to Q,ce, and hf 
perpendicular to ch meet the hyperbola iny; let mn produced 
meet the asymptote inu, and nl be perpendicular to the asymp- 
tote in /; then cl being always less than cu or ScA, it follows 
that ncp is always less than the sector cafox the hyperbolic lo- 
garithm of 2 ; and that the difference of the quantity of water 
which issues at the orifice EF, and that which wouldhave issued 
in the same time with the velocity A, is to what would issue 
vith the velocity A in the time Z in a ratio that is always less 

thau 
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than that (^ EFxtaf to AB X cab, hot tihtt contifinally ap^ 
proaches to this ratio «tt its limit 

540. luthetwopreoedingftrtielestresappofledtheTesRieltobe 
kept alwaysfttll to the altitude AC C%.241),aiid the water tb be 
always supplied at the mtrfac^ AB with the Telocity V with 
which the water in the vedsel i^ubdides. If we now suppose that 
no water is supplied^ but that the upper surface AB subsides 
while the water issues at the orifice EF, let aC he the altitude 
of the water at the beginning of the inotioti, AC it$ altitude 
after any time^ and let the ratio of « to 1 be that which is coni- 
pounded of the ratio of 2r to i and of AB— EF to EF. h^ 
a series of continued proportionals be formed^ of which Cu and 
CA are the first terms^ and CH be the term whose place in the 
progression is denoted by e + 1 wh^n e is any rational number, 
or ^ore generally let the logarithm of CH be to the logarithm 
of CA as e is to 1, the modulus being Ca ; then the velocity of 
the water issuing at EF will be such as would be acquired by 
a descent that is to AH in the invariable ratio of AB* to 
EP x7^. For let AC be represented by H and its fluxion 
by — h (which is negative because AC decreases), let D repre- 
sent the descent by which X would be acquired and d its flux- 
ion, then since — h is represented by Vf, gd by Xar (art. 
434), » is to a: as EF to AB, and g is to/ as AA to AA~-XX ; 
it follows that— h is to d as EF x A A to AB* X A A— XX, 
or as EP X H to AB* x H — EF* X c x D, so that HA 

x ~- is equal to tDh — Hd ,* and hence by multiplying by 

H '*'""^ and finding the fluents (by the con verse of ar t. 99 and 
16 8), EF*x 7rixD is equal to AB* X CA— dH or AB* 
X CH — CA, according as e is greater or less than unit. But 
when e is equal to tinit, then D will be found to be to CA in 
the compound ratio of AB* to EF*, and of the logarithm of 
CA to the modulus Ca. When e exceeds unit the velocity oiF 
the water is greatest when CA is to Ca as unit is to the num-, 
ber tlie logarithm of which is to the logarithm of e as unit to 
€ — 1, and the velocity is such as would be acquired by a de- 
scent that is to AC as AB* to e X EP. 

541. Let 
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541. Let IG (yJof. 240, N. I) perpendicular to the area EF 

at G meet AB in H, and be to IH in the duplicate ratio of the 

area AB to tlie area EF ; and let AMEFNB be such a catart 

act of water that any horizontal section of it as MN may be 

always inversely in the subduplicate ratio of IR its distance 

from I. Thensupposing, with Sir Isaac Newton, the water 

around this cataract to be congealed, and the water to enlec 

always into the catai'act in the surface AB with the velocity 

that would be acquired by the descent IH, the water will 

descend in the form of this cataract the sections of which 

diminish in the same proportion as the velocity of the de* 

seending fluid increases, and will exejrt no pressure on the 

ambient congealed part. Thus, the water in the vessel' is 

distinguished into two parts ; the gravitation of the cataract 

generates the increase of the motion of the water that descends 

through every section, or theexcess of that with which it issaes 

at the orifice above what it had in entering the surface AB ; 

while the gravitation of the ambient parts is what acts upon the 

bottom of the vessel. The ratio of these two parts is that of 

fiEFto AB — EF. For, since the section MNis inversely in the 

subduplicate ratio of IR, the solid AMEFNB is equal to 2£F 

X IG — 2AB X IH (as may be easily deduced from art. S07)# 

which is to ,2EFxIG as AB — EF to AB^ because IH is to 

IG as EP to AB*. The content of the cylinder is AB X H6, 

or IGx — — — ; consequently the content of the cataract 

is to that of the cylinder as SEF to AB + EF. Supposing 
therefore with Sir Isaac Newton, that the forces which gene- 
rate the velocity X — V in the water that issues at EF and 
that act upon the bottom of the vessel are the same when all 
the water is fluid, the ratio of r to 1 will be that of AB 4" EF 
to 2EF. And if we substitute this ratio for that of r to I in 
the preceding articles, A the limit of the velocities with which 
the water issues at EF (when the vessel is always kept full 
to the height CA) will be such as is acquired by tlte descent 

KC, if KC be to^AC as AB^x^EF to EFxAB^— EF*, 
or to AC as AB*'to AB*— EP, that is, if KC be equal to IG. 
The time in which any velocity X (or qd) is acquired, and 
the quantity of water that issues in that time, will be such 
VOL.il E ai 
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M were determined in art. 538 and 539, abstracting from fric- 
tion^ the resistance of the air^ and the effect of the oblique 
inotions of the particles described by Sir Isaac Newton, by 
i¥hich this quantity is diminished (fig, (^41). If we substitute 
this value for the ratio of r to J in art. 540, where the water 
was not supposed to be supplied, we shall find e to 1 as A B^ 
— EP to EP, or e + 1 to 1 as AB* to EF* ; and if the loga- 

rithm of CH be to the logarithm of CA as AB* ^ EF^ to EF% 
the modulus being Ca, the velocity of the water issuing at EF 
will be such as would be acquired by a descent that is to AH 
in the invariable ratio of AB* to AB* -^ 2EP. If we had 
supposed that the action on all parts of the area CD is tlia 
same^ or that the force which generates the velocity X-— V 
in the water issuing at EF is to the action on the bottom of 
the vessel (or 1 to r — 1) as the area EF to the area AB—r 
EF, or 1 to r as EF to AB, then KC would have been to 
i AC as AB to AB— EF, and e to l as 2AB x AB— EF to 
EP (fig^ 240, N. 1). We supposed that the forces which gene- 
rate the motion X — ^Vin the water that issues at EP and that 
act upon the bottom are in the same ratio when the water that is 
without the cataract AM>iEFB is congealed, and when it is 
fluid ; but there are several diflFerences betwixt the motion of 
the water in these two cases. In the first the vein of water is 
no more contracted after its exit than the figure of the cataract 
requires ; whereas in the latter case if the water issue at EF 
through a thin plate, the vein is immediately contracted after 
its exit in consequence of the oblique molions of theparticles 
Converging towards ihe orifice; and the area of a horizontal 
section of it at a little distance from the orifice is found to be less 
than the orifice in the ratio of 1 to \/<2 nearlv when AB is 
much greater than EF; and the quantity of water t|iat issues at 
EF is found to be nearly the same that would have issued in 
the same time if the ratio of r to 1 had been that of AB to EF 
according to the second hypothesis. If we suppose that in this 
case the quantity of water which issues at EF answers to the 
second hypothesis, but that the velocity answers to the first 
whei^we substitute the section of the vein of water afterit is con- 
tracted for EF, then tjie area of the orifice EF will be to this 
section of the vein of water in the subduplicate ratio of 

AB* 
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AB^ +AB— EF*to AB% which is always less than the ratio of 
•3 to 1, but is very near it when EF is very small compared 
with AB, and is a ratio of equdity when AB and EF are equal. 
But when the water issues not at EF through a very thin plate^ 
or when the vessel is not cylindric, the motion of the water and 
form of the vein is different. See on this subject Princip* lib. 

^^p. 329, Edit. 3. 

542. When the water is supposed to be supplied in a cylin- 
der, so as to stand alwa vs at the same altitude above the orifice, 
there is an analogy between the acceleration of the motion of 
the water that issuer at the orifice and the acceleration of a bo- 
dy that descends by its gravity in a medium which resists in the 
duplicate ratio of the velocity of the body, that deserves to 
be mentioned. Let g represent the force of gravity, R the re- 
sistance of the medium when the velocity is X, and let R be to 
g as XX to A A ; then g — R the force by which the motion 
of the body is actually accelerated in its descent will be to g 
as AA — XX to AA^ and A will be the greatest velocity 
which the descending body can acquire, or (to speak more ac- 
curately) the limit of all its possible velocities, because if X 
b^ supposed equal to A, R will be equal to g, and there can be 
110 further acceleration. The fluxions of th^ velocity X and 
time T being represented by x and t, g — R will be expressed 

by - > and t will be to - as AA to AA— XX. Hence if 

the resistance be equal to the force of gravity when the velo- 
city is equal to that which would be acquired by the descent 
IG (or the limit of the velocities which the descending body 
can acquire, and the limit of the ^elociti^s with which the water 
issues at the orifice EF be equal), then T the time ir\ which 
the descending body acquires any velocity X will be to T the 
time in which the water issuing at EF acquires the same veloci- 
ty in the invariable ratio of AB to EF ; because we found in 

art. 537^ that t was'to * in the compound ratio of AA to 

AA— XX and of EF to AB ; so that t is to ^ as AB to EF. 
and r to T in the same ratio. 

543. In the same manner it appears^ that if S be the space 
described by the body while kdescends insu^ha medium in any 

£ 8 timq 
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time T, then the quantity of water that issues at the orifice EF 

EF 

in a time Txj^ will be equal to a cylindric x^olumn on the 

EF 

base EF of a height equal to S x j^. For since the times in 

which the body and the water acquire equal velocities are al- 
ways in the invariable ratio of AB to EF, it follows that S 
the space described by the body in the time T is to the height 
ef a column of water on the baseEF equal to the quantity that 

EF 

issues at EP in the time T or Tx^j^ in the same ratio. 

544. The same conclusions follow from the principles de- 
scribed above in art. 525 and 532, which are applied in an in- 
genious manner to this doctrine by Mr. Dafiiel Beruoui/li, 
Comment. Acad.Petrop. torn, 2, who seems first to have deter-^ 
mined rightly the manner in which the motion of water issuing 
from any vesselis accelerated, when we abstractfrom the impe-^ 
^iments above mentioned. Supposing thesurface ABof thefi:uld 
%o subside in the vessel, and th^ fiuxion of the time being re« 
presented by t, and that of the altitude AC by — h as formerly, 
the fluxion of the square of the velocity of a body that de* 
scends freely in the vertical will be expressed by — 2gA, the 
^uxion of the square of the velocity V with which the mass of 
water contained in the vessel actually descends by — 2fh (art* 
434), and since the particle of water which issues at the orifice 
in the time t may be represented by AB X— A, if we suppose 
A BxACx— ggA 4- ABxACx2/A equal to ABx— A 
X XX—- VV (in consequence of what was shown in art. 525 and 
552), it will follow that 2AC X g^is equal to XX~VV, 
which is to XX as AB*— EF* is to AB*. Therefore if KC 
be to AC as AB* to AB*— EF*, and A be the velocity which 
would be acquired by the descent KC (so that AA maybe to 
^AC xginthe same ratio), then2AC xg— ^/'will be to XX as 
£AC Xg is to AA, and g—f to g as XX to AA ; which is 
agreeable to what we found in art. 537 and 541, in a different 
manner. And this is conformable to what was first taught by Sir 
jTSsaacNeap^ow, that though the pressureuponEF is to thepressure 

, upon 
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upon the base CD, before the orifice is-opened, as the area EF 
to the area CD ; yet when we suppose the water to issue at 
EF, and to have acquired its utmost velocity, the force that 
generates the velocity X— V in the water at EF is measured 
by the gravity of the cataract AMEFNB, or by a column of 

AB 

the fluid of an altitude equal to 2HG x . , on a base 

equal to the section of the vein of water after it is contracted ; 
that is^ the quantity of motion which is generated in the water 
issuing at EF with that uniform velocity, is equal to the motion 
which such a column of water would acquire by falling freely 
with its gravity in an equal tinie. He has not enquired into 
the manner in which the water is accelerated from the beginning 
of the motion |[ but if we represent the content of the cataract 
AMEFNB by C, and suppose C x JIT/- equal to EF x X -^YPv 
the force which generates the velocity X — V in the water is* 
suingat EF, then, becauseCis to 2EF x HG as AB to AB+EF> 
X — ^V to X as AB — EF to AB, and AA is supposed to be to 
2AC xg as AB* to AB*— EP, it will follow, that XX is to 
AA as g—fi^ to g, as we found above. 

545. The ratio of the action on the bottom of the vessel to 
the force that generates the velocity X — ^V in the water issa- 
ing at EF (or that of r — 1 to 1), which was deduced from the 
cataract after Sir Isaac Newton's method in art. 541, fol- 
lows likewise from theprinciple described in art. 525 or 532, 
LetP represent the first of these two forces, F the second, and 
P + F will be equal to AB X AC X JIJ (by what was shown 
in art. 537), which is equal to |^AB x xx— vv or 4 AB X XX X 

AB*— EF* 

— -— — by what was deduced from that principle in the last 
article. But F is equal to EF x X x x^ (by art. ^3T), or 
EFx XX X i:^iSL;thereforeP+FistoF(orrtol)aajAB 

X A^±HtoEFx ^Hor aa AB + EF to 2EF; and P 

As* AJS 

to F (or r — 1 to 1) as AB — ^£F to SEF, which is the same 
ratio that was deduced from th^ cataract in art. 541; and in cor. 
8 and 5, prop. 36, Princip. lib. 9, where tJb$ w^ter is sppposed 
to hay^^ji^mred its utmost velocity. 

£ $ $46. It 
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54fl. It iriust be acknowledged^ however, that the preceding 
theory concerning the manner in which the water issuing at EF 
isaccelerated from the beginning of the motion,is not to be con- 
sidered as accurateinallrespects^ being founded on the hypothe- 
isis, that all the particles of the fluid within the cyUndric vessel 
descend with the same velocity V, and that the water issuing at 
EF acquires the velocity X — V at once, which cannot be sup- 
posed to hold accurately. The acceleration of V is similar to 
that of aheavy body descending by itsgravilj^ in a medium that 
resists in the duplicate ratio of the velocity (the relative gravity 
of the body in the fluid being sr.pposed equal to g) by what was 
shown in art. 542. And as the fluxion of the velocity of such a 
body is the same at the beginning of the descent, as if the body 
fell freely by the gravity g; so when the orifice EF is opened in 
the bottom of the vessel, if V or X be supposed to begin from no- 
thing, AA — XX must be equal to AA at the beginning of the 
motion, and consequently/* equal tog, so that the fluxion of V 
must be then equal to the fluxion of the velocity with which 
the water or any other body descends freely by its gravity. 
From which it follows, that, according to this theory, the pres« 
^ure on the bottom of the vessel is wholly taken off at the in- 
stant of time when the water begins to issue at EF; and as this 
conclusion cannotbe admitted, we may learn from this instance 
tliat this theory is not to be considered as perfectly exact. It 
will be worth while however to pursue this speculation a little 
further, and to show how the method described in*art. 537 and 
541 may be applied for determining the motion of water issu- 
ing from other vessels. 

- 547 (Fig.24Q). Supposenow the vessel to consist of two cylin- . 
ders a6c<2, ABCD;and letafi the settion of the upper part be greater 
than AB. The velocity of the water at EF beingrepresented by X, 
and the velocity in the: Vessel ABCD by V, as formerly, let its 
velocity in abed he represented by Z, and the forces by which 
y, Z, and X are accelerated by/, p, and F respectively. Let 
the sections AB and ab be represented by B and C, the altitudes 
AC and ac by b and c respectively, and the aperture EF by O ; 
let flie surface ACDB continued upwards intersect the plane ab 
in LM,. Then the force that acts upon the surface CD corre- 

' * , sponding 
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spondiog to that whidh is supposed (according to this method) 
lo generate the velofcity X — ^V in the water issuing at EF will 
be expressed, as in art. 537, by rOX xX— V, or (according to 
the ratio of r to 1 that was deduced from the cataract in art. 

541) by XX X ^^g^« In like manner the force which ge- 

Derates the velocity V — Z at the surface AB is OX X V — Z, 
or (because V is to Z as C to B, and V to X as O to B) by 

XX x^^x^ ; and if this force he increased in the ratio 

of ab + AB to 2AB (according to art. 541), or of C+B to 

2B, we shall have XX x^^~^ x^for the action on the 

whole surface cd corresponding to that which generatesthe velo- 
city V — Z in the water, while it passes from the upper into the 
lower cylinder at the surface AB. But because all the particles 
^fthewater that are in the samesection of the vessel aresupposed 
to descend with equal velocities in this theory, and to contribute 
equally to the actions of thefluid, we aretodiminish thisforcein 
the ratio of AB to ab, or of B to C, that we may have the part 

of it XX X £2r:?l x^ which is to be ascribed to the column 

LCDM . ITierefore since the velocity of the water in ACDB is 
accelerated by the force/, and its velocity in LABM by the force 
p, we are to suppose AC x AB x JI7 + AL x AB x ^,or Bi 

X JZ^ + Be X f^ equal to XX X — ^^~ + XX X 



^ xg or XXB X S£l^, that is-^F x g-bf-cp 

equal to XX X 5^=^; consequently if KC be to LC 
(or 64 c) as a A* to ab*—EP or CC to CC— 00, and A de- 
note the velocity that would be acquired by the descent KC, 
XX will be to A A as Tp X g—bf—cp is to Tp X g, and A 
will be thelimit of all the values of X. The velocities X,V,and 
Z, and their respective fluxions^re in an invariable ratio, so that 
/wiUbe to F asvtox, or V to X, or O to B*; and pwUlbe to 
F as Z to X or O to C. Therefore XX will be to AA a$ 

E4 ' «-F 
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9 — ^ ^ TXe ^ J + 5 *** S >■ -<>'■ '^ ^^ '*® represented by H, and 

~+f2. by K, XX will be to AA as gH— FK to gH ; con- 

sequently if the fluxion of X be represented by x, and the flux- 
ion of the time by t, since a' may be expressed by F^, it fol- 

xK, AA 

lows that t will be expressed by -jg x ^_^^ ' Hence if the 

velocity A be represented by fli (Fig. 240, n. 2), and any lesser 
Velocity X by ad, and the water be always supplied at the sur- 
fa.ce ak with the velocity X, the time in which the water issuing 
^ EF will acquire the velocity X, will be to the time of descent 
from K to C in the compound ratio of the hyperbolic sector 
can to the triangle cab and of K to H, If we had supposed r to 
i as the area CD to the area EF (which was Sir Isaac Newton's^ 
hypothesis in the first edition of his Principia), then KC 
ought to have been taken in the same ratio to |LC as 1 — 

=+— X— g— is to 1, and A being supposed equal to the 

^KBAOcily , that would be acquired by the descent KC, the con* 
struction would have been in other respects the same. 

548. When ab the uppermost section of the vessel and the 
area of the orifice EF with the altitude LC remain^ the descend 
KC and the velocity A are the same^ without any regard to 
the ratio of LA to AC. Hence if we suppose the water to 
be c(M)linuaHy supplied into a cylinder LCDM at the surface 
LM, with a velocity that is less than V in any given ratio, let 
this ratio be that of LC or AB to ab, and if KC be toLC as 
aft* to ab* — EF*, the utmost value of X will be the velocity , 
tjiat is required by the descent KC. And if the water be sup- 
posed to be always supplied at the surface LM, without hav- 
ii^ any velocity communicated to it (but what it receives from 
tke water beneath, which cannot descend without it), then KC 
will be equal to LC ; and the utmost velocity of the water at 
EF will be such aa would be acquired by the descent LC, the 
altitude of , the water in the vessel above the orifice Et". 

•549 Jf the cylinders a Jc'rf,ABCD (^g'243, N". 2), communicate 
with ^ach other only by an aperture^' in the plane AB,. and we 

abstract 
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abstract from any pressure upwards upon^he lower side of the 
plane AB, the motion of the water may be determined as in artJ 
647. The action on the plane CD corresponding to the force that 
generates the velocity X — ^Vat the aperture EF will be express- 
ed as before by XX x — ^^ • If the aperture ef be represent- 
ed by Oy and the velocity in ef hy Y, the action on the surface 
cd corresponding to that which generates the velocity Y — Z 
in the water issuing at rf, will be found as above (by substitute 

mg ef or a for AB) to be XX x — ^^ x — j which being 
dhninished in the ratio of CD to ab or of B to C, gives XX X 
-555^ X — x B for the part of this action that is to be ascrib-> 

ed to the gravity of the column LCDM ; and the sum of these 
being supposed equal to B6 X717+ Bex Ji:^^ we shall have 
XX to 2^H— £FK, as I is to' 1 +22_22_22i 

and the descent by which the utmoat velocity of the water at 
the orifice EF would be acquired, is to H in the same ratio • 

from which it follows (because F is measured by -)> that this 

ratio being represented by that of 1 to w, the fluxion of the 
time in which the water issuing at EF acquires the velocity X, 

2K AAjt 

willbe represented by— Xj-j--— J and that this time may 

be determined by a construction similar to that in art. 538^ 
when the vessel is supposed to be kept always full to the alti* 
tade LC. If O be very small compared with B and C, then 
1 is to 122 as 00 to 00 + 00. And when ab is equal to AB, if 
1)0 water be supplied into the vessel, the velocity is determin- 
ed by the construction in art. 540, by supposing c to represent- 

BB— 00 , BB— (M? 

00 ^ 00, • 

550. When the vessel consists of any number of cylindric or pris- 
maticpartsthathavetheareas B,C, D,^c. (^g.243) for their seve- 
ral bases, and byCydySfC. for their respective altitudes, then, by 
proceeding as in art. 547, the forces that act at the respective 

surfaces 
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surfaces B, C, D, ^c, corresponding to those that are supposed 
in tliis method to generate the increase of the motion of the 

water at each surface will be measured by XXLx— r^ — X 

•' SB 

OO w.^ CC— B B^^OO YV^DD— CO 00 « ,-« 

gg> A A X — 2^ — X gg > A A X — — — X gjT> ^C. 1 he parts 

of these forces, which are to be ascribed to the gravity of 
the column which insists on the lowermost base B, are express- 

^ K,r YY ^/^^— 0^^ ^^S w^ CC— BB GOB ^v 

ed by XX x — ^^x -75?:, XX X --37^7- x -^, XX x 



2B 00' -*-'"• '^ 2CC BB 



DD— CC OOB • .1 r I • i_ • w ^ B— GOB .-. 

■ g^^P ^""cc" * *^^' ^"°* which IS XX x ^ -jjj- if 

Sbe the uppermost section of the vessel. But supposing F, 

f, p^Scc. to represent the forces described in art. 547, the same 

sum is equal to B6x7^+Bcx7^+4'<^. 01: (supposing K 

equal to 6x|+ c xS+Jx^j^-c.) toBHg— BKF. From 

which it follows that XX x-~? is equal to Hg — KF; 
and that if A represent the velocity which would be acquired 

ecu 

by a descent equal to . then XX will be to AA as 

Hg — KF to Hg ; so that if the water be always supplied at 
the surface S, with the same velocity with which it subsides at 
S, when F is supposed to vanish^ or the water at EF to have 
acquired its utmost velocity^ X is equal to A. The fluxion of 

the time is expressed by — x TTTix ^^^^^ ^ represents the 

fluxion of X ; and consequently the time is determined as in 
art, 538, by hyperbolic areas or logarithms. When no water 
is supposed to be supplied into the vessel, let D be the descent 
by which X the velocity of the water at EF would be acquir- 
ed, d its fluxion, — h the fluxion of H the altitude of the 
water in the vessel above the orifice, then XX being equal to 
2gD (art. 434), or Xx to gd, the velocity with which the sur- 
face of the water subsides, or X x - being expressed by ^•j> 

F being 
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F being expressed by^^ or -f^, and XX x ^^^^ equal 
to H^— KF, by what has been shown, it follows that d, the 
fluxion of D, is to — h the fluxion of H as H — D x — r;—- 

|p K X -T , where S always denotes the area of the uppermost 

surface of the water, O the area of the orifice, H the height 
of the water in the vessel above O, D the descent by which 
the velocity X would be acquired, and K is supposed equal to 
the sum of the products when the altitude of each part of the 
vessel that contains water is multiplied by the ratio of the ori- 
fice to the area of the section of that part. It easily appears 
that the same conclusions take place when an erect vessel is 
terminated by any curvilineal surface, supposing K to represent 
the area of a figure, whose ordinate at any point of the axis 
is to 1 as the area of the orifice is to the section of the vessel 
at that point : and these agree with what is deduced by the 
learned author above mentioned, from the principle described 
in art. 525 and 532. When any sections of the vessel increase 
from any part downwards towards the orifice, this theory sup- 
poses that there is an action of the water from below upwards^ 
while it passes from narrower into larger parts of the vessel ; 
and in this case the motion of the water does not seem to be 
so justly determined by it; see art. 627. Several other obser- 
vations might be made on this doctrine, but our design obliges 
us to proceed now to other subjects. 

551. Tliere are several other principles that relate to the 
centre of gravity of bodies, besides these we have insisted on 
hitherto, that are also of use in the resolution of problems. 
When two powers sustain any body or figure that is supposed 
to gravitate, a right line from its centre of gravity perpendi- 
cular to the horizon passes through the intersection of the right 
lines in which these powers act, which with the gravity of the 
figure are in the same ratio to one another as any three right 
lines constituting a trhingle that are parallel to the respective 
directions of these' powers. Hence the nature of the figure is 
discovered; which is assumed by a heavy chain or perfectly 

flexible 
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flexible line that is suspended from any two of its points. Let 
FEH (fig. 244) be such a line, F its lowermost point, where 
the tangent FT is parallel to the horizon, ED an ordinate from 
B to the horizontal line AD, ET the tangent at £ intersect- 
ing FT in T, and G the centre of gravity of the portion FE of 
the line or chain. Then the three powers are, the gravity cflT 
the chain which acts in the perpendicular to the horizop, 
and the powers at F and E which retain those extremities of 
the chain, by acting in the tangents FT and ET, and are equal 
to the tension of the chain at those points. Therefore by this 
principle the perpendicular frcmi 6 to the horizon passes 
through T ; and if EI parallel to AD or FT meet TG in I> 
the weight of the part of the chain FE will be to the tension 
of the chain at F as FT to EI, or (by prop. 14) as the fluxion 
of theordinate DE to the fluxion of the base AD; consequently 
the tangent of the angle lET, in which the curve intersects a 
parallel to the horizon at any point E, is always as the weight 
of the portion FE of the chain that is betwixt E and the lower- 
most point F ; the tension of the chain at any point E, is to i\s 
tension at F as ET to EI (by the same principles) or as the 
fluxion of the curve to the fluxion of the base, and is as the 
secant of the angle JET. We shall afterwards consider this, 
subject in a more general manner. When any body or 
number of bodies connected together are suspended in any 
manner, their common centre of gravity descends to as low 
a place as possible ; and hence some problems have been re- 
solved concerningthemajn'maandmmma,- but of these we are 
to treat afterwards, and proceed now to some general observa- 
tions on the subjects of the 10th and 11th chapters, whence 
we shall endeavour to draw some general principles that may 
be of use in resolving philosophical problems of various kinds. 
552. It was observed above in art. 312, that the asymptote of 
thebranch of acurve is considered as thetangent at its infinitely 
distant extremity. In prop. 26,whilePdescribes thebranch that 
approaches to the asymptote RX (fig» 117)> let CP and SP 
meet RX in m and n; and when the revolving lines CP and 
SP become parallel to one another and to RX, their angular 
telocifies will be in the ultimate ratio of the angles ¥Cx and 

PSy, 
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PSy^ or of CmR, and SnR, and consequently in the ratio of 
CR to SR; 8o that SQ will be to CQ as CR is to SR, and 
CR equal to SQ. And thus the demonstration of the d6th pro* 
position m^ay be abridged^ the use of which has been shown b/ 
many examples in chap, x. 

653. The propositions in chap. xi. concerning the curvature 
of lines and its variation may be likewise briefly demonstrated 
fromthelimitsofratios. LetTRCAg- 149) parallel to £B meet tho' 
curve EMH in M^ the circle ERB in R^ and their common 
tangent in T^ as in prop. 32 ; then supposing £T to be con- 
tinually diminished till it vanish^ the ultimate ratio of TM to 
TR will be the ratio of the curvature of the line EM at £ to 
the uniform curvature of the circle ERB; and the rays of cur* 
vature will be in the inverse ratio. When this is a ratio of 
equality^ no circle can pass between EM and ER within the an* 
gle of contact REM, and ERB is the circle of curvature at E. 
Because TM, ET, and TK are supposed to be in continued pro- 
propotion (art. 366), and when ET represents the fluxion of the 
curve^ TM ultimately measures one half of the second fluxion 
of the ordinate, and TK ultimately coincides with EB; it fol* 
lows that the right lines which measure the second fluxion of 
the ordinate and the first fluxion of the curve and 4 EB are in 
continued proportion,, as was shown at greater length in prop.S3» 
When we speak of the ratio of a fluxion to a fluent, we alwayv 
understand the ratio of the right lines that represent them. 

554. Angles of contact are in the ultimate ratio of their sub* 
tenses, when the arches, or their tangents, are supposed to be 
equals and to be continually diminished ti]l they vanish, if 
the subtenses are inclined in equal angles to those tangents. It 
was shown in art. 369> that RM the subtense of the angle of 
conta<!it MER contained by the curve EM and circle of cuiva^ 
ture ER was as KQ directly, and the rectangle KTQ inverse- 
ly, ET being given. Therefore when EB is the diameter of 
the circle of curvature, and BV the tsingent of BK is not paral- 
lel to ET, the angle of contact MER is as the tangent of the 
angle BVE directly, and the square of the ray of curvature in- 
versely; and when the curvature at E is given, the index of the 
yariation of curvature (according to Sir Isaac Newton's ex« 

plication) 
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plication) is as the angle MER (fig. 152). When the curve BK 
toacbeis che circle BQ at B,if'C and O be the respective centres of 
curvature of BQ and BKatB^ then KQ is asOC directly, and the 
rectangle OBC inversely, and the angle of contact MER is as 
OB directly, and CB* inversely; and when the arches EM and 
Ejm are similar in this case, the angle MER is to mer in the tri- 
plicate ratio of EA to EB. The angle of contact, for example, 
contained by the parabola and the circle of curvature at its ver« 
tex is inversely as the cube of the parameter of the axis. When 
the contact of BK and BQ is of any ordej denoted by n, ac- 
cording to the explication in art. 369, then the angle MER in 
similar arches is inversely as the power of the ray of curvature 
the exponent of which is n + Q. 

!^5. The rest remaining, let MN (fig. 245) perpendicular to 
the tangent at M, and M^I perpendicular to the chord EM meet 
the ray of cur\'ature FC in N and d respectively;* then thelasi 
ratio of EN to theray of curvature EC and of Ed to 2EC will be 
a ratio of equality. For Ed is to TK as EM* to ET% and the 
excess of Erf above TK toTK as TM* to ET* or MTK, that is, 
asTM to TK; consequently Ed always exceeds TK by TM, 
which excess vanishes with ET when TK coincides with EB. 
The fluxion of Ed is equal to the fluxion of TK when M sets 
out from E, and may serve for measuring the variation of cur- 
Tature at E, by art. S69 and 386. 

556. Any arch bein^ given, the centre of its curvature is the 
limit of the intersections of right lines that bisect perpendicu- 
laily the sides oF-the rectilineal inscribed or circumscribed 
figures when the arch (with those figures) is continually dimi- 
nished till it vanish; and is also the limit of the intersections of 
right lines that bisect the angles of those figures. But the in- 
tersiection of right lines pei*pendicular to those sides at their ex* 
tremities will not coincide ultimately with the centre of cur- 
vatureCAg.246). Lc t ttJT bisect any chord Mw* perpendicularly i n If , 
and meet the ray of curvature EC in r, thenCwillbethelirait of 
all the situations of the point r when the arch EMm is supposed 
to be diminished till it vanish ; but if ms perpendicular to Mm 
at m meet EC in S, the ultimate ratio of ES to EC will be the 
same with'the ultimate ratio ofE»»toEM+ { Mm; so that if 
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Em be to EM mr m to n, the ultimate ratio of ES to EC will 
be that of 9m to Qm — n. 

557, Su pposing as above ET (Jg. 245) tobe the tangen t of EM 
jatEjTM thesubtense of theangleof contactparallelto EB,TK 

to be always equal to =rj-> and FK the locus 6f the point K 

to intersect EB in B ; it is manifest that when ET is supposed 
to be continually diminisl^ed and at length to vanish, TK then 
coincides with EB ; and this seems to be sufficient to justify the 
expression, when it is said that EB is the ultimate value of 

which is supposed to be always equal to TK. But if it 

should be objected, that when ET vanbhes TM likewise va-. 
nishes, the ratio of ET to TM is not assignable, and the value 

of ^El must therefore be then inconc^vable or imaginary* 

In answer to this we may observe first, that nothing is more 
•usual in Geometry than to determine the points of one figure 
from those in another by a construction or equation, as in thii 
case any point K in FKB from the conesponding point M ia 

HME by supposing TK always equal to ^^'^ that the point 

in the former which corresponds to E in the latter can be no 
Other than B where the locus FKB intersects EB; thatEB must 

ET* 

cither be allowed to be the ultimate value of ^j— > or we must 

only say that ~ is equal to TK with the single exception of 

the case when T falls op E : and as it has not been usual, or 
thought necessary, to require so scrupulous an exactness, so it 
seems unreasonable to find fault with the inventor of this me- 
. thod formaking use of a convenient and conciseexpression that 
18 not liable to more exceptions than such as were allowed be- 
fore bis-time. When EMH is an arch of a semicircle described 
upon the diameter EB, FKB is ai} arch of the same semicircle, 

and ~ is generally allowed to be always equal to TK or 

EB TM without excepting any particular case; from which 

it 
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It would follow that since £B — TM becomes equal to £B 

ITT* 

when ET and TM vanish, the ultimate value of sjj- is EB. 

But there ifl no necessity for making use of exceptionable ex- 
pressions in any part of Geometry ; and the same author has 
shown us how to avoid them in this case. For we may consider 
EB as the ultimate value of TK, but only as the limit of the 

'talues of ^Tjj- when ET is continually diminished till it vanish ; 

and such a limit may be understood to be always meant by 
what is called the ultimate value of a quantity that is deter- 
mined in this manner from others that vanish together. There 
can be no flexure or curvature in a point, and the curvature at 

E has indeed a dependence on the values of—r- when ET and 

TMare real,butin sofar only as the value of their limit EB has 
a dependence on those values; for it was shown in prop.32,that 
i in order to determine the curvature at E (as it was defined in 

j art. S64), it is sufficient to ascertain the distance EB. f his is 

BO more than one of those problems that frequently occur, the 
j determining the intersection of a curve with a right line given 

in position ; and it is, generally speaking, more easy todetermine 
the point B than the intersection of FKB with any other paral- 
lel TK. 

558. WhenS0%r.£45)is any given pointin EB,letSMmeei 
the tangent ET in /, and /M will be to TM as S/ 'to SE, which 
is ultimately a ratio of equality ; consequently the ultimate 

ET* ET* 

value of ^- is the same as of -^^ and is equal to EB ; the 

. , , J rI.M^ EM* 

same is to be said ot -^ or Yfjj-' 

559. Thetangentsof theevolutaiiCI(/of. 180), intercepted by 
AEM give a con vcnien t scale of the rays of curvature of the latter. 
And if these rays CE, QM be divided in Z, z, so that CZ be al- 
ways to EZ in the same given ratio of m to ;?, arid the tangent 
of the locus of Z meet ET perpendicular to C£ in /, the va- 

riatiotj of cmvaturc at E will be always as ^ x tangent E^ Z. 

For 
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Fof let in arch Za* cfescrib^d' ftoxA the centre C meef (^ in r, 
antf the last ratio of EM to Zt #ill be that of fiC id ZC; ancT 
because Zjc is ultimately equal Co CQ + C2 — Ctx, ancf 
Q^r — CZ is to QM — CE (ot CO) as C^ to C£, tlie last 
ratio of zx to CQ is that of EZ to jjfeC. Therefore the last ra^ 
tio of xz to Zt is fliat of CQ X EZ to EM ^ ZC, or of n X CQ 
to m X EM; consequently the last ratio of CQ to EM*, or of 
the fluxion of the ray of curvature CE to the fluxion of tlie 
curve AE (which ratio measures the variation of curvature), is' 
that of m y. xz to « X TLx, or of m x ]£Z to n x fif, or of' 

- X tang. E^Z to the radius. It is easy to show, from ait. S64> 

that in all figures wherein the sine of the angle contaiiied' by 
the ordinate and curve is as a power of theoidinate whose ex-^ 
ponent is any number r (as for example in the cycloid, catena^ 
ria> elastic curve, &c.), the ray of cttrvataH* EC always meets 
the base at Z so that EZ is to EC in the iiivarfabl^ ratio of 
1 to r; consequently the base being' the tocittr of Z, tbe vaiial 

r— 1 

tion of curvature in such figures is as ->— x c6-tang. of tHe' an- 
gle contained by the ordinate and curve. 

060. When EMH0fg.247)isdescribedby agravity that acfeat 
l^inthedirectionEB,letEKbe the space that would be'described 
by a body falling from E in the right line EB by the gravity at 
E continued uniformly in the same time that the tangent ET 
would be described by the motion in the trajectory at E ; therir 
this time being given, the gravity at E will be measured by 
£EK, because a force ismeasured by the niotioil which it would 
generate in a given time, and a space £EK would be described 
by the motion acquired at K in the time that EK would be de-^ 
cribed bv the body descending from E to K, by art. 95. But 
whefi ET is continually diminished till it vanish, the ultimate 
ratio of TM to EK is a ratio of equality; and the velocity in 
the trajectory being measured by EI*, the gravity at E Will b6 
in the ultimate ratio of 2TM. It is usual in enquiries of this' 
nature first to consider the motion as uniform in the diords mE, 
EM inscribed in the fig^e, or in its tangents, alid to conceive' 
the gravity to be applied at once at the angie E. Lei KM pa- 
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rallel to £B meet the chord mE produced in R and the tangent 
at E in Tf, then the ultimate ratio of RM to 2TM will be a ta- 
tio of equality, and the gravity at E will be in the ultimate 
ratio of RM or 2TM, whether it be conceived to act at once at 
E (as in prop. SO, lib. 3, Princip. Edit. 3), or to act continually, 
the velocity at E being in the ultimate ratio of ET or EM. 
Let EM the side of the inscribed figure be bisected in h, and 
the angle ELdf being supposed equal to MTE, let Ld meet EB 
in d, and the triangles MTE, "ELd being similar, Ed will ul- 
timately coincide with Eft half the chord of curvature EB; and 
the ultimate ratio of the rectangle RM x Eft to EM* will be a 
ratio of equality; or the rectangle contained by half the chord 
of curvature and the right line which measures the gravity . 
equal to the square of that which measures the velocity at £, as 
in art. 464. 

56 1 . In like manner if we suppose mEM. to be any arch of a 
perfectly flexible line or chain, n to denote the section of that 
Qhain at E perpendicular to its length, EK the accelerating 
force of the gravity at E, then fiK x n x EM will express the 
al)solute gravity of an uniform chain equal in length to EM of 
a base equal to n that is acted upon by the force EK ; and thi» 
is ultimately equal to the absolute gravity of the portion EM 
of the chain ; consequently the tension of wiEM at E is mea« 

stired by the ultimate value of EK x n x EM x |^ or of EK 

X n >( Eft, and is equal to the weight of a chain equal in length 
to Eft of the same thickness with AEB at £ that is acted upon 
by an uniform gravity equal to EK. . 

562. Let E(^g.248)byanypointinILarightlmegiveninpo- 
sition, A a given point that is not in I L,joinAE, and let ACperpen- 
dicular to AE meet IL in C. Then if we suppose the point E to 
move in IL, but C to remain^ AE and CE will flow proportion- 
ally ; that is, the fluxion of AE will be to the fluxion of CE as 
AE to CE. For let AK be perpendicular to IL in K, and the 
fluxion of AE will be to the fluxion of KE as KE to AE (by 
prop. 15), or as AE to CE; and the fluxion of CE is equal to 
the fluxion of KE when C is supposed to remain fixed . When 
the point A is takenany where upon an arch described from the 

centre 
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centre C^ and AE the tangent of this arch at A meets the di^* 
meter IL given in position in E^ then the point A being mp* 
. posed to remain if E move in the right line CE^ the fluxion of 
AE will be always to the fluxion of CE as AE to CE." The 
converse of which is^ that when the fluxion of AE is always 
to the fluxion of CE as AE is to CE^ the point A being taken 
any where on the circular arch^ and E. being supposed to move 
in CE^ then C is the centre of the arch. In general let the 
fluxion of AE be always to the fluxion of cE as AE is to cE^ 
the points A and c being supposed to remain ; and if while the 
point A approaches to the right line IL till it coincide with it, 
the point c approach to C as the limit of its various positions, 
then is C the centre of the curvature of the line upon which A 
is supposed to move at that point of it where A falls upon; IL4 

668. These observations lead us to some general propositions 
relating to philosophical aiquiries, which we shall represent in 
one view, that the analogy which is between them may the 
better appear. The first gives the property of the trajectories 
that are described by any centripetal forces how variable so- 
ever these forces or their directions may be 2 the second gives 
a like general property of the lines of swiftest descent i the 
third gites the property of the lines that are described in less 
time than any other of an equhl perimeter: an4 the fourth gives 
the property of the figure that is assiuued by 9. flexible line or 
chain in consequence of any such forces acting upon it. Let 
AEB (fig. 249) be an arch of any of those lines, HEA a right 
line. in the direction of the power EK that results from the 
composition of the several forces that .are supposed to act at 
E, and let a perpendicular from O, the centre of curvature 
at E, meet HE in a 

I. The velocity in the trajectory at E is equal to that which 
would be acquired by a descent equal to i CE by an uniform 
gravity equal to EK the force which acts at E. And if we sup- 
pose a body to set put from E in the right line HEA with a ve- 
locity equal to that in the trajectory at E,,and its motion to be 
accelerated or retarded by the same powers that act at E, then 
Us velocity and distance from C will increase proportionally ; 
that is, the fluxion of the right hne V, which represents its ve- 
locity, will be to ttfe fluxion of its distance from C as V is to 
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the cKfitaBM CE. Or, in olh^ woids, if EN the ordinate of 
the figure HNO measure ils velocity at any point as E of Uh, 
and KF the tangent of HNO at N meet HA in T^ the subtan- 
gent ET will be equal to EC on the opposite side of £. 

H. The velocity in the line of swiftest descent AEB at E is 
equal to that which would be acqniFed by an uniform gravity 
equal to EK^ the force that acts at E^ by a descent equal to 
I GE. The curvature of this line at E is equal to the curva- 
ture of the trajectory that would be described by a body pro- 
jected from B in the direction of the tangent of AE^Bwith the 
velocity acquired in AEB at E^ and that is acted upon by the 
same force EK. And in this case likewise V and CE flow pro- 
portionally ; or ET the subtangent of the figure HNG and EC 
Jialf the chord of curvature coincide with one another. 

in. Whenthesum or diflarence of the time in which the line 
AEB is described^ and of the time in which it would be de* 
scribed by an uniformmotion with agivenvelocityisamiumKfy}, 
the line AEB will then b&described in less time than any line 
of an equal perimeter that has the same extxemities A and B. 
And it is a property of such lines that if a body set out from 
£ with the velocity u acquired at Ein EH or £&> the fiuxioa 
of tt will be to the fluxion of its distance from C in the com* 
pound ratio of ti^to GE^ and of the sum or difference of 6 and 
utoa, h and a being st^posed to represent invariable velo« 
cities. By principles analogous to titiis, the nature of the line 
that is described in less time than any line that include^ the 
same area AEB with the chord ABin any hypothesis of gra* 
vity may be discoverecl, and other problems of this kind con- 
cerning isoperimetrical figures resolved* 

IV. When AEB is a flexible line or chain^ its tension at £ 
is equal to the weig*ht of a*chain that is in length equal to CE, 
of an uniform thickness equal to that of AEB at E, and that is 
acted upon by an uniform gravity equal to EK the force that, 
results from the composition of the several powers that act fit £. 
Let A be a given point in the chain AEB, Aa equal to one half 
of the chord of the circle of curvature at A, that is in the<iirec- 
tion of the force whichactsonthe chain at A. Let EAbealways 
to EKthe force that acts at any point fi as the section of the 

chain 
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€3ima at £ to its section at A, and tlfe direction of the ibree 
Ek be opposite to that of £K; th^Q if a body set out from A 
widi a ^u$t telpcit}; {piz* th|it ^hich would be acquired by a 
descent equal to oA^ by an vnifoma gravity equal to the force 
that acts at A)^ and while it is made to move along tt^ curvib 
AEBj its motion be always acceWated or retarded by the forces 
represented by £&^ the ten^n of the chain at any point E wiU 
be always in the duplicate ratio of the velocity acquired at £; 
which is the same velocity that would be acquired by the de* 
scent C£ with an uniform gravity equal to the force EA:. And 
if abody be projected from £ with this velocity in the directioA 
of the tangent of AEB, the curvature at £ of the trajectory 
that woiuld be described by the force Eib will be one half of 
the curvature of the chsdn at £. 

564.' The first of these follows easily from what was shown 
above in art. 464 or 560. For the iSaxion of the velocity £N 
being in the Compound ratio of the force EK and of the fluXf 
i6n of the Ume, which is as the fluxion of the distance C£ 
directly (the ^oint C being supposed to remain fixed)^ and the 
velocity inversely^ k foUofWs that the fluxion of £N it to th^ 
fluxion of C£ as £K is to £N^ or as EN to EC f but the flux«* 
ion of EN is to the fluxion of C£ as EN i^ to £T; conse^ 
quently CE is equal to £T. But having insisted at length on 
this subject in the last chapter^ we have mentioned this theo* 
rem here for the sake of its analogy to the rest only. 

565. Let A and B (fig* £50) be two given points^ IL a 
right line that bisects AB perpendicularly in K ; and it is 
manifest^ that if a body is to move from A to B in the leas^ 
time with a given uniform motion^ it must describe the right 
line AB ; and if it is to move from. A to the right line IL in 
the shortest t'mie^ it must describe the perpendicular AK« 
But E being any point up<m IL^join A£ and BE; and if we 
now suppose that the body is to describe AEB with an uni- 
form motion^ but with a velocity that is always as CE> the 
distance of £ from C a point given upon IL^ then the motion 
will not be performed in the Iqast time when £ falls upon K, , 
but when A£ is perpendictd^ur to AC. For let KR parallel to 
AE meet AC in R^ i«ad the time m whieh any line A£ is 
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described will be always directly as AE, and inversely as the 
velocity or CE; that is, the time will be as KR, since KR is 
to KC as AE to EC, and KC is giv«i ; but KR is least . 
"when it is perpendicular to AC ; consequently AE ^s described 
in the least time when AE is perpendicular to AC. It ifoU 
lows, conversely, that if AE or AEB be described in the least 
time, and the velocity be as the distance of E from some point 
"upon IL, that point must be C, where AC perpendicular to 
-AE intersects IL. And this with art. 562, suggests the gene- 
ral property of the curvature of the lines of swiftest descent, 
thttt if ILmeet this line in E, and the velocity in IL be as the 
distance from C,or, more generally, if (the point C remaining) 
When CE increases or decreases the velocity at E begin to 
flow in the same proportion as CE, then the flexure of the 
line of swiftest descent at E must be such as to have the centre 
6f its curvature in C. In this investigation of the curvature 
of the line of swiftest descent, we concave AE and £B not 
to Tje the whole chords that form the rectilineal figure inscrib- 
ed in it (or the whole tangents that form the circumscribed 
figures), but their halves only, and any two such successive 
patts to be described uniformly with the velocity pertaining to 
their Intersection £, which is ultimately the mean velocity in 
the arch, and the centre of curvature to be determined by the 
ultimate intersection of the perpendiculars AC, BC with each 
other, or with IL that bisects the angle AEB, according to ark* 
'5d%. But the nature of the line of swiftest descent may be 
discovered more easily than froqi this property, when the gra^i 
vity acts in parallel lines, or is directed towards a given cen- 
tre ; and that this theory may be set in a clear light, we shall 
treat of it and the higher problems concerning the maxima 
and minima in a separate chapter, 

566. The first part of the fourth theorem, that was proposed in 
art. 56S,hasbeen already demonstrated in art. 56l,viz. that the 
tension of the line or chain AEB (fig- S49)^ at any point E, is 
equal to the weight of a chain of the same thickness with AEB 
at E that is in length equal to £C and is acted upon by an 
uniform gravity equal to EK, and consequently is measured by 
the rectangle AiEG. As to the latter part, let kr be perpendi* 
f^nlar to the tangent of AEB at E inr; let V be a right line 

determined 
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determined from the forces Ek, as in art 435, so as to repre- 
sent the velocity which the body is supposed to acquire at E, 
while it moves along AEB in the manner described in the 
theorem ; then because Er is the force by which that velocity 
is accelerated or retarded^ the rectangle contained by Er and 
the fluxion of the curve AE will measure the fluxion of |VV, 
But because E& is in the compound ratio of the force EK and 
thickness of the chain at E, Er is the force by which the ten- 
sion of the chain increases from the point E^ and the rectangle 
contained by Erand the fluxion of the curve 'AE will measure 
the fluxion of the tension at E or of the rectangle A:EC. There- 
fore since -IVV is supposed equal to the rectangle AEC when 
the point E falls upon A^ they will be always equal to each 
other. Let Eft meet in Q the circle of the same curvature at E 
with the trajectory described by the force Eft, when the body 
is projected from E with the velocity V in the direction Er ; 
and by what has been sho^n above, if EQ'be bisected in J, 
the rectangle 6Eft will be equal to VV, and consequently to 
^CExE/t Therefore Eb i& equal to 2EC, or the curvature 
of the trajectory at £ is one half of the curvature of the chain 
#t E. 

567. When EK 0%. 251) is either a centripetal or 
centrifugal force that is directed towards a given point 
S, or from it, take SM upon SA always equal to SE, let 
ihe ordinate MN of the figure adNM be always equal to Eft, 
and if the areaaAgrf be equal to -J-VV when the body sets out 
from A^ or measure the tension at A, the area odfiM will al- 
ways measure 4W or the tension at any point E. And if SP 
be perpendicular to the tangent of the catenaria AEB at £^ 
thia perpendicular SP will be always inversely as the area 
tfdNM, or inversely as the tension at E, or inversely as Wthe 
square of the velocity acquired at E. For, since the fluxion 
of S£ is to the fluxion of the curve AE as Er is to Eft, it fol- 
lows that, the fluxion of |.VV is equal to the rectangle con- 
tained by Eft and the fluxioa of SE ; so that the fluxion of V 
,is to the fluxion of 'SE as Eft is to V or 4V to EC: But the 
fluxiottof SE isto tlie fluxion of SP as EC is to SP, by art. 
^84, consequently, the fluxion of V is to the fluxion of SP as 
V to S P ; and since SP decreases while V increases, it fol- 
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9^^f^ t>^tif e^ ^^ ^g^ W4 ^t tfBJf^cjtories 4w;r^d by 
cpQ^>i^ or qirptfil^^ 

boifx tfU c^tiip ^ iipoa tti^ bRggD^of ih^ triy^t^jr is iovenely 
1^ liie veWdty of 4^ body |;^4^rj^i(; wW^A9 m tbose, 
Spt| if^ verily as Ae ^ua^ pf Y A? v^Jpcity pf the body that 
{Opy^ aloDg the c^i^^^ f^rj^ tfb^ dJjrtotioe pf tbe &roe u 
pix^ged accopdiug tp th^ foart)^ tbfepriem M) art* 663. If the 
^f fieJ^^ beinvariable/orf x^9i9iide^i|4 tt^^ icb<u» Uof w nnifom 
t}^j$kD^s9, and if S^ yanisl^ (tbat ifh if tb^ t^nvipo at A be equal 
Iff the weight of a chain of the ^^in^ tbic^Qes^ lyitb AEB at A, 
fqfi^l jtQ length to $A^ f nd that ifi ^^cted ppoa by bo umform 
gravis equfd tp th^ fprqe ^J^), SP if inversely ^ $E, and coa^ 
i^neptly A£3 is an eqpil^ter^ byp^ii>p}ft> ^ Mr - Herman ob«- 
a^i^. l^ut A^B ^ ^Pt ^ffayf M<^ W byp^rbpla» when the 
fojope t^^ards S ip unifofm^ aa this 1^9X96.4 author seemed to 
^if^k- Fpr wb^p th^ f^n^ipn fL^ A M d|^r^nt> SP is inveiBely 
^ <{><( or 3]S43a« I9 }ik^ a[^ani|er wbfsn ih0 chain is of an 
]^{^prm thi(!|^n^ss^ fnd ^¥ 1^ ^ pontrifugal foi^e that is in* 
vcfjipjy a§ the siqnare pf the ^i^tftpge frpngi S, and the tension at 
A is equal to the weight of a chain of the same thickness equal 
ig lepgtl^ tp SA an4 ^s^ k aptfsd upoi? by. ^5 uniform gravity 
ffg^ t^'tl?e fpfc^ at Aj A^P i^ ap vcb pf a Ipgaritbmic spbal. 
"VYhej^ thp force 5K is ceq^rtf^gal and ipv^sely as the cube pf 
tjiif d^^ii^cA fron^ §f AE^. in ^ si^il^r c^se i^ ^p arch of a semi.* 
4;i|:cli^ d^ribe^ uppn tjbe d^an^^ti^r $A; ^d >f heP EKis as som« 
C|{^^r P97^r pf the disti^nq^^ AEB is i^ sij^ilar case$ one of 
1^0^ %i?res ^at vffx^ cppjjtrRpt^d iu ^rt. 30« or 393. 

^§Q- Wbfl^i tbei forqejp^^ Qfg. fi53) ftpts. in parallellines^the 
^^ of t]ie anglf; P^P cpnt^ned by the psirve and the ordinate 
^at ^ iqi thp '4W?^P 9^ th^ fpjc^ t» {aversely as VV, or the 
fg^^, q4N}/^, 9f t Ji? tcpsipii 9,\ E. If the force Ek be uniforin> 
^ ^jD jq ^le 4v:¥^tioi) of the forces meet ad in B, and the 
lipp of jpt^b^og inversely a^ ^M or PE> DP perpendicular to 
^Jf, the taqgejip^ fit ]^ vrill bp iiiv^iabl^. In this figure the reot- 
lOjiglfi |;£9. if ^11^ tp(i]^ X i;A:| ^od EC equ^l to iiM or DE; 
ffxi the ray (^i ctin^ture BQ be^i\g to EC (or DE) a» BE to 
Jjl^j EQ i? UHfifSfly ^ tbp ?qpf« pf tbe sine of the angle DBP* 
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b^9 ^o cffi^p^; pfl V, sp tjiat V is in t^i^ ^^^ ppQ^jbai)*, wd tilt 
|te»sipi) i^ itlM^ sap^ ia all pD^I^ pf th^ %Ui^j lied £C (wbidl^ tt 
4his case is the ray of curvature) is \i\'tf^t^f .^ tbf &>roe that 
acts at E. ' This force in the velaria (according to Mr. JBer- 
nouilli) is as the square of the sine of the angle in which the 
ordinate intersects the curve ; s6 that the ray of curvature 
must be inversely as that 9qu&r^^.»y4 the velaria must coincide 
with the common catenaria, by what was observed at the end 
pf th? l^ ^tipje. Ip tjie #lQ3tif c«rv« (he for^^ £J(C ^ as the 
prdin;9t^, ^d tbp ^^y of>y^*y^fuf^ j$ i|*vJpr^ m th(? Qrdi«»te. 
57P» Wh^ * pow? PJ .^' 853) *liv^y» perpepdic«lv to 
the ijwv^, ^od # 9ea}|:\pft^ pf jpe^lifi^^l fprime ISth always 
directed towards or from a given ci^^U^ ^, ^( j^t o^^ vppn a 
line or chain A£B of an uniform thickneiss^ the former has no 
f^/fept pppo V ; and if ^1? ibe perp^n4iwlf^ tP tfe? ray of cur.- 
v^t^tt?^ ip ^^ an4 ShX \}p^ ifQy^l to 3$;, the pr4i©ate MN be 
l^jif^ys ^qpa] tp gj:^ ^ JJ^ Wt- ^7* tfee i^fK^^g^ cwtained by 
the ray of curvfttofe ESQ ^od £I*f £2 will be ahrayi equal to 
the area WI^M* For otNuplete the paraUelograai ELKI^ let 
KR be p^pemliciilfu* to 0£ in R» ond tfaerectaagk R£0 will 
be equid to (be rf ctong)^ KEGraiYV which ise^nal toaJNM; 
aad since IR ift equal W £2» it follows, that ^NM is equal to 
ibe roptwgU wU^lmd ^ SQ and the smpn or diflbnenoe of 
£{ and £2* It k Bi^nileftk tbafti EZ is to BL tiieforc« that 
acto in ib^tii^tliM fiS/itf SP tb^ p«pendiculaar ftom 8 on 
the tdngeot »( Eb taSS; ^^ tbivt ivfa«B &!# acts is parallel 
Un^s, £Z U to EL m tbi^^uxianpf the base is tq ihe fiusfion of 
Ih^ curve; ia which liiii^i cone thia theorem agrees with what is 
sbfiWi} c^mm^t, ptltUip^L torn. d. The property of the ray of 
i^urvabir^ being tbiw ^soovered, tb^ iiature of the figure may 
in SQUte (C^ies b^ defintd hy firstftaxtons^orby aoommon equa« 
tipQ^ by a proper appbcatiop of t^ inverse method of jiux«' 
iypns. The pjrobkQiS in ait. S6s> consider^ in a general man* 
Qer> dep§ad M tb« cur valttre of lines; and tlierefore the gene* 
f ^ splution involves ibf vay of cni^vature^ or sotvielbing ec|ui« 
v^Ql. iPul there «re oftea partioular prineiples which serv^ 
iw resolving more easily particular cases of those problem^, of 

which 
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which we gave instances in art. 441 and 551 (where the solu- 
tion agrees with that in art. 566)^ and we shall have occasioh 
to give other instances in the following chapter relating to th^ 
lines of swiftest descent. 



CHAP. XIII. 

Wherein the Nature of the Lines of swtfiest Descent is dcter^ 
mined in any Hypothesis of Gravity ^ and the Problems con^ 
ceming isoperimetrical Figures, withothers of the same Kind, 
art resolved by first Fluxions, and the Solutions verified by 
synthetic Demonstrations. 

571. At was shown in chap. ix. how the greatest and 'least 
crdinates of figures are readily determined by the method of 
fluxions^ wheie. the usual rules vrith the corrections that are 
necessary to render them accurate and general were demon-^ 
strated. But there are problems concerning the maxima and 
minima which are of a higher nature^ that cannot be immedi«- 
ately reduced to these. It was known lolig ago that of aH 
equal areas tte circle, has the least drcumference^ and of all 
equal solids the sphere is bounded by the least surface. But the 
first problem of this kind that required a more subtile investiga^ 
tion^ eeems to have been resolved by Sir Isaac Newton, SehoL 
prop. 34, lib. % Princip. where he gives the property of the 
figure^ that by revolving on its axis generates the solid of least 
resistance. Afterwards Mr. Bernouilli found, that the cycloid 
was the line of swiftest descent in. the common hypothesis of 
gravity^ and determined the nature of this line in several other 
.cases and under various restrictions. The analysis of the ge« 
neral problem concerning figures, that amongst all those of the 
same perimeter produce maxima and minima was given by Mr. 
James Bernouilli, from^computations that involve second and 
third fluxions, by resolving the element of the curve into three 
infinitely small parts.* And several enquiries of this- nature 

• JnaljfsU magni ^rohlematis isopertmetrici. Acta crud. Lips. 1701^^^. 213, tj sejq 

have 
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have been sinide prosecuted in like manner, but not always with 
equal isuecess. In pursuit of our principal design in this treatise, 
of vindicating this doctrine from the imputation of uncertain* 
ty or obscurity, we shall endeavour to illustrate this subject, 
which is commonly considered as one of its most abstruse parts, 
by proposing the resolution and composition of these problems, 
and to determine the properties of the lines of swiftest descent 
(whether gravity be supposed to act in parallel lines, or to be 
directed to a given centre, and whether the perimeter of the 
figure be supposed to be a determinate quantity, or other limi- 
tations of this kind be added or not), and of the isoperimetri- 
cal figures that produce other maxima and minima immediately 
by first fluxions, >Hliout resolving the elements of the curve 
iiito two or more parts, and in such a manner as may suggest 
a synthetic demonstration that may serve to verify the solution, 
liie whole might be contained in a few general propositions ; 
\>ut it may be useful in this, as in the'preceding chapters, to 
begin with the more simple cases, and to proceed from thenx 
to such as are more cotnplex. We shall therefore first suppose 
the gravity to act iti' parallel lines, 

' 572. Thefollowii:)g?e?nmdistobe.premised. LetKLCtf^.254) 
be a right line given in positroh,AK'aperp^ndicularupon KLfrom 
a given point A, E any point in this liiie,jbin AE, suppose KE 
to be described uniformly with any given velocity a, and AE 
to be described uniformly with any given velocity u that is less 
than a : let L be'talveri li^oh the right line KL, so that AL 
may be to KL as a is to i/; arid the difference of the times ia 
which the right lines AB and KE wiH be described by the 

respective velocities wand c (or — — ) will be least when 

E falls upon L; that is, when the angle KAE is such, that 
its sine is to the radius as u is to a. For let KH and EV 
be perpendicular on AL in H and V respectively, and AR be 
taken upon AL equal to AE ; then HV will be* to KE as KL 
is to AL, or (by the construction) as u to a; consequently 
H V will be described with the velocity m, in the same time 
that KE is described with the velocity a. Therefore the ex- 
cess of the time in which AE is described with the velocity u, 

above 
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•bore the time in whidi K£ is described with the velocity a, 

IS equal lo tha time in which AE HV, or AR ^HV, or 

AH -f VB k described with the Telocity u; and because AH 
is invariable^ this time is least when VR vanidies ; that is, wheo 
JS falls upon L^and the sine of the angle KA£ is to the radius 
as II is to a. The same appears from art. U^, according to 

which -^ — is a mnimvm when its flindon vanishes, that 

IS (because u and a are sapposed to be invariable)^ when ti is to 
a as the flu2i:ion of AE to the fluxion of K£> or (by art. 19s) 
a^ KB is to A£, that \s, when £ falk upon L. 

£73* It follows, that if kl^ KL be any two parallel lines, 
< any point upon kh ^nd £ any point upon KL, the right line 
c£ be described with the velocity n, and cb being perpendicu-* 
lar to KL in il^, i&£ be described with the velocity «, the differ- 
ence of the times in which e£ and &£ are thus described wiA 
l>e least when the sine of the angle £e6 is to the radins as u is 
to a ; and that when it is reqnired that this difference should 
he a minimum, the angle Beb does not depend on the magni* 
tude of eb, but on the ratio of ti to a only. 

d74«^ The gravity being supposed to act in parallel lines,sup- 
po3e FBI) (fig. S^6) to be the line of swiftest descent from the 
po^tFto any given vertical HD. Let AJSbeany arch of this line 
(the point E being supposed to be lower than A), KE a parallel 
through £ to the horizontal line FH, and AK perpendicular 
to K£. Then the excess of the time of descent in the arch 
A£ above the time in which K£ would be described uniformly 
^y the motion acquired at D is always a minimum, AK being 
given. Let Ae and Ae be any other lines drawn from A to any 
points in E£ on either side of E ; let the time of descent in A£ 
he expressed by T . A£; and in like manner let the times of 
descent in: Ae and Ae, and the ^mes in which KE, Ke, and Ke 
would be described by the motion acquired at D, be expressed 
hy prefixing T to each; then I say that T . AE— T . KB 
will be less than T . Ai^— T . Ke, or T . Ae— T . Ke. T^ 
demonstrate this^ we are first to observe, that no point of the 
line FED betwixt F and D can be lower than D; for let FzD 
he any line that has a point, j;; betwixt F and D lower than I^ 

and 



Chap. XIIL wken Gravity ads in paralkl Lines. TT 

and let zr pcu:allel to FH meet HD in t, then zr urifl be dok 
« scribed in less time than zD, and Fzr in less tii»e than JSzJi,w^ 
that FzB cannot be the line of swiftest descent from the point 
F to the vertical HD. This being premised, let e be any point 
betwixt Kand £> and e any point on die other side of £;. let 
ed and ed be lines equal and similar to ED and similady situat- 
ed, so that e£ may be equal to dD, and Ee to Dd. Then 
by the supposition the time of descent along ABD is less- than 
the time of descent along AtdDy and by substractingtheeqoai 
times of descent along ED and edy it fbllowa thatT • AEis 
less than T . A<r + T . rfD, or T . A^ + T • eE, or T . Ar 
+ T . KE — T . Kr. ThereforeT . AE — T . KEistsss 
than T • Ae — T . Ke. Let ed meet HD in any point Xy 
and since D is the lowermost point of FED, d must be the 
lowermost point of ed, and x must be above D. By liie suppo6i«- 
tion the time of descent along AED is less than die time along 
Aej:, and the time ill Dd being less than the time in jxl, it fi>l« 
low& that the time of descent along AEDd i» less than along" 
Aed, and by subducting the equal times along ED and ed, it 
fellows that T . AE + T . Dd is less than T . Ae ; that is, 
T . AE + T . Ee, or T . AE + T . Ke — T . KE, is Jes» 
than T . Ae. Tlierefore T . AE -<- KE is less than T . 
Ae— T.Ke. 

575. This property of the line of swiftest descent suggests 

immediately the mdure of the figure. Let AT the tangent of 

this line at A meet Ke in T, let the velocity acquitted at A be 

i csdled ti, and the velocity acquired at D be called a. Itm 

I manifest that when AK is continually diminished till itvanish,^ 

! the ultimate ratio of the time of descent along AE^to the time 

^ in which AT would be described with the velocity m^ a ratio 

6i equality ; and that the ultimate ratio of KE to KT, or of 

the times in which KE and KT would be described with the 

velocity a, is likewise a ratio of equality. Ther^ore, since the* 

excess of the time of descent along AE above the time in which 

KE would be described with the velocity a is always a'amm- 

nwmy it follows that the difference of the times in which 

AT and KT would be described with the reiqiective veIocMie&> 

u and a is a minimwn, AK being given^ Theiefotehy 'Sdrt; 572^ 

the 
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the sine of the angle KAT is to the radius as 2£ is to a ; and i( 
Aa be the ordinate from A to FH^ the fluxion of the base Fa 
will be always to the fluxion of the curve FA as the velocity 
at A to the velocity at D. And this is the analysis of the pro- 
blem; when the gravity acts in parallel lines* It is obvious> 
that the line of swiftest descent from F to the vertical line HD 
is likewise theline of swiftest descent from F to D, or betwixt- 
any two points of FED. Because ti becomes equal to a when 
£ comes to D, the curve is therefore perpendicular to HD at D* 
576.. Itwillnowbeeasy to showbyasyntheticdemonstration, 
that theline vtfhich has this property is the line of swiftest descents 
Suppose that FAEBD (fig. 256) is a line of such a nature that 
the sine of the angle contained by it at any point E and EQ, 
the ordinate perpendicular to the horizon, is always as the velo- 
city of the body that descends along it at E ; let AEB be an 
arch of this line, Aa and Hb ordinates perpendicular to the ho- 
rizontal hue FH, AP, and Bp parallel to FH, AT the tangent 
at A, TEt the tangent at E, tB the tangent at B, and TB, tr 
parallel to FH. It appears from art. 573, that if AT, T^, and 
tB be described uniformly with the respective velocities that are 
acquired at tlue points of contact A, E, and B, the excess of the 
time in AT^B above the time in which crfc would be described 
with any given velocity a greater than that which is acquired 
at Bi will be less than if the jyoiuts T, t, and B were taken any 
where else upon the parallels TKy tr, and Bp. Let TR and tr 
meet the curve in g and A, and Sgf, Vhv the tangents atg and 
A meet AT, It, and tB in S,y; V, and v respectively ; and AS^ 
Sf,/V, Vv, vB be described with the respective velocities that 
are acquired at the respective points of contact A, g, E, A, B, 
then the excess of the time in which the circumscribed figure 
ASfVvB is thus described above the time in which ab would 
he described by the given velocity a, will be less than if the 
points S,f, V, V, and B. were taken any where else upon the 
right lines SX,yiv, VZ,vz, and Bp parallel to FH, by the 
same aitide. By increasing in this manner the sides of the cir- 
CjumsQribeld figure, and supposing each side to be described al- 
ways with the velocity acquired at its contact with the curve,, 
the time in which, thq. circumscribed figure would be thus de- 
, scribed 
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scribed will approach continually to the time of descent in the 
arch AEB^ and the ultimate ratio of those times will be a ra- 
tio of equality; and consequently the excess of the time of de- 
scent along AEB^ above the time in which ab would be d€f<» 
scribed with the given velocity a will be a minimumy the point 
I A with the distance between theparallelsAPandBpheinggivea, 

and the velocities being always the same in the same horizontal 
lines. Therefore since ab is given when the points A and B 
are given^ and the velocity a is given^ the time in which ab^ 
would be described with this velocity is given; consequentlj 
AEETwill be described in less time than any other line AeB 
that passes through A and B. It appears easily that FED per-* 
pendicular to HD is the line of swiftest descent from F to HD, 
577 . When the gravity is uniform^ the velocity at EO^g, 256, W. 
£)isin thesubduplicateratiooftheordinateQE; sothat(by what 
hasbeen shown) the fluxion of the base FQ is to the fluxion of FE 
the line of swiftest descent in the subduplicate ratio of Q£ to 
HD; and this being the property of a cycloid that has FH for 
its base, and HD for its axis, the cycloid is therefore the line 
of swiftest descentin the common hypothesis of gravity. When 
the gravity is as the power of the distance from FH whose ex- 
ponent is any number n, and the body is supposed to descend 
from FH, or to descend from any point A with the velocity* 
that would be acquired by the descent a A, then the velocity at 
j £ is as the power of QE whose exponent is ^n + |; and the 

' fluxion of the base FQ is to the fluxion of FE the line of swift- 

est descent, as that power of QE is to the same power of HD. 
In those cases, if EI always perpendicular to the curve meet 
FH in I, the motion of the point I in the right line FH will 
be uniform while the body descends along the curve, and may 
serve to measure the time of descent. The velocity of I in the 
right line FH will be to the velocity acquired at D, the lowers- 
most point of the line of swiftest descent, as the difierence be- 
twixt 1 and n is to 2; and the time in which HI would be de- 
scribed uniformly with the motion acquired at D, will be to 
the time of descent in ED in the same ratio. Let FQ be sup- 
posed to Aqw uniformly, then (by the property of the line of 
swiftest descent) the fluxion of FE will be inversely as the ve- 
locity 



n 
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Idcitf an E> 61* ^at'^yftr (A £^ i)i^hc^ exponent! \t ^ n^ |, 
8fid (by afrf. 1«7) flic secertid flfuxidri of PE #fll» W to th^ 
fliKitkn]^ of £Q in the eofll^poonci ratio of ))f + l to ^, and of th» 
floxioD of FE t<y fiQ ; cronsetjtiiintly (art. 384) if GE be the ray 
0f cnr^tuiie at E, and CA: be perpendicular fd EQ in *, E* will 
^^^ EQf a^Sf ton ^ t, and CI to CB a3 the difference of 
1^ and rt \x^ t. BSit tfte flu:jrion of HI is to the fluxion of the 
emve JME in the ratio compounded of that of CI to CE, and 
<>f the ratio of EI to EQ, or of the velocity at D to the veloci- 
€y aiC E. Thertfore when FH \% described with the velocity 
acquired at 1), the fluxion of the time in FI is to the fluxion of 
Ae time nf the line of swiftest descent as CI to CE, or the dif- 
fereiice of \ and n to 2 ; and the time in which the right line 
lA id^dett:iribed by a motion equal to that which is acquired at 
1>, i«r t» the thne of descent along the arch E0 in the Une ol? 
awf ftCiJt^fatent inthe same ratio. This theorem is not extend- 
ed t6 the ttsst wherein n is equal to unit ; in wtiich AED' is aa 
sHch'O^ a circle, and the point I has no motion. What was 
^own in art. 407, concerning the motion of a body that de- 
sieends along a cycloid in the common hypothesis of gravity is 
apaHicular'case of this theorem. 

578". Itt order to discover the nature of the line of swiftest 
descent, when the gravity is directed towards a given centre, 
tfie following lemma will be of the same use as that in art. 57^ 
Wasintheprecedingcase. Let Aland KL(yfg.257) be circles de- 
scribed firom thesame centreS ; and, the point A beinggiven upon 
AI, let E be any point upon KL, and SE meet AI in M; join 
AE, suppose AE to be described with any given velocity repre- 
jgfertledby i^, the arch AM to be described with a given veloci- 
ty represented by J, and the difference of the tinies in which 

AE and AM will be thus described will be least (or — "^ -r 

will be a if^timM), when the sine of the an^e SAE is to the 
radius aft u\^ id 6, if the ratio of u to 6^ be less than that of 
S£ to SA. Let'SH be to SA as u is to h, and SE meet the 
cifcler BNi described from the centre S in N, then HN will 
be ^o*AM as«SH to SA or u to-i; so that HN will be describe 
^'with thevdiocity uiii(-the' same tiaie that AM is described^ 

with 
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with tbe yelockj &. Therefore libe difierence of tte tipset ixt 
which AE is described with the velocity u and AM with the 
velocity b, is equal to the time in which AE — • HN is de- 
scribed with the velocity u, and is least when AE — HN ii 
least. Let AP the tangen t of the circle HNA froni A meet the 
arch KEA in h, and Sp be perpendicular to AE in p, then the 
fluxion of AE will be to the fluxion of KE as Sp to SE or SK; 
but the fluxion of KE is tp the fluxion of HN ^ SK to SH ; 
consequently the fluxion of AE is to the fl^uxion of HN as Sp 
is to.SH, and the iluxion of AE — HN is to the fluxion of 
HNasSp — SHorSp — SPtoSP. Therefore KE and HN 
being supposed to increase uniformly, AE — HN decreases 
till E come to L, where ils fluxion vanishes (because %ibecome^ 
then equal SP), and thereafter it increases till AE become a 

tangent to KE&; consequently AE — HN, or — ^^*j"> is a 

minimum when E falls upon L, in which case the sine of SAE 
is to the radiiis as SP or SH to SA, that is, as u to 6. Though 
thb be suflficient for our present pui-pose, it may be wotth while 
to observe, that if AP produced meet the circle KUb in I, 
AE — HN is Si maximum when E comes to /, SH being lesd 
than SK ; but that when SH is equal to SK, AE — HKf 
(which in this case is AE — KE) never becomes a minimuift 
or maximum, though its fluxion vanishes when AE becomes a 
tangent of KEt : and this is an instance of what was shown in 
art. 261, concerning the inaccuracy of the common rule for de- 
termining a maximum or minimum] and the correction that id 
requisite to render it general. For the arch HN being supposed 
to flow uniformly, the fluxion of AE — HNis as Sp — SHy 
and it is easy to see that the fluxion of Sp — SH or the se- 
cond fluxion of AE — HN vanishes in this cas^ as weH as it$ 
first fluxion, but that its third fluxion does tot vanish* 

579. In the same manner when e is taken upon kl a circle de- 
scribed from the centire S with a radius SA greater than SA, 

and Se intersects the arch AI in w, — -r* is a minimxmi when 

u 

the sixie of the apgle SAe or SAE is to the radius as ii to i; 
VOL. IL G Qms»- 
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consequently -^~is likewise 2l minimum in this case, tE 

being any right line terminated by the circles KL, kl. 

580. The gravity being directed towards the centre S, let 
FED be the line of the swiftest descent from F to any vertical 
line SDH, AE any arch of FED, and let the rays SA, SEmeet 
the circle DLK described from the centre S in K and L. Then 
EM the difference of SA and SE being given, the excess of the 
time of descent in AE the arch of the line of swiftest descent 
above the time in which the cfrcular arch KL would be de- 
cribed with the velocity acquired at D will be a minimum. ' 
Let AE an arch described from the centre S meet SA in A,let A« 
and Ae be any lines drawn from A to this arch, let the times 
of descen t in A E, Ae, and Ae be represen ted by T . A E, T . Ae, and 
TAe, ani drawing Se, Se that meet DK in / and 1, let the times 
in which KL, Kl, and KI would be described by the velocity 
acquired at D be represented by T . KL, T . K/, and T . Kl, I say 
that T • AE— T. KL will be less than T.Ae — TK/ or T . Ae 
— T.Kl. It is manifest that D must be the lowermost point 
of FED; for let FzD be a line that has its lowermost point at z, 
and zr be perpendicular to SD in r, then because zr would be 
described in less time than zD and ¥zr in less time than FzD, 
FzD cannot be the line of swiftest descent from F to the ver- 
tical SH. Let ed and ed be equal and similar to EP and situ<- 
ated similarly to the rays Se, Se as ED is to SE ; so that Id and 
Id may be each equal to LD, and /L equal to dD, and LI to 
Dd. Let e be betwixt k and E, and e on the other side of E, 
then the time of descent in A JvD being less than in AedDhy the 
supposition, and the times of descent in ed and ED equal, it 
follows that T . AE is less than T . Ae + T .Vd or T . Ae + 
t . KL — T . Kl; therefore T . AE — T . KL is less than 
T . Ae — T . KL Let ed meet SH in x and the time of descent 
iuAED being less than the time of descent in Aejr by the sup- 
position, and the time in which Dd is described by the motion 
acquired at D less than the time of descent in jrd, it follows that 
the time of descent in AEDd is less than in Aed, and by sub- 
ducting the equal times in ED and ed, it appears that T.AE-f 
T.Dd (orT.Ll, or T.Kl — T.KL) is less than T.Ae; 

conse- 
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consequently T , AE — T . KL is less than T . Ae — T . Kl. 
Therefore T * AE — T . KL is a minimum when AE is any 
arch of the line of swiftest descent^ and EM or S A — SE is 



given. 



581. The nature of the line of swiftest descent, when the 
gravity is directed to a given centre, is easily discovered frooa. 
this property, hy art. 578. For since T , AE *— T . KL is a 
minimum, it follows that if SE meet the circle AMP described 
from the centre S in M, and we suppose the arch AM to be de- 
scribed with a velocity b which is to the velocity a acquired 
at T) as SA is to SI) or SK, the time in which AM is thus de- 
.scribed will be equal to the time in which KLis described with 
, the velocity a; and if the time in which AM is thus described 
be expressed by T . AM, then T . AE — T . AM will be like- 
wise a minimum, EM the difference of SA and SE being given. 
Therefore (art. 578) it is the nature of the line of swiftest 
descent in this case, that if AT be the tangent at. A, the sine of 
the angle SAT will be to the radius as the velocity at A is to 
the velocity b, which is itself supposed to be to the velocity 
acquired at D as SA to SD. That is, the sine of the angle 
SAT, in which any ray SA intersects the curve at A in the 
line of swiftest descent is alwavs to the radius in the ratio com- 
pounded of the direct ratio of the velocity acquired at A to the 
velocity at D, and of the inverse ratio of the distance SA to the 
distance SD. And this is the analysis of the problem when the 
gravity is directed towards a given centre. 

582. Let FED (7?^. £58) benowalineof such anature that the 
sineof the angle contained by the curve FE and ray SE isto the 
radius in the compound ratio of the velocity at E to the veloci- 
ty at D and of SD to SE. Let j^ £B be an arch of this line ; 
let AT, T^, and ^B be the tan^nts.at A, E, and B: let AM, 
JIT, rt, and /?B the circles descri)>ed fifj>m the centre S through 
A, T, t, and B, and SA, ST, St, and SB. meet the circle Da 
described from the centre S in a, fn, n, and b* Let the tangents 
AT, Tt, and /B be described with the velocities acquired at the 
respective points of contact A, E, and B; and the excess of the 
time in which AT^B will be thus described above the time in 
which the circular arch ab would be described with the velo- 

G % city 
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•rfty acqmrfeA at D, will be less^ than if the pointsT and t wei*e 
Iticen a«y where else apon the arches RT and rt. For let the 
^vdoeities acqnked at A and D be called u and a, and 6 be^to a 
as SA to SD ; then since the sine of the angle SAT is to the ra- 
• rfiu^ as u ia to i, it follows that if AM be described with the 
velocity b, then T . AT — T . AM will be a fmnimttm, TM 
•being given, by art.- 578 ; but AM and am are described by 
those velocities h and a in equal times; consequently T • AT — 
"T . cm is likewise a minimum. In the same manner T . TEt — 
'T . mn and T^. tH — T . nb are minima by art. 579 ; the dif- 
'ferdnces of the rays ST and S^, and of Sf and SB, being given. 
Thus, by proceeding as in art. 576, it will appear synthetically 
4ha4; the excess of the time of descent in the arch AEB above 
"the time in which ab is descriBed with the motion acquired at 
•D is a mrnimtim, SA — SB being given. Therefore AED is 
described in less time]tfaan any other line that p^asses through A 
and D, the veloeities being supposed equal at A, and conse- 
quently at all other equal distances from S. 

583. What C:fig. 5159) we have shown concerning the lines of 
swiftestdescen twill be found toagreewith the secondgeneralprin-* 
ciple described above in art. 563, and may be deduced from it. 
For let PN the ordinate of the figure HNG always represent 
the velocity at P, or at E, SE being always equal to SP; let 
SX be perpendicular to the tangent at E in X, and SX will be 
to PN as SD to DG, by the last article ; con3equently since the 
fluxion of SX will be to the fhixbn of PN as SX to PN and to 
the fluxion of SP as SX to PT, if Ed be one half of the chord 
of the circle of curvature which passes through S, Ed will be 
equal to PT by art. 384, as it ought to be according to the se- 
cond general principle in art. 56S. And from this property of 
thoselinesit maybe dtimonstrated synthetically that AEB isnot 
o^ly the line of swiftest descent from A to B, but from any 
point in Afl the ray of curvature at A to any point in B6 the 
ray of curvaturi at B, providing the curve HNG be concave 
towards Hl>. It may be worth while to describe this method, 
though it isnot applicable when HNG is convex towards HD, 
not only for the further illustration of this subject'^.but because 
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k may be applied to other cases thao these w&l99'y^.GOii«i4eFed 
hitherto. • ^ , 

584, Let AEB (fig. 260) be a line thdt is ck?jribed ty the 
eolation of aCb, as in art. 40fi> k€ M be any {to^^tjn thdjr^ 
GE, and if the velocity that would be a^qtiH^d let yi^'to thft 
^'d'oc:ity at E always in a less ratio than CM i0 CS^ {.bey^AEo 
is iK)t only the line of swiftest descent from A tpB, buLfrpjoi 
any point in Aa to any point in B6. For let the velocity at &| 
4e to the velocity at E as any line GZ less thap? CM is to CE, 
KML any line bounded by Aa and Bfr in K and L^ andjf JVIA 
aline described tfarongh M by the evoltttiea^^ the sanie,c;u*v^ 
aCby so a^s to be always perpei^dicukr to the vay CE whiX^ 
«Gft is evolv^. Then the flnxion 6f th^ timq in AE wiU b^ 
to the fluxion of the time in/M ki the ratio compound^<^ i^ 
that of the fluxion of AE to the flexion 6f/M (oar of CE to CM), 
»ik1 of the ratio of the velocity at M to th^ velocity at Ej, or 
of CZ to C£^ that is in the ratio of CZ to CM ^ coitsequentjv 
the fiaxieoi of the time in A3» ^hvays less than the fluxipa 
of the time in fM, which is itself never gi^eaterthan-tl^ fluX|- 
ion of the time in KM ; becaiuse CE is su{y>06ed to be always 
fpcrpendfcnlar to/M^ and the fltixiottof/M af ver cajt excee<i 
tini6 fluxion cfi KM. Therefore^ tbefiusfonr of the time in A^ 
is always leis than thb fllixioot df the timfi in l^M^ so that the 
time in AE mtist be less than the time in KM^ »od the time in 
AEB less thati the time in KML. 

585. Supposing tke gravity to be directed to the centre S^ 
and to be alws^sof the sameibrce at the stoi(^ d^tance from it^ 
let SP be taken upon afuy g^vea ray SH always ^(jual to S£.; 
and the velocity at any disiaace SE^or SP^-being snch as would 
be acquired by ^ descent fr<mk thedistanee SH^let PN the or- 
dinate of thefigni-c HN<jt represent thid velocity; and NT the 
tangent of HNG at N Bofeet SH in T. Let Ec? be takea upon 
S£ {Modooed from E always eofoaV t(> the ^a^angent PT^ and 
dC perpendicular to Sd meet £C^ a perpendicular to the purve 
AEB in C. Theii^ if the point C d^leimined in thi^mannei;, be 
always the ceiitie of the curvature of AEB* at E, and HNG be 
concave towards HD, AEB will be the line of swiftest descent 
from any point in the right line Aa to any point in B6. iFer 
let M be any j)Oirit upon CE different fiwa E, 7lW^ an arch df 

G 3 a circle 
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a circle from the centre S meet SH in p and SE in l^pn the or** 
dinate atp meet HNG iif n and NT in 2, and Ix perpendicular 
to S/meet OEinf ae. Then the velocity at M will be to the ve- 
locity ktEiB&pn to PN^'and consequently in a less ratio than 
pa to Pjf, or T^ to TP, or dl to rfE, or Cx to CE, and there- 
fore (Cr beihg h^s than CM) in a kss ratio than CM to CE. 
From which k follows (by the last article) that AEB is describ-* 
edinlesstim^than anyotfaer line drawn from any point in Aa to 
any point in ISb, the velocities being supposed equal at equal 
distances from S, or being such as would be acquired by a de^ 
cent from the same distance from the centre S. The same de- 
mohstration takes plaice when HNO is a right line^ because in 
thait case Cx is i^lill less than CM. It is not applicable when 
HNG is convex towards HD^ nor is AEB in this case the line of 
swiftest descent from Aa to Bb ; but it appears from art. 582> 
that it^ is the line of swiftest descent from the point A to the 
point B. It is obvious that the same demonstration takes place 
Wh^n the gravity acts in parallel lines and HNG is concave 
towards HD, by substituting a horiiontal line in place of the 
arch j^Mf: but it is not applicable when HNG is a right line> 
jn which case an arch of a circle is the line of swiftest descend 
froni A to B^ but af similar concentric arch is described in the 
%kirik time with AEB^ as may be easily demonsuated. 
^ ' 586. The figures constructed in art. S9Q. and 39d> which are 
the trajectories and catenarid (by art 436, 437> 438^ and 5QQ\ 
in feme of the most simple cases, when the centripetal or cen- 
trifugal force is inversely as a power of the distance from the 
centre^ of an exponent greater or less than unit^ are likewise the 
lines of swiftest descent in cer^n analogous cases. When a 
centripetal force is inversely as a power of the distances greater 
than unit, and the velocity at any point F is to the velocity in 
a circle at the distance SF in the subduplicate ratio of £ to n 
— 1, the line of swiftest descent from F to the vertical SDH is 
the same^that was constructed in art. 392, from the right line 
AM £%. 171) by taking always the angle ASL to ASM as 2 
to n+ 1, and SL to &A as the power of SM ofthe exponent 

-4- is to the $ame power of SM. For in these figures the sine of 

the angle SAT ¥ inversely as the power of SA of the exp<v- 

ncnt 
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nent |/i+4, and therefore in the compound ratio of the direct^ 
ratio of the velocity (which it inversely as the power of SA 
of the exponent ^n- — ^) and the inverse ratio of tie distance ;» 
consequently^ these are the lines of swiftest descent inthiscase>' 
by art. 582. For example^ when the force is inversely as the 
cube of the distance (or n is equal to 3), and a body descends 
from any point F with a velocity equal to the velocity in a 
circle at the distance SF^ the line of swiftest descent AEB is 
an arch of an equilateral hyperbola that has its centre in S.. 
When n is equal to £, and the velocity at F to the velocity ia^ 
a circle at the distance SF as ^/^ to 1, theiigure is construct- 
ed by taking ASL equal to fASM and SL equal to the first of 
two mean proportionals betwixt SM and SA. When a cen- 
trifugal force i^cts upon the body that is inversely as a power. 
of SA of an exponents less than an unit, and the velocity at 
any point F is to the velocity in a circle described at the dis- 
tance SF by a centripetal force equal to the centrifugal force' 
at F in the subduplicate ratio of 2 to 1 — n, AEB is likewise 
one of the figures constructed in art. 392, by taking ASL to 
ASM as 2 to 1 — n^ and SL to SA as the power of SM of the 

exponent j^ to the same power of SA. For example, when! 

the centrifugal force is constant, and the velocity at F to the* 
velocity in the circle at the distance SF as •£ to 1, the line of. 
swiftest descent is an arch of a parabola that has its focus in 
S, When the centrifugal force is as the distance from S, and 
the velocity at F equal to the velocity in the circle, the line of 
swiftest descent from one given point to another is an arch of 
a circle or of a logarithmic spiral. When the centrifugal 
force is as a power of the distance of the exponent 7i greatei 
than unit, and the velocity at F is to the velocity in a circle 
described at the distance SF with a centripetal force equal 
to the centrifugal force at F as 2 is to «+,l* the line of 
swiftest descent is one of those constructed in art. 393 (fig. 1 72) 
from the circle, by taking ASL to ASM as 2 to n — 1 and SL 

to SA as the power of SM of the exponent — -r to the same 

power of SA. And, in this case according as n is equal to 2>-3y 

<?4 01 
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or 5, AEB kaa arcbof aa epicjcloid deaci-ibed by a point ia 
the cbrcnnifereiiae of a cirdb ihat revolves on an equal oircle^. 
or it isaaasdt of adcmtcircie^Qr of the Umniicata. It is obvi*. 
Qua that these %ure&satisfy likewiae the probkm^. when a bod jr 
which h acted upon by a force diffixsed fiom S that ia as any* 
power of the distence^ movei from a given poiat A ta a gmn 
point E with, a given velocity, and it is required Iba^ the warn 
of the acKionft shall be b, minimum. For examplei if the powen 
be inveriely afti the sqikaxd of the distance, AE is: a^ anek of n 
semidYcIe described through the three poinfci. S^ A^ and E ; if it 
be inversely bm t^e power of the distance of the extponent m 
greater than Unit^. then AMS being » semicircle let the angle 
ASL {Jig. nt) be to ASM as I txnto^l, and SL to SAas tba 

I|ower of SM of the exponent — j to the same power of SA. 

587* To Qonclude this subject with an instance whieb may 
i(how the extensive use of the second general theorem in art« 
56S^ and how it may serve for finding the curvature of tbeline 
qi swiftest, descent when the gravitation tends to several cen- 
tres, let.equal and unifeixn forces tend towards. C and S a£^ ia 
art. 49 if Let the velocity (Jig, 217) be such as would be ac-^ 
quired by a descent from F, E any point in the linef of swiftest 
descent, lipon 6E pnddoc^d.take Eic equal to the eaccess of 
CF-|<SF above C£-f SE, a&d »^ perpendicular to Ctt<sfaBlicio>* 
tersect the right line Er, ihat Insects the angles CE9^ in z^uml 
ihat E2 shall' be one fourth pact of that choid^ of thedrde o£ 
ttie same curvature with tbelioe of swiftest descent at E which 
IksectB the -engle CE& 

588» Suppose now that ibis required to find the nature of the 
line that of all those that pass through two given points Aand 
B (fig.^^)» A?fd have equal perimeters^ is described in the least 
time. Xiet the time in which AEB is described by a body that 
descends along it by its gravity be expressed by T . A£B^ and 
the time in which the same line would be described uniformly 
with any given v^city a by ^ . AEB, and let the ratio of 91 

to n be wiy givetr ratio ; then if - xT . AEBZp t , AE& bo 

{T vi^mwm, AEB wUl be described in leas time thanaiqr criheit 

line 
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line A^B of an equal perimeter. For let T • AcB represent the 
time of the desceftt along AeB, t, AcB the time in which ArB 
would be described uniformly with the same given velocity a ; 
tiien by the sBppositi«i 2 x T . AEBT/, AEB is hsis than 

^ X T.AeBT^.A^B. But f . AEB is equal to *. AuB, these 
beiiig. Ihe times ifi wbueh eq^al lines tu-e described by equal 
uniform modoneu Therefore T • AEB ig less than T . AcB, that 
is^ AEB ist described in less time thaa miy other lise of aa 
equal perimeter th«t passes through A and B. It is dbvious that 

2 X T. AEB + t. AEB cannot be a minimum, wlicn AEBi» 
greater than the line which is described in less time than anV 
other, line whatever that passes through A and B ; and that 

^g^ ^^^ ^^ ' 

^ xT . AEB — t, AEB.cannot be a mimmum, when AEB is 
less tkan that line. 

^e^. iet the v0l€ioi«y at any point £ be repkiesented by ^ 
and & be to d Ksm is to n ; let Vbeto «ias a b to h^ ut aad 
if AEB be the Une Uiat in described in leas time than any othea 
TidiaAsoever t^at passes through A and: B, by a vdocifay wfaicb 
$X, any point £ is represented by V, lihesame line AEB will be 
describedinless time th^in^any otfaeit ofan equalperimeter tluMI 
passes through. A mA B, by a veboity which, at any point Eia 
represented by u : for tile fluxioa of T . AEB is expressed bjr 
the ratio of the fluxion of A£ to u^ the fiuxion of t , AEB bv 
the ratio of the fIu9(ion of AE to a ; conaequently the flnsfiiDQ 

0f ^ X T . AEB + 1 . AEB by the ratio of the fluxion of AB 

toV. And^ X T-AEBT^.AEBi»equal tothe timciii 
tirhich' AEB is described with a velocity that is always eqmJ 
to V at any point E. Therefore vrtien this time is a mvmmum, 

jj X T . AEB + t . AEB is likewise a minimum, and AEB is 
described in less time than any othei: line of the same perimeter 
that pass^ through A and B, 

590' Suppose 
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590. Suppose the gravity to act in paralld lines, which is 
the case considered by Mr. Bernouilli ; and if the sine of the 
angle FEQ be to the radius (or the fluxion of the base FQ be 
totbe fluxion of the curve F£) as V is to an invariable velo*^ 
city> that is in a ratio compounded of the ratio of u the velor 
city at E to the sum or difference of b and u and of an invari- 
able ratro^ tl>en AEB will be described in less time than any 
equal line that passes through A and B^ by art. 576> which 
coincides with the equation of the curve that was found by that 
learned author, by resolving theelement of the curve into three 
infinitely small rectilineal parts and computations from second 
fluxions. Mem. de VAcad. Roi/ale des Sciences, 1718, prop. 4, 
ondscbol-^. 

59K The same method discovers the property of those lines, 
when the gravity is directed towards a given centre S with the 
same facility. Let the velocity of the body that descends along 
the curve AEB atany point £ be represented by u, and b express 
an invariable velocity ; then tf the siueof the angle SEB (fig. 257)> 
contained at E by the curve AE and ray SE, be always to the 
radius in a ratio compounded of that of te to the sum or difler<^ 
ence of b and u, and of the ratio of an invariable line to the 
distance S£, the line AEB will be described in less time than, 
any equal line that can be drawn from A to B, the velocities 
being supposed equal at A in each. lageneral, let EC be half, 
of the chord of the circle of curvature at E, that is in the di-, 
rection of the force EK that acts upon the body at that pointy 
as in art. 363, and suppose th^ body to descend from E in CE 
with the velocity u acquired in the curve at E, then the point 
C being supposed to remain, if tlie curvature of the line is such, 
that the fluxion of m be to the fluxion of EC in the compound 
ratio of u to EC and ofb + w to i, then AEB will be described 

• • • 

in less time than any equal line that passes through A and B, 
the velocities being equal at A. The demonstration is similar 
to that in art. 565. 

592. The celebrated isoperimetrical problejns may be treated 
in the same manner, and rendered more general than is usual, 
without having recourse to the fluxions of the higher orders ; 
and the solutions of th^se problems (that are generally consi- 
dered 
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dered hs of a very abstruse nature) i&ay be Verified by easy syn- 
tiietie demonstrations. The lemma that is required for this 
|)urpose differs notmaterially from that in art.57£^ which wede^ 
monstraled withouthaving recourse toiiuxions. Let KL(fig.26 1 ) 
be a right line given in position^ A any given point that is not ia 
KL^ A K perpendicular to KL in K^E any point upon KL; and 
let a and u represent any given or invariable lines : then if 
KL be to AL^ or the sine of the angle KAL to the radius^ as 
u is to a, AE xa — K£ x u will be a minimum when £ falb 
upon L. For let KH and EV be perpendicular to AL in H 
and V, and AR made equal to AE ; because KE is to HV a» 
AL to KL, or a to u, KE x « is equal to HV X a, AE X a 

— - KE X u equal to AE — HV x a, or AH+VR x a, which 
is evidently least whenVR vanishes, that is when E falls upon 
I4. It follows from this that the point A, the distance AK, and 
"EJc the distance of the parallels KL and kl, being given^ EA: be* 
ing perpendicular to kl in ft, and E and e being any points 
upon these parallels; if ^^ t/, and v be supposed invariable, then 
AEe X a — KE X 11 — ke X v will be least when the sine of 
the angle KAE is to the radius as i^ to a, and at the same 
time the sine of A;Ee to the radius as t; to a ; for in this case 
AE X a — KE x u will be a minimum, and Ec x a — /re x ^ 
will be less than when the angle kEe is of any other magni« 
tude, so that their sum will be less than if the right lines AE 
and Ee were inflected in aiiy other manner. 

593. It is easily demonstrated from whatwas shown in thelast' 
article, that kC (Jig.Q,6Q) and CG being perpendicular to each 
other in C, KMN LG a given figure applied on CG, E any point in 
the curve AED,EPN a parallel to ftC that meets CG in P, and 
the curve ML in N, Epn a parallel to CO that meets /:C inp^ 
upon which j5» is supposed to be taken always equal to PN the 
ordinate of the figure KMNLG,and to generate the area kmnlg 
in this manner, then if the point A, the distance KG (or the 
difference of Ai andDg tlie ordinates frpm the curve AED to 
yC), and the figure KMNLG with the right line a be given, 
the excess of AED x a above kmnlg, the area generated hy pn, 
will be a minimum, when the sine of the angle AE|7 contained 
by the ciurve AE and atiy ordiaate Ep, is to the radius as PN 
'^ the 
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Ibe conreaponding ordinate of the figure KMNLG id to the in- 
^raiiable Kne a. For let TEl the tinggnt hi £ Hieet AT th^ 
tangent at A in H, and Jit the tangent at D in /> let TRS and 
IVX parallel to ftC meet CG in R and V, and ML in S andX, 
Tfs and tv^i parallel to C6 meet AC in r and ^, and mnl in Ji 
aodx; eoiapkte the paralielogranl3A;^tfyr^iK)^^j9«yi?^vx;^; and 
tile excess of ATE/D x a above the figure h9ifiHfxsg, the sum of 
these pefaUelogramSy will be les^ tbaa if thie point* Ty Ej f ^ fi 
were taken any where eke upoi>^ the parallela TR, EP, iV, 
PG> hj the last article. Then by drawing tangenta to the curve 
ABB attte points virhere TR and rV ijateffiect it^ and pantUels 
to kC through the points vrfaere tbe^ tangents intaiKct AT^ 
It, and iD, and proceeding in this maimer^ the ultimate rar 
tio of the circumscribed figure AT/D to the curve A£D> and 
•f the area kufoyxzg to the curvilineai area kmnig, will be a ra* 
tio of equality ; consequently AED x a — kmnlg will be a mm- 
mwn ; the point A> with the right lines a and KG^ and the 
figure KMLG being given^ 

594* It follows that the point A being ^iveit with the figure 
KMIGy if ^19 be always equal to PN^ and the sine of tl^e 
angle AEp be always to the radius as FN to a^ then the area 
kmnlg will be greater than any areaiS^md^ generated in thesaBie 
manner from any line AED that is drawn from A to LGD of a 

. perimeter equal to AED. For since AED x a-^kninlg is less 
than Ae D x a — kmvlg^ by the last article; and AeD is equal to 
AED^ by the supposition ; it is manifest that kmnlg must be 
greater than kmvlg, Theref©*© when the sine of the angle AEp 
is always to the radius as PN to a^ AEl> is the line that amongst 

- all tb^e which are drawn from A to LGI>> a^d have equal 
perimeters^ produces the greatest area kninlg. 
. 5jJ5. The rest remaining, as before^ let HI parallel to KG 
at any given distance KH meet EP in Q>and hi parallel to kg 
at an eqna^ distance kh meet Epin q^ and the points k^kym lie 
in the some order from each odier as H, K, M. Then qn wiR 
be always equal to QNy and the area- hiinm generated by the 
ordinate qn will be a maximnm or mmimum according as H I and 
KG are on tiie same or difierent sides of MNLi> the points A 
and D being given. For simce kmnlg is always a maximum, and 

the 



li 



r 



Chap. Kill. Isoperimtirical Probiems demonstrated. gS 

tiie rectangle kg is given, hmnli will be a maximum when hi 
and kg are on the same side of mnl^ that is when HI and KG 
are on the same side of M NL ; and kmnU will b^ a minimum 
when hi and kg are on different sides of mnl^ that is when HI 
and KG are on different sides of M NL. It appears therefore 
that the area kmnK generated by the ordinate qn, equal to QN, 
is ^ maximum when the sine of the angle AE^ is alw^s to the 
radios (or the fluxion of the base kq to the flaxion of the curve 
AE)asQN + HK is to^, or as QN — HK to a, if QN in thi$ 
latter case be never less than HK; because whto HI and KG 
are on the same side of MNL, PN (or pn) is either equal to 
QN-f-HK, of to QN — HK, QN being in this case never less 
than QP or HK; but that the area hmnli is s. minimum, wfaea 
the sine of the angle AEq is always to the radius (or the fluxion 
of the base hq to the fluxion of the curve AE) as HK — QK 
to a, HK being supposed to be neVter less than QN any ordinate 
firomMNLlo theaxis HI; because when KG and HI are ondif- 
ferent sides of MNL, HK — ^QN is equal to PN. The points 
A and D with the figure HMLI are supposed to be given, and 
the perimeter AED to be always the same. And this property of 
the line AED, which amongst all those of an equal perimeterthat 
pass through A and D produces the greatest or least area hmnlif 
by taking the ordinate qn always equal to QN the correspond- 
ing ordinate of the figure KMNLG, is the same that Mess. 
BemouilK, Dr. Taylor, and others, deduced from computations 
that involve third fl!uxions. It is obvious that the curve AED 
is concave, or convex, towai-ds AK, according as the sine of the 
angle AEy increases, or decreases, while KP increases; that is, 
according as PN increases, or decreases, while KP increases. 
When HI intersects MNL in any point betwixt M and L, hi 
intersects m7il at some point betwixt m and /; and one part of 
the figure AED produces a maximum and the other a minimum. 
When MNL meets KG, the angle AEy vanishes, and the curve 
touches the ordinate Ej; and if PN become equal to a, AEj 
will become a right angle, and the curve perpendicular to the 
ordinate. 

596. Because the sine of the angle contained by the curve 

and ordinate % is to the radius as PN to a, it follows from 

* - : aft. 
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art. 576, that AED is likewise the line of afmAeat descent when 
the velocity in any part of the right line EPN is always mea- 
sured by the corresponding ordinate PN> as was observed by 
Mr. Janus Bemouilli; and this analogy between the lines that 
satisfy these two proMems vs accounted for^ from the similitude 
of the methods by which their properties were demonstrated 
in art. 576 and 5Q5. 

. 597. Suppose now that S (fig. %6S) is a given pointy that a 
circle gp£ is described from the centre S with a given radius Sg, 
that SA, SE^ and SD meet this circle in k, p, and g, that the 
^ figure HMLD being given^ and SQbeing always equal toSE>Sn 
is taken uponSEalways equal to QN the corresponding ordinate 
of HMLD; and that Sm and S/ being taken upon SA and SD 
respectively equal to HM and DL the corresponding or dinates of 
the same figure, it is required to find the nature of the line AED 
that amongst aU those which pass through the points A and D^ 
and have equal perimeters, produces in this manner the greatest 
or least area Smn/. It is manifest that a being an invariable 
line, if AED x a — hmlg be a minsmtCTTi, then Am/g will be greater 
than any area formed in the s^Tme manner from any figbre that 
has its perimeter equal to AED; and that ^mnl will be the 
greatest or least of the areas terminated by Sm and S/ ac- 
cording as the point Sand the circular arch kfg are on the same 
or on different sides of mnL To find when AED x a — hmlg 
is a mlnimami let AT the tangent at A meet the circle QE de* 
tcribed from the centre S in T, and ST produced meet the arch 
ARH described from the same centre in R, and it appears from 
art. 578> that AT x a — ^AR x ic is a minimum {HQl being given) 
when the sine of the angle SAT (in which any ray SA inter- 
sects the curve AED) is to the radius as u to a . Let us there- 
fore suppose AR xu to be ultimately equal to the area kmnp; 
and since kmnp is ultimately to the sector SAR (or |SA x AR) 
as the difference or sum (according as k and m are on the same 
or different sides of S) of the squares of Sm and Sk to the square 
of SA, it will follow that u is to ISA as the difference or sum of 
those squares is to SA^; so that ti is to a, and consequently the 
sine of the angle SAE is always to the radius, as that difference 
or sum is to 2SAxa. Therefore in the figure AEDj if SX be 

perpen- 
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perpendicular to the tangent EX at X, S^ and QN be repre- 
sented by c and V, respectively, the rectangle 2a X SX will be 
equal to the difference or sum of VV and cc. The invariable 
quantities a and c (with another invariable line that will arise 
in determining the figure from this property) serve to satisfy the 
.conditions of the problem^ which requires that the curve shall 
pass through A and D, the perimeter being supposed of the 
same magnitude in all these figures amongst which A£D pro- 
duces the greatest or least area Slnm. 

598. When Sg is supposed to vanish, 2a xSX is equal to QN% 
or SX is a third proportional to 2a and QN, and the orea^Smnl 
is a maximum. In this case, if HMNLD be a parabola that 
has its vertex in S and axis in SH, or an hyperbola of any 
order whose ordinate QN is inversely as any power of SQ, 
AED is one of the figures constructed in art. 392 or 393^. 
which we have found already to satisfy the most simple cases 
of several problems in art. 436, 437, 438, 439, 567, and 586. 
For example, when Sn is taken upon SE always equal to a 
mean proportional betwixt SE and a given line, and AED is 
an arch of a logarithmic spiral that has its pole in S, the area 
Smnl is the greatest that can be produced in the same manner 
from an arch of an equal perimeter that passes through A and 
D. When S/i is inversely in the subduplicate ratio of SE, and 
AED is an equilateral hyperbola that has its centre in S', 
Smnl is the greatest area that can be produced in the same 
manner, from any arch of an equal perimeter that passes 
through A and D. When MNL is a right line that passes 
Uirough S, AED is an arch of a circle, and ;72n/is likewise an 
arch of a circle similarly situated with respect to S, whether 
S^ be supposed to vanish or not ; and, in this case, it is well 
known that the area Snuil is a maximum or minimum accord- 
ing as mill is concave or convex towards S. 

599- It appears, in the same manner, that if any given line 
hqi meet SA^ SE, and SD in A, q, and i ; and qn be always 
taken upon Sq equal to QN, it will be the property of the figure 
AED, that amongt those of an equal perimeter which pass 
through A and D, produces the greatest or least area hmliy that 

th^ 
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the rffte of the angk AEX will be to the radios as the differ-* 
€iice or sum of the sqtiares of Sj + QN and Sg to 2$E x a. 

600. The propert J of the line AED that is described by It 
velocity which at the distance SE^ or SQ^ is always measured 
by QN, the ordinate of a given figure HM LD, and that of aH 
those which pass through A and D, and are described in the 
same time, comprehends the greatest or least area SAED, ia 
that the sine of the^ngle SEX is to the radius in the com- 
pound ratio of QN to an invariable relocity, and of the differ- 
ence or sum of the square of S£ and an invariable square to 
the rectangle contained by SE and an invariable line. For the 
constructibn being the same as in art. 597, ifaa X T . AED-7- 
AEDgpk be a mirnTnum, the point A and right line HD being 
given, the area AEDgpi will be greater than any area AeDgpk 
which is terminated by any line AeD that is described in the 
sametime with AED; and SAEDwillbe greater cM:IessthanSAfD> 
aeeording as the point S and arch kpg are on the same or dif- 

lereut sides of AED. Because — ^isamin»fmiii(HQbeing 

given) when the sine of SAT is to the radius as » is to i, by 

art. 576, let QN be equal to u, and suppose ^^ ultimately 

equal to-T^* ' Then because AEpk is ultimately to the sector 

8AR, or ISA x AR, as the difference or sum of SA^ and SAr" 

to SA* ; it follows, that b will be to 9SA, as aa is to that differ- 
tnce or sum ; and that u is to b, or the sine of the angle in 
which any ray SA intersects the curv^ to the radius, in the 
compound ratio of the same difference or sum to aa and of QN 
to 2SA. When the gravity acts in parallel lines, the nature 
of the line AED is discovered in the same manner. 

601. The following lemma leads to an easy solution of the 
lecond general isoperimetrical problem. The point A C%. £64) 
;being given, the right lines AE, b, and u being given in magni- 
tade,and AGgivenin position,let EK be perpendicular to AG in 
K,and EK x 6 + AK x u will be a maximum, when the tangent 
of the angle AEK is to the radius as u is to b. For let the 
oirole BE6 described from the centre A with the given radius 
AEmeet AG in G ; let Gg be erected perpendicular to AG, so 

that 
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flial Gg atid KE Aiay be oh different sides of AG, and let Gg 
ht 16 AG a^ ie is to ft ; jbiti Ag, aiid Ag will be given in posi- 
tioti ; let EK produced meet Ag in O, then because KO is to 
AK as Gg to AG ot u to 8, AK X « will be equal to KO xb; 
so that EKxb + AK>(u will be equal to EO x 6, and will 
be k maximum wheti EO is greatest ; and it is manifest that EO 
is greatest, when ElP the tangent of the circle at E is parallel 
to Agy or when Afe vi perpendicular to Ag, that is, when AK 
i& to |[iS, or the tangent of the ahgle AR}L to the radius, as 
Gg to AG, or as u to b. In the same manner it appears, that 
if the fight lines Ee and i) be likewise given in length, and * 
ek be perpendicular to AG in A, then eA X 6 + AK X u 
+ ^ft X V will be a maximum when the tangent of the angle 
AEK is to the radius as ti to 6, and at the same time the tangent 
of feeft to the radius as x^ to 5 ; because EK X 6 + AK x u 
is then a maximum; and, £m parallel to AG being supposed 
to nieet ek inmy em X b -i- Em X v will be greater than if 
the angle Eei was of any other magnitude. In general, let the 
Kne AEefD consist of any . number of parts AEl, Ee, ef^fj) 
whereof each is given in length ; let EK, ek^fl, DL be perpen- 
dicular to AL ; and upon these perpendiculars take Kw, kv, 
tx, ijt equal to any given lines ; then the radius beiiig supposed 
equal to 5, let the figure of the line AEefD be such that the 
tangents of the? angles AEK, Eeft, efl^fDh may be respectively 
equal to the perpendiculars Km, kv, Ix, hz ; complete the pa- 
rallelograms AKwr, Kkvs^ klxt, /L^y; and the sum of the 
rectangle LD x b added to the area Ar2^^a:^2:L (which is made 
up of those parallelograms) will be greater than if the line 
AEe/T> was disposed into any other figure, 

602. Let AEDL (Jig, 265) and ABMILbe applied upon the same 
axis ALyEPM parallel toDLmeet BMIinM,and thetangentof 
the angle AEP, in which the curve AED intersects its ordinate 
EP, be always to the radius as PM to b. Let Aed be any 
other line equal in length to AED, and the arch Ae being al- 
ways equal to AE, let epm parallel to DL meet AL in p, and 
pm always equal to PM generate the ai-ea ABmtV ; then it fol- 
lows from what was shown in the last article, that DL X h 
+ ABMIL will be always greater than d/ X 6 + A&miL From 
VOL.n. H whiob 
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which it follows^ that when dl is equal to DL, the area ABMIL 
is greater than ABmil. And if we sappose d to coincide with 
D (and consequently iV coincide with IL), and, AH being, 
given upon AB, if HG parallel to AL meet ID in G, PM 
in Q, and pm in y, the area HBMIG generated by the ordi- 
nate QM will be greater or less than Hl^IG generated by the 
ordinate qm, according as HG and AL are on the same or dif- 
ferent sides of MNI. Therefore since QM is equal to the sum 
or difFeretice of PM and AH, it is the property of the line AED^ 
which of all those that passthrough the points A and Dand have 
equal perimeters, produces the greatest or least area HBMIG, 
when the ordinate QM depends upon the length of the arch 
A£, being what is called a function of the arch A£ (that is^ 
QM being always equal to the ordinate of a given figure 
when the base is equal to AE), that the tangent of the anglei 
'AEP is to the radius, or the fluxion of the base AP to the flux- 
ion of the ordinate PE, as the sum or difference of QM and 
ati invaiiable line AH is to an invariable line b. And this 
agrees with what the authors above-mentioned found by their 
computations when carried on justly. 

603. Itappearsas in art.597 C^g.266), that when S is agiven 
point, and upon SE a rightline SM is always taken equal to aytiitc- 
tion of the arch AE (that is, equal to the ordinate of any given 
figure when the base is equal to Xhe arch AE), and the area 
SBML is the greatest or least of all those that can be thus pro- 
duced by lines of equal perimeters that pass through A and D^ 
the tangent of the angle SED, in which any ray intersects the 
curve, is always to the radius as the difference or sum of the 
square'of SM and an invariable square to 2SE x b. 

604. The other isoperimetrical problems may be reduced to 
these, or treated inlikemanner. Forexample, let ER parallel to 
AK C^g. 267) meet AS parallel to KDinR,and RN, SVtheordi- 
nates of the figure ANVS be always equal to functions of the 
arches AE and AED ;, let NZ and VX be perpendicular to KA 
produced in Z and X. Then because the area AVX is equal 
to AS X SV — ANVS, and when A and D are given, and the 
arch AED is given in \ength,.'\ls function SV being giveh, the 
rectangle AS x SV is given, it follows that the area AVX is 

a nta^^ 
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a maximum when AVS is a minimum, and that AVX is a mint-* 
f»M»i when AVS is a maximum, that is (by art. 602), when the 
tangent of the angle AER is to the radius as the sum or differ- 
ence of RN and an invariable line is to an invariable line. The 
area AVX has its ordinate ZN equal to EP the ordinate of 
AED, and its base AZ equal to RN ^function of AE ; and the 
line AED is the figure which is assumed by a chain perfectly 
flexible, and suspended from A and D, when the thickness of the 
chain at any point E is as the fluxion of RN; because the centre of 
gravityofsuchachain would descend toaslowa place as possible. 
605. Therestremainingasinart.572 (fig.9,5A), letusnowsup- 
pose that tithe velocity with which AE is described is not given, 
but varies as a power of AE whose exponent is any number n. 
And when the sine of the angle KAE is to the radius as u is to 

■^■M_ AE— 'KE AE K.E 

1— »xa,-j|- _,or— '+— > is a minimum according as n 

AE 

is less or greater than unit. Fof — will be as AEl— *> 

AE 

and the fluxion of — to the fluxion of AE (art. 16?) as 

_ AE 

T^ ^ — to AE, oras 1 — n to t*. The fluxion of AEis 
to the fluxion of KE as KE to AE by art. 193, consequently 
the fluxion of — is to the fluxion of -— as i— « x KE to 

* 

I AE X ^ Therefore if n be less than unit, these fluxions are 

equal, and — — is SLmifdmum, or its fluxiqn vanishes, when KE 
is to AE asu is tol^ x a. And when » is greater than unit. 

Air KE . 1 -A-E . K.E • * '.^ 

— decreases while -r increases, and — +— w a mtnmum, 

or its fluxion vanishes, when KE is to AE, or the side of KAE 
is to the radius, as w is, to '^p:^ X a. In these cases therefore 
likewise the sine of the angle KAE is still as u ; and this theo-. 
tern thus extended will serve for resolving problems concerning: 

Ha th^ 
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the maxima and minima, to which the lemma in art. 57^ does 
zioti:each^ 

6o6 (Fig. 266). It remains now to show hb^ the prohlem con- 
cerning the solid pf least resistance may be resolved by first flux- 

. ions. The point A being given, let the ordinate AD meet Kt 
(parallel to the axis I^G) in K, let E be any point upon KL, 

.' Join AE ; and the resistance of tlie fluid being represented by 
a given right line AR, the resistance of the right line AK mov- 
ing in the direction KL will be represented by AK X AR. Let 
RM be pei*pendicular to AE in M/and MN perpendicular to 
AR in N ; and the resistance which the conical surface gene- 

. rated by AE (when the figure h supposed to revolve about the 
axis t)G) meets with, will be to the resistance of the annular 
space generated by AK as RN to AR, and therefore (AK 

» being -bisected in a) that r^si^tance will be as Da x AK X Rlf. 
^Because, AK being given, RN decreases while KE increases, 

• let us 'enquire when Da X AK'x RN + ItE x AR x a is a mini" 
. tfittm. The fitixiom of this sum vanishes, AR (which nfeailufes 

the direct resistance of the fluid) with AK, Da and a being 
supposed invariable, when the fluxion df KE is to the fluxion bf 
RNas AK X Da to AR x A. But RN being to AR as AlC* 
to AE*, RN is inversely as AE% and (art. 167) the fluxion 
of RN is to the fluxion of AE as 2RN to AE; consiEjquently 
the fluxion of KE is to the fluxion 6f AE, or <art. 193) AE 
to KE as Q.Da X AK x RN to a x AE x AR ; tliat is, as 
; ' iDa X AK' to a y AE», Therefore Da X AK y R ^l-KE 
X AR X a is a minifnumvfhen Qj)a x AK' x KE is equal to 

€07. From this it follows, that KE parallel to the axis BH 
being supposed to meet the ordinate AD in K, and AE the tan- 
gent at A in E, and a being an invariable quantity, if tJie liAe 

• : FAL be of such a nature that AD x AK' X KE be alvrays 
V ' equal tc |a X AE*, then the solid generated by FAL6 revolv- 
ing about the axis BH will meel with less resistance, when it 
moves in a given fluid with a given velocity in the direction of 
the axis BH, than the solid generated in the same manner by 
any other figure whose perimeter passes through F and L. For 
when AK is continually diminished^ Da is ultimately equal to 

DA; 
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D A ; and it follows from the last article that the sum of the so- 
lid which measures the resistance of the conical surface gene- 
rated by AE about the axis BH, added to KE X AR x a will 
be always ultimately a minimum. And because the sum of the 
. resistances of these conical surfaces is ultimately equal to the 
-resibtance of the solid generated by FAL about the same axis 
BH; and the sum of the solids KE x AR x a is ultimately a 
given solid iL X AR X a (because 6L, AR, and a are supposed 
to be given), it appears that the resistance of the solid gene- 
rated by FAL is a minimum. It is easy to see that this agrees 
with the property of this solid, which was given by Sir Isaac 
Newton. 

608 . In the same mannerwhen aplane figureFAL(y?g. 267) re- 
volves about a given centre S, that is in the plane ofthe figure, in a 
medium that resists in the duplicate ratio ofthe velocity, it is 
the property of the line which in this case meets with the least 
resistance, that the sine ofthe angle SAP contained by the ray 
SA and tangent at A is inversely as the cube ofthe tangent AP, 
SP being perpendicular to AP in f. There are several other en- 
quiries of this nature which might be prosecuted in the same 
manner, but we proceed to what may be of more use in philo- 
gophy. 



CHAP XIV. 

Ofthe Ellipse considered as the Section of a Cylinder. Ofthe 
Gravitation towards Bodies, which results from the Gravita- 
tion towards their Particles. Ofthe Figure of the Earth, 
and the Variation of Gravity towards it. Ofthe ebbing and 
fiomng ofthe Sea, and other Enquiries of this Nature. 

609. JL HE properties of the circle demonstrated by Euclid, 
Pappus^ Greory a St. Vincentio, and others, suggest analogous 
properties of the ellipse ; which, generally speaking, are most 
easily and briefly deduced by considering it as the oblique sec- 
tion of a cylinder^ or as the projection of a <;ircle by parallel 

H 3 rays 
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rap upon a plane that is oblique to the plane of the circle^ 
For the centre of tl^e circle by this projectiopi give$ the centre 
of the ellipse ; any diaipeters of the circle that are perp^ndicu-r 
lar to each other with the tangents at their extremities 
(which form the circumscribed square) and their respective ordi- 
nates^ give conjugate diameter? of the ellipse with the curcunw 
srcribed parallelogram^ and the ordinates of these diameters; any 
parallel lines in the plane of the circle are projected by parallel 
lines in the plane of the ellipse^ that are to each other in the 
same ratio as those of which they are the projections; any area 
in the plane of the circle gives by its projection an area In the 
plane of the ellipse^ which is always to the area in the plane of 
the circle as the transverse axis of the ellipse to its second axis, 
the cylinder being supposed upright; and any concentric circles 
givesimilarconcentricellipses. Having found this method very 
convenieqt on these accounts for discovering the properties of 
the ellipse, and particularly some that are of use in the follow- 
ing enquiries^ it may be worth li^hile to prosecute it a littl^ 
farther than the illustrious Marquis de FHospital has 
done, lib. 6, sect, conic, the rather that it is not difficult to de«> 
rive the analogous properties; of the hyperbola and parabola 
from those of the ellipse when known, 

610. LetaABftOg. 268) be a section of an upright cylinder 
through its axis cC, adbea section of this cylinder perpendiculai? 
to cCyADBE a section perpendicular to the plane a AB J, but ob-: 
liqueto the axis cC; the former will be a circle that has its centie 
in c; and the latter will be an ellipse that has its centre in O^ 
of which AB will be the transverse axis, and the second axis 
DE perpendicular to AB will be equal to ab the diameter of 
the circle. For let h be any point in the circumference of the 
circle, ^ perpendicular to ab in p, AH and p^ parallel to cC 
meet the plane ADBE in H and P, so that H may be what we 
call the projection of A, and P of p; join HP, and it will be per- 
pendicular to the plane aABi, consequently AHPj9 is a'paral- 
lelogram, and HP equal to hp. Therefore the square of HP is 
equiJ to the rectangle apb which is to APB (because ap is to 
AP, andp6 to PB, as ab to AB) as aft* to AB*; consequently 
AHB is an ellipse^ and its secbnd axis DE is equal to ab. It 

appears 
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appears in the same manner^ that any right line in the plane of 
the circle that is perpendicular to ab, is projected by an equal 
right line in the plane of the ellipse perpendicular to AB. 

61 1. Any parallels gh and kl (fig. 269) in the plane of the 
circle are projected by parallel lines GH and KL in the plane 
of the ellipse that are in the same ratio to each other as gh and 
kL For the planes gGHA, X:KL/ being parallel, the sections 
of those planes with AD6E are parallel; and because the 
angles of the figures gGH/*,AKL/ are respectively equal to each 
other, GH will be to gh as Kt to kL 

612. It is obvious, that according asy is a point without or 
within the circle, its projection is without or within the ellipse. 
Therefore the tangent of the circle at any point h is projected 
by the tangent of theellipse at H. Hence any right line VRpa- 
rallel to the tangent at H is bisected in M by the diameter that 
passes through H, and VM, MR arq the ordinates of that dia- 
meter, being projected frpm vm and mr equal perpend iculaia 
to ch. Let vt the tangent of the circle at v meet ch produced 
in /, and VT the tangent of the ellipse at V meet CH in T. 
Then because mM, AH, and fV are parallel, and cm is to co as 
cv (or ch) to ct^ it follows that CM, CH, and CT are in conti- 
nued* proportion. Let tv produced meet the semidiameter cl 
perpendicular to ch in z, and because the rectangle tvx is equal 
to the square of cv or ck, it follows that if TV meet CL tbesemi- 
diameter conjugate toCHinZ, the rectangle TVZ will be equal 
to the square of CK the semidiameter of the ellipse that isparal- 
lei to TZ. And if HNQ parallel to CK meet CV and CL in 
N and Q, the rectangle NHQ will be equal likewise to CK*. 

61s. Any right line ^A in the plane of the circle is to GH its 
projection in the plane of the ellipse as the second axis of the 
ellipse is to the diameter that is parallel to GH; because this 
diameter is the projection of the diameter of the circle which 
is parallel to gh ; and parallel lines in the plane of the circle 
are in the same ratio as their projections in the plane of the 
ellipse, by the last article. 

614. Hence right Vmespm and pn (fig. ^70) in the plane of 
the circle that form equal angles with a&, or with phg any pa- 
jrallel to ab, on the same or on difierent sides of that parallel, 

H4 ar 
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are projected by right lines PM and PN that form equal angle? 
with AB the axis of the ellipse, or with PHG the projectioa 
of phg; and PM is to PN as pm to pn. For let mr perpendir 
cular to pg in r xaeetpn inf, and mr will be equal to Jr; conse* 
quently their projections MR and FR will be equal by art.610, 
and the angle MPR equal to NPR ; and because the diameter 
parallel to PM is equal to the diameter parallel to PN, it foU 
lows that PM is to PN as pm to pn, by the last article. Ifnq 
he perpendicular to pg, and NQ to PG, PQ will be to PR as 
pq to pry and PQ + PR tojpy +pr as PQ \jopq or as AB to DE,k 
The use of this property will appear afterwards, but we will 
first show how other pioperties of the ellipse are briefly deduced 
in like manner. 

615. If any line VR (fig. 271) terminated by the ellipse Ih 
V and R meet any parallels GH and KL in M and N, and 
VR, GH, and KL be projected from ur, g//., and kl in the plane 
of the circle, GM will be to KN as gm to kn (art. 6 11), and 
!MH to NL as mh to ul; consequently the rectangle GMH 
will -be to KNL snagmh to knl. In the same manner the rect- 
angle VMR will be to VISR as vmr to vnr. But gmh is equal 
to vmr (elem. 35. 3), and knl to vnr. Therefore the rectangle 
GMH is to KNL as VMR to VNR. 

6 1 6. When he and cl (fig 272) are perpendicular sexpidiamer 
ters of the circle, let kp and Iq be pei*pendicular to ab iup and y^i 
and let HP and QL be the projections ot" these ordinates ip the 
plane of the ellipse. Then HP will be equal to hp (art. 6 10), or 
cq, and LQ equal to Iq or cp. Because CP"^ is to cp^, and CQ* to 
cq^, as C A* to ca'-y it follows, that CP* + CQ'^+ cp^ + c j% or 
CH'^^- CL% is to cp^+ C51*, or ca\ as CA'^H- ca* to ca*; 
consequently CH* + CL^ is equal itoCA* +ca% or CA* + 
CD*; that is, the sum of the squares of any two conjugate dia- 
meters is equal to the sum of the squaresof theaxis ABaud DE. 

617. Any rectangle gh/k (Jig. 273) in the plane of the circle 
that is contained by right lines oneof which gA is parallel and the 
other gA perpendicular to aby is to its projection GHLK in the 
plane of the ellipse (which is likewise a rectangle) as the second 
axis DE to the transverse AB. For gh and GH the sides of 
thosp rectangles perpendicular to ab and AB are equal, by art. 

6l0i 
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(310, and gk is to GK as c(6 or DE to AB. Any triangle mnr ii| 
the plgne of the circle is to MNR its projection in tjie plane of 
the ellipse in the same ratio; for if nq parallel to ab n^eet mr im 
q, and NQ parallel to AB meet MR in Q^ rh and Vig paraU4 
to ab meet nh and qk perpendicular to ak in h, /, g, and k, atu}. 
GHLK be the projection o(ghlk, the triangles MNR and mnr 
will be the halves of the rectangles GHLK and giik ; consjo*- 
quently mnr will be to MNR as I)£ to AB. It appears from- 
t\ns, that any figure described in tlie plane of the circle is to i^ 
projection in the plane of the ellipse ai^DE to AB; and that any 
equal figures described in the former are projected by equal 
figures in the latter. Thus the ^quaresdescribed about the circle 
being always equals the parallelograms described about any 
conjugate diameters of the ellipse (which are the projections of 
those squares) are always equal. If CP and CS be taken upon 
any diameter FI, from C in any given ratio to CF, the area 
of the parallelogram contained by the tangents drawn from P 
and S to the ellipse will be given ; and thus the property of the 
ellipse described in the Introduction^ p. 8^ is easily demonstratedL 
6 18. If the point r (Jig. 274) describe the circumference of 
the circle adbevfiih an uniform motion^ and R be always the pro- 
jection of r, the ray CRwill describe equal areas about Cin equal 
times^ and rv and RV being arches described in the same timCj, 
and vt the subtense of the angle of contact in the circle parallel 
to cr being to VT the subtense of the angle of contact in thq 
ellipse parallel to CR as ca to CR, it follows that the force di- 
rected towards the centre C by which the ellipse could be de- 
scribed> is to the force by which the circle arb upon the diame- 
ter ab could be described uniformly in the same time as CR to 
CD. The velocity in the ellipse at R is to the velocity in the 
circle as CZ the semidiameter conjugate to CR to CD by art, 
6^0. And when the force towards the centre is as the distanccj, 
the periodic times in circles being equaVthe times in which ellip- 
sesaredescribedarelikewiseequal. Thus|7rop.Xj/ii. \,Princip. 
with its corollaries are briefly demonstrated. In like manner, 
/being any point in the plane of the circle, let r move in the 
circumference, so that i/ may describe equal areas in equal times 
about/,- then if S and R be the projections in the plane of the 

ellipse 
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dlipse of/ and r, RS will describe equal areas in equal times 
about S^ by art. 6 17^ and the force at R towards S will be to the 
force at r towards/as SR toy** or (eg and CG parallel to the re- 
q>ective tangents at r and R^ being supposed to meetyr and SR 
in g and G, r/taLud re being produced till they meet the circle in 
's and o) as GRtogr. But^p being perpendicular to the tangent 
at r in p, the force at r towards/is inversely asj}>* x rx; conse- 
quently the force at R towards Sis directly as GR^ and inversely 
asj^* Xgrx, or (because the rectangle grx is equal to 2cr*, and 

therefore invariable) as — , or (because jj? is to re asfr to gr]^ 

<ir as SR to GR) as -r^; and when S is ^e focus of the el-' 

Kpse^ GR being always equal to CA, the force at R towards 
S is inversely as the square of SR the distance from the foctis, 
as was shown in art. 446. 

619. Let Aa and Bft (/g. 275) be any two diameters of the 
ellipse that are perpendicular to each other, and CL che perpen- 
dicular from C on the chord AB is always of the same length. 
For ATiab is a rhombus, K/ and GH that lijsect AB and Bdr in 
P and V are conjugate diameters, CG*— CV* is to BV% or CV% 
as CGHo CK%and CG* to CP*as CG*+CKno CK*. ButKQ 
being perpendicular to GH in Q, CP* is to CK* as CL*toKQ*; 
consequently CG» is to CG*+CK* as CL* to KQ»; therefore 
CG* + CK* being invariable, and CG X KQ being likewise in- 
variable, by art 616 and 6 17, it follows that CL is invariable 
and always equal to the perpendicular from C on the chord that 
joins the extremities of the transverse and second axis. Hence 
the area of a rhombus AJiab inscribed in the ellipse is as AB the 
side of the figure, and is least when the figure is rectangular^ 
or when K/ and GH are the axis of the ellipse, and is greatest 
when AB joins the extremities of the transverse and second 
axis. 

620. Upon AB (fig'27S) any diameter of an ellipse take the 
points G and F, so that the square of GF may be equal to the 
rectangle AFB ; from G draw a right line GE that meets the el- 
lipse inHandK, and FE(paralleltothe tangent at B) in E, then 
HE, GE, and KE willbe in continued proportion. For let a, b,g, 
f, e, A, and k be the points in the plane of the circle from which 
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A^B^G^F^E^H^ and K are projected on the plane of the ellipse; 
theny^ will be perpendicular to cf, and the rectangle afb, or 
cf^ — c6% equal to g/* ; consequently ge* is equal to cf*+cf^ 
•t— cft% or ce* — cfc% that is, to the square of the tangent' ef, or 
to the rectangle hek ; therefore, he, ge, and ke being in coil* 
tinued proportion, HE, GE, and KE are likewise paroportional. 
It appears, in the same manner, that when G is* any other 
point upon the diameter AB, the difference of the rectangle 
HEK and of the square of EG is to the square of the semi* 
diameter parallel to £6, as the difference of AFB and 
GF» to CB*. 

62 1 . Let any quadrilateral figure aefb {fig, 277) be inscribed 
in the circle^ and gm any parallel to ef, one of its sides, meet 
the other sides afc, at, bf in g, ft, /, respectively, and the circle 
in A and m ; then gh, gk^ gl, and gm will be proportional; for 
the angle gak being equal to cfb, or gib, it follows that the 
triangles gak and gib are similar, and the rectangle kgl equal 
to agb, or hgm. From this it follows, that if AEFB beany 
C[uadrilateral figure inscribed in the ellipse, and any right line 
OM parallel to one of the sides EF meet the other sides AB, 
AE, BF in G, K, L, and the ellipse in H and M, then GH, 
GK, GL, and GM will be proportional. In this manner, many 
other properties of the ellipse are briefly deduced, as lemma 
24, 25, lib, 1, Princip, But we shall only subjoin an instance 
or two of the properties of the conic sections, that are briefly 
demonstrated, by showing first that they take place in the 
circle, and then transferring them to any conic section in 
general, by considering it as the projection of a circle upon an 
oblique plane, by rays that issue from a given point. 

622. Let g (fig, 278) be a given point in the plane of thecircle, 
r/" a right line through g that meets the circle in e BXiAf, et 
knAft the tangents at c andy^ and their intersection t will be 
always found in a right line given in position; for, join eg, and 
let td be perpendicular to eg in d, join ct, and it will bisect cf 
in m. The rectangle met is equal to ce% and the triangles egm, 
c^J being similar, the rectangle gc^I is equal to met, and conse- 
quently to ce^; therefore cd is given, and dt is given in posi* 
tion. But it* is obvious, that if this figure be projected upon 
oblique plme by rays issuing from a given point V, the projec- 
tion 
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tinoiof tbe^c^ wiU be a conic seption^ the right lines et 
%»d/t will be projected by the tangents of t^^ conic sectio% 
Ibepoittt g by ^ given pointj^ wd td \^y 9. rigbt line in the; 
fi/Bfk^ of the ^ooic section giveu in position. Therefoj;e when 
G i& ^ given poipt^in the plane of 9ny coni^ section^ and EB 
nl^ys pa^8 th^pough G, the intersection of £T and FT ttve 
ta^|B?iH$ 9^t fl ^nd F wUl he always found ia a right lineTX) 
^^A iA posi^icip. 

^. liet the ftve poin^ C, S, E, A^ and B (Jig. 279) be in 
tb%circuaifefenpe of the circle ; produce BC and ES till they 
mdet in D ; let CP and SP be drawn from C and S to any 
foff^l P in the circle ; let CP meet £A in N^ and SP meet BA 
in Q, then X>y Q, and N wiiU be always in a right line. Foif 
let Nil p£^rallel to S£ meet SQ in Uy AP in m, and AB in r | 
lef A« n^^t the circle ii^ b and S£ in G^ and BA meet with SE 
1^1 K* Bec^^se the ang^e AN?i is equal to AEK, or APS, a 
cifcU^ wiU pass thrqngl^ A^, H, n^, and P^ and the angle N An (or 
£^6) vifill t>e eq\\^ %o NP», or CPS ; consequently the ^.rch 
1^ will be equal to CS, and Cb parallel to SE. Let BA, BS, 
;ipd AE me^l Cb in /, e, and /, and/6 will be to^ as^ is t^ 
jflj,by fti|.J58l. But KG is to KE as/6 to^, and, because 
3^S is a right line, KS is to KD as yi to /C. Therefore 
]^0 is tq KE as KS to KP ; and KG being to KE 
a| r» to rN, K9 is to KD as rn to rN ; and because S, Q^ and 
u sur^ in ^ right line, it follows that J), Q, and N are likewise 
ia a right line. From which if follows, by supposing this 
figure to be projected as in the last article, that if C, S, E, B, 
Al^d A be five points in a conic section, and any two of the 
right lines BC apd ES intersect each other in D, CP and SP 
Jt|e drawn tp any point P in the section, CP meet EA in N, 
^d SP meet AB 14 Q, then D, Q, and N wiU be always in ^ 
light liue. Hence it spears that a conic section can be 
4rawn through those fiye points C, S, E, B, and A, by drawing 
any lij^e PQNfrom D meeting AEin Nand AB in Q, joining 
SQ and CN; for their intesrsection P will be a point in the 
conic section. And this is the method of describing a conic 
section thix>ugh any five given points(when nopiore than two of 
^hose points are in a right line), that was menti(med in art. S22« 
The Tivay of drwiag * tangent to any point C of the conic sec- 
. , tion. 
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lSb*i, that was desCTibed in art.S24^ inAy be deHioR^lJed ih A«fc 
5aiAe mawner, by sbowiUjg first that it take's pfaee in tire ehrcte, 
fey supposi^ftg'one m* inore of the light fines ^fet ^^e infi^rib^ 
fe the conic section to be taAgfehts^ seV^rfel pr6?peW;te!i of tho«ft 
figares tnay be briery dedaced from this {wro^oaition ; parli^ 
>fcal^ly thatlvrhich w«fs Mentioned (as ftnalolgdastoajwro^ity of 
the itn^s'of the third wder) in aft. 401, is the case wfceii \kk 
Iri^-liA'^s £SI^ &»<! 6CD ^e ianigients at S ^riidC 

624. Let P, H, and K (Jig. 280)* be any threfe points in an 
'Ali^g^e> let PM parallel to HK and KN' prndM to PU taifcet 
th^ dlrpse in M and N, and a righk line throtrjgh If piia^M «» 
MN vvill be the tangent at H, When the figoffe is a ci^c^ 
ihe atchHM* ^qad to AN, MN is peifieftdicukr to tb* 
ffiatfieter throtrgh H, dnd eonse^ueMty paralM to th* tatJK^- 
•g^t at li. This'pr6^i^ty isektetidedto «h6 ^\iip^ by fiftrt. 
«1-1 and 612, ahd m&y be deindniti^ted of a«iy cdaic Section', 
^uk we prodded A6w to thdse f)roperties of the effipijfe> wliidti 
^e had chidly in \iew, because of Ihteir nte in the (d^CMk^ 
%nquiri^. 

. '665. let pa (^. £81) be a chot^ of «ln leHipse paralkltb 
the Axis DE> LK any ordinate 16 *hi4 ni^fs at V, me^^g the 
•^{>se Jift L and 5C, joih DL and DK, l^t PM aod JPN partdlel 
«lo DL and l)K ift^et it in M and N, let MQ mi NR tife pi^tc 
Vpendicular to PH in Q and R, then the sutfi VAr dii^enc^ of 
PQ ahd PR (acccfidifig ifts Q and R are on the sanie or di#^. 
«ttt sides of P) will be to ODV as the chord PH to the axis Dfi. 
-For^iupposing, first, lihe 'figure to be« circle, let thfe ^^nidili- 
nieter HC meet the circumference again in I ; and the arches 
• HM and HN being eqnal to EL and EK, and^onseq^eFftly 
leiqiial to one another, the right line MN will be bisected 
^f)erpendicttlarly by the diameter HI tn X. B^cauiSe 
the nrch l^fH is c^^nal to LE, tK is '>^a=ai to i)V; let 
XZ he {)eTpendicT!flar to PH ih % and becatjse the anglfe HPI 
is right, PZ Vill be to IX (<^r ©V) as PH \o IH tyr DE. Bat 
^CJRis'blsectedinZ; therefore Pft + PQ is -^quarto SFZ, and 
i§ to 2i)V as PH to DE. This is extended to the ellipse By 
*art. 6l 1 aiid 6l4> and ttiay be demonstrated of anyconicsectibn. 
626. Let Prfand tit (>flf.S82) ttperptodicalarto the aifis 
DEintf trdd e/describe*to cffipe tidbe vtpon ^he i&is^dcifihfi- 

lar 
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Ittr to ABBE. Let Jk an ordinate iit>m the internal ellipse tt 
the axis dtxnv meet this ellipse in / and A. Let PM and PN 
parallel to dl and ik meet the external ellipse in M and Nj MQ 
andNRbeperpendiculartoPHinQandR^andPR + P<{willba 
equal to 9dv. For dv will be to D V as <2e (or PH) toDE^ and 
therefoteasPR -)- PQto£DVjbythelastarticle; conseqaendy 
PR + PQ is equal to 9Ao. This may be demonstrated in tht 
usual manner from the property of the ellipse described at tht 
end of art. 61 £• 

627* Let the right line PS perpendicular to the ellipse in'P 
meet the axis BE in S^ and SZ be perpendicular to the semi- 
diameter CP in Z^ then the rectangle CPZ will be equal to* tiie 
aquare of the semiaxis CA, that is conjugate to CB. For let 
PY parallel to AC meet CB in d and CO the semidiameter 
conjugate to CP in Y ; and let PS meet CO in T. Then, be- 
cause PS is to PZ as PC to PT, the rectangle CPZ is equal ta 
JSPT, which (because PT is to PY as Yd to PS) is equal to 
die rectangle (2PY, and therefore is equal toCA% by art. 612. 
In the same manner if PS meet the axis AB in/ the rectangle 
/PT will be equal to CB*, and PS will be to ly as CA* to CB»^ 
Because £2C is to dS as P/to PS, d^ is to dQ as CA* to CB». 

628. Supposingthat the gravitation towards anyparticledei* 
creases in the same proportion that the square of the d istance from 
it increases, let P A£a, PBF6 (fig. 28 3) be similar conesconsisting 
of such particles, terminated by spherical bases AEa, BF^that 
have their centre in P ; and thegravitation at P towards thesoUd 
PAEa will be to the gravitation at P towards PBF6 as PA la 
PB,or inthesame ratio as any homologous sides of these similar 
solids. For let M Nm be any surface similar to AEa having its 
centre likewise in P ; and thegravitation towards the surface AEfer * 
Will be to that towards MNm in the ratio compounded of the dl*' 
rect ratio of the surface AEa to MNw (or PA* to PM*) and of 
the inverse ratio of PA* to PM*, that is, in a ratio of equality ; 
consequently, thegravitation towards the surface AEaA being 
represented by A, the gravitation towards the solid PAEa will be 
represented by A x PA, and that towards the similar solid PBF6 
by A X PB, which are in the ratio of PA to PB. In the sameman- 
Her the gravitation towards the frustum that is bounded by the 

nrfaces A£A^ MNmis represented by A X AM* Itis manifi^t 

that 
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that though the surfaces AEa and M Nm be of any other fortn^ yet 
the ultimate ratio of the gravitations at P towards the conical or 
pyramidal solids TAEa, PMNm is that of PA to PM ; and thai 
if AQ and Mq be perpendicular to PH in Q and q, these forces 
reduced to the directionPH will be ultimately in the ratioof PQ 
toPy. 

6£9. The forces with which particles similarly situated with 
respect to similar hon^ogeneoussolidsgravitate towards these so* 
Uds are as their distance^ from any points similarly situated in 
the solids^ or as any of their homologous sides. For such solids 
may be conceived to be resolved into similar cones^ or frustums 
of cones^'that have always their vertex in the particles ; and the 
gravitation towards these cones^ or frustums^ will be always in 
the same ratio. 

630(%.282,N.a). Aparticle placed within the hollow solid that 
isgeneratedbythetheannular space terminated by two concentric 
circles^ or similar concentric ellipses, ADBEand adbe, revolving 
ahouttheaxisAB^hasnogravity towards this solid. For letj9 be 
any such particle, pk any right line from j? that meets the in* 
ternal circle or ellipse in any pointsy and q, and the external, 
figure in x and r; then if xr be bisected in z^fq will be like- 
wise bisected in z, because the figures are similar and similar- 
ly situated; consequently yi is equal to qr; and the gravita- 
tions of p towards opposite frustums of the solid that have their 
vertex inp and are terminated by the same right lines produced 
fromjp with opposite directions will be always equal, by art, 
628, and mutually destroy each other's effect. 

631. It follows from this that the gravity at any point p ia 
the semidiameter CP towards the sphere or spheroid is to the 
gravity at P as Cp to CP ; because the gravitation towards the 
solid generated by the annular space that is included betwixt 
APB, apb has no effect upon a particle at p; so that th^ 
gravity at p towards the whole solid ADBE is equal to the gra- 
vity at p towards the solid adbe, which is to the gravity at P 
tcavards the solid ADBE as Cp to CP, by art. 629. 

632. Let two planes PMKI and PNLI ,(fig. 284) in tersecting 
each other in the right line PI include a proportion of a solid be- 
twe^ them^tbat consists of particleswhich attract in this manner; 

let 
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let PdildG be any two points in the right Brie PI,GKbe alwayd 
parallel to PM, iand the planes PMN, GKL perpendicular to 
I^MKI intersect the plane PNLT in theright lines PN and GL; 
then the graTitation of P towards the pyramidal solid PMmnN 
generated by the plane PMN revolving about P will be to the 
gravitation of G towards the pyramidal solid GK/c/L generated 
by GKL revolving abont G ultimately in the ratio of PM to 
GK, when the inclination of the planes and the equal angles 
MP77?,KGiare supposed to be ditniiilshedtill they vanish. For 
Ae right lines PM and GK being always parallel, MN will be 
ifltimately to KL as PM to GK, and the angle MPN equal t<r 
"KGL; consequently, the angles MPm and KG A; being cqu^, 
the gravitation of P towards the solid PM;>mN will be to the 
gravitation of G towards GKA/Las PM to GK, by att. 628, 
' 6SS. Any sections of a spheroid made by parallel pknes are 
ifimilatellipses.Let AB(^g.285)be the axis of the solid,6PHa seo- 
fion of the spheroid by a plane perpendicular to the generatift|f 
^lipse ADfeE in GH and PM be perpelidictilar to GH in M, 
let'KML perpendicular to AB the axis of the solid meet the 
ellipse ADBE in K and L, and CQ be the semidiaraeter paral* 
lei to GH. Then because PM is perpendicnlar to the plan^ 
ADBE, the points K, P, and L will be in a semicircle described 
tipon the diatneter Kl, atid the square of PM equal td the rect- 
angle KML, which (by art. 615) is to the rectangle GMH 
i» CD* to CQ*; eonseqderitly the section GPH is an ellipse, 
and is similar to any other section of the solid by a parallel 
plane, the ratio of the axis GH to the other axis being that of 
CQ to CD. From this it follows that the sections of two si- 
Aiilar concentric spheroids similarly situated, which are made 
by the same plane, are similar ellipses; because they are similar 
to the sections of the same solids by a parallel plane that passes 
through their cOtnmon centre; and these last are similar by 
art. 122. It appears likewise that all sections of the spheroid 
made by planes perpendiculat' to the circle generated by the 
axis CD (which we may call the Equatot of the solid) are simi- 
kr to the generating ellipse ADBE. 

634. The gravity of any particle ofaspbei^e Of Spheroid be- 
ing resolved into Wo forces^ one perpendicular to the ajtis df 

the 
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tiie soUd> the, other perpendicular to the plane of its equatdr^ all 
particles equally distant from the axis tfend towards it with 
- equal forces^ and all particles at equal distaiaces^ £rom the plane 
bf the equator gravitate equally towards this plane^ whether the 
particles be at the surface of the solid or within it. And the 
forces with which particles at different distances from the axi» 
tend towards it are as these distances : the same is to be said of 

* 

the forces with which they tend towards the plane of the .equa- 
tor. This easily appears of the sphere from what was i^own in 
ai't. 63 1 , and is men ti oned for the sake of the analogy only. Let P 
(fig* 286) be any point in the surface of aspheroid, APDBE a sec- 
tion of the solid through its axis AB, Vf a perpendicular to AB 
ihy^ Pd a perpendicular to the equator of the solid in d; arid 
the gravity at P towards the solid being resolved into a force ia 
Ihe direction P/*atid another force in the direction Pd^ the fdr- 

^ nier will be equal to the gravity at d towards the solid, arid the 
latter equal to the gravity atY. Let adbe be a spheroid similar 
to ADBE having^ the same centre C and its axis ab in the same 
riffht line AB with the axis of the external solid. The sections 
of these spheroids by any plane that passes through the right 
line Pdl will be similaf concentric ellipses similarly ditualecl by 
a,rt. Q33/.and the gravity of P in the direction P/perpendiculai: 
to the axis AB that arises from the attraction of any portion or 
slice of tjie external solid contained by two such planes will be 
iequal to the gravity at din the direction dCwhich arises from the ' 
attraction of the slice of the internal solid that is contained by the" 
fiame planes. To demonstrate this, let PM NIG (fig. 287), Pmnlg 
(in th^ next figure) be the sections of the external solid by two 
such planes, dKLd and dkld the sections of the internal Solid by 
the same planes ; let KL be an ordinate at V to rfe, the axis of 
the internal ellipse which is in the plane of the equator of the 
sblid, join dK and dL, and let PM and PN be always parallel to. 
<fK atid dL, reispectively. Let the places PMwt, PUn, dKA> 
dL/perpendiculartothe planePMNIGmeetjP/wnlgintheright 

. lines Pm, P/i, dk, and d/,, respectively ; and let those planes re- 
solve about the points P and D, PM being always piarallel to 
dK and PN to dL, while V is supposed to describe the riglitline 

ed. Then the forces with which P and d are attracted towards 
VOL.n. I the 
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. the pj'iauiidal s^Jids generated by the planes PMw, PN;i, dKk, 
^.and did >vill be ultimately as the right lines PM, FN, rfK, and 
., z^L, respectively, by art. G32; and Pp being parallel to rfe/ and 
r 3^IQ and Nil perpeudicular to Pp inQ and R, if these forces be 
,. resolved into such as actiutbe directions Pp and rfe, and such as 

iiqt in the right lines perpendicular to tliese, the former will be 
. as the right lines .PQ, PR, dV, and dV. But PRT f^Q is al- 
.ways equal to ^V by art 626. Therefore .the gravity of P in 

the direction Pp arisiug from the attraction of the pyramidal so- 
.^lidii generated by the planes PMm and PNn is ultimately equal 

to thegravity of d in the direction de arising from the attraction 
J of tha pyranaidal solids generated by the planes dK/c and dhL 

And since this always holds, v^hile we conceive the point V to 
.. describe ed, and theie planes to describe the portions of the eic- 
- ternal and internal soliUs terminated by PM NIG and P/w«I«r,it 
. follows that thegravity of P in the direction Pp arising from the 

attraction pf the whole portion of the external solid bounded by 
; the planes PjNINIG, P;?t/ilg.isultimately equal to thegravity of i 
. iathedirectiondcthatarisesfrom the attraction ofthe part of the 
. internalsolid bounded by the same planes, when the angle con- 
'. tained by those planes is supposed to be diminished till it vanish. 
' J^yCfig .286) conceiving other slices of the solids contained by 
• pla(iesthatpassthroughPdI,and form equalangles with theplane 
. , A PDB on thep ther side, to attract the particles P and d, it will ap- 
pear that the gravi ties of P and d towards the axis of the spheroid 
•. arising: from the joint attraction of thoseslices will be equal. And 
^ ^ince tuisholdsof all the portions of the solids con tained by such 
: pbnes, it follows that the force with which P tends towards the 

axis AB arising from the attraction of the whole spheroid, is equal 
, tp.the gravity of d towards the internal solid, or (by art..631) 
. to its gravity towards the whole external solid ADBE. Tlie 
. ,gr4^vity of any particle p situated in the right line Pd towards 
:. the ,spheriod ADBE, is equal to its gravity towards a similar 
-^cojacentric spheroid similarly situated that has Cp for its semi- 
. diameter, by .art. 6:3 1, and therefore its gravity in the direction 
, pprpendiciilar to AB is equal to the gravity of d towards the 
i; ^ali4:^i^^ b;J'.)'^i^^i*^i^^s been shown. Therefore all particles 

.equally distant from the ajis tend towards it with equal forces ;. 

and 
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and because the gravity aid \^ to the gravity at D as Cdl to CD^ 
by art. 631, it follows that the gravity of P towaids the axis is 
to the gravity at D towards the spheroid as P^to DC. In the 
saoie mapaer it is shown, thabthe gravity of P towards the 
planie of the equator is equal to. the gravity of /towards the 
^^pheroid ADBE, and is to the gravity at A towards the spheroid 
as/C or Pd tq AC. 

OSo. Iq order therefore to find the direction in which the 
..spheroid attracts any particle atP, and the force of this attrac- 
tion^ let A denote the attraction at the pole A, and D the at-^ 
traction at the equator, let Pd be perpendicular to the plane of 
the equator in d, upon, dC take dQ from d towards C, so that 
. rfQ may be to dC as D X CA to A x CD, join PQ ; the attrac- 
- tion towards the spheroid wUl tend in the direction PQ, and be 
always measured by this right line PQ, For the gravity towards 
the spheroid in the direction Td being to A the gravity at the 
. jiole as Pd to AC, and the gravity at P in the direction P/^ or 
: JC, being to D as <2C to DC, by the last article ; it follows, 
> that the gravity at P in the direction. Pd is to the gravity at P 

in the direction Pfas A X jj, to DXgg> that is (by th^ sup- 
position) as Pd X dC to dQ X dC or as Pd to dQ; consequent- 
. ly the gravity at P is in the direction PQ ; and if the gravity 
at A towards the spheroid be represented by AC, the gravity 
at P in the direction Pd will be represented by Pd, and the gra- 
vity at P towards the spheroid by PQ. In the same manner if 
Jq be taken upon the axis fromy towards C in the same ratio to 
JfC as A X CD to D X CA, then Pq will always show the direc- 
tion and measure the force of the gravity at any point P to- 
. wards the spheroid, supposing the gravity at D to be represent- 
ed by DC. Let Dr perpendicular to CD represent th^ gravity 
at D, join C:r, and besause the gravity of any particle in the 
«emidiameter CD is as its distance from C, the gravity of the 
column DC (the spheroid being supposed to be fluid) will be 
mieasured by the triangle CDx or i CD X Dr, or | CD X D. 
In the same manner the gravity of the column AC will be 
measured by | AC x A. And as the columns CD and ACgra^ 
yitate equally in the sphere, so the gravity of tbe column Cp is 

12 ' ^ ' greater 
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greater or less than the gravity of the.column AC in the sphe- 
roid accordiag as it is oblate or oblongs and CD X D is greater 
©r less thanCA x A in the spheroid, according as CD is greater * 
or less than CA (because the fluid would sink in the former 
case at J)j and in thelatter at A, till its figure becomesspherical). 
But this will appear more fully afterwards when we come to 
determine the ratio of A to D in a given spheroid. 

6s6. Hitherto we have supposed the particlei* of the spheroid 
to be effected only by their mutual gravitation towards each 
Other. Lei us now suppose any new powers to act upon all the 
particles of the spheroid in right lines, either perpendicular to 
the axis of the spheroid, or to the plane of its equator ; or some 
powers to act in right lines perpendicular to the axis, and others 
in lines parallel to it ; and let each force vary always as the dis- 
tance of the particles from the axis, or equator, to which the 
direction of the force is supposed perpendicular. Then the 
spheroid being supposed to be fluid, if CA be to CD inversely 
as the whole forces that act on equal particles at A and D, the 
fluid will be every where in aquilibrio. To demonstrate this 
proposition fully, we shall show, 1. That the force which re- 
^ suits from the attraction of the spherpid and those extraneous 
powers compounded together acts always in a right line perpen- 
dicular tQ the surface .of the spheroid. 2. That the columns of 
the fluid sustain or balance each other at the centre of the sphe- 
,roid. And, 3. That any particle in the spheroid is impelled 
equally in all directions. 

637. 1 (fig.286). Lettheforcesthatresultfromtheaitraction^ 
©f the spheroid and the extraneous powers at A andD be call- 
ed M and N ; and M will be to N as CD to CA, by the supposition . 
Because the attraction of the spheroid at Pin the direction Prf 
is to its attraction at A as Vd to AC, and the force of each ex- 
traneous pQwer at Pis supposed to be to the. force of the same 
power at, A in the same ratio of Pd to AC, it follows that the 
, whole force by >yhich a particle at P tends in the direction Td ^ 
is toMas Pd to AC.s In the same manner the whole force with 
which a particle at P tends in the direction P/^is to N a^ Pfov 
dC to DC ; consequently the force with which P tends in the 
directipxx Pcif is \o tj^e force with whicb-it tends m the direction 
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lyasM Xjgto Nx^; and supposing PK that meets CD 

in K to be the direction in which a particle at P tends tdward^ 
the spheroid from the composition of those two forces, Pdwili 
be to dK in the same ratio ; so that dK will be to dC as N X 
AG to M X DC, or (because N is to M as AC to DC, by the 
supposition) as AC* to DC*. But if PK was supposed per- 
pendicular to the ellipse APDB at P, dK would be to dC in 
this same ratio, by art. 627. Therefore any particle as Pat 
the surface of the spheroid tends towards it in a right line per- 
pendicular to its surface ; and the force M which acts on a 
particle at the pole A being represented by the semiaxis AC,'thd 
£9rce which acts on an equal particle at any point of the surface 
P will be always represented by the perpendicular PK terminate 
ed by the plane of the equator of the sohd in K. It appears 
likewise that any particle^ within the spheroid in the semidia- 
meter CP tends in the direction pk parallel to PK, with a force ^ 
that is measured by the right line pk terminated by the same 
pl^ne in k, becapse the forces that act on P andp in.right lines 
perpendicular to the axis, or equator, are as the distc^nces from 
^he axis, or equator, by the supposition « 

638. In order to show, that when the spheroid is fluid, the 
columns sustain each other at the centre, let KZ (fig. 9,86) and 
kz be perpendicular to PC in Z and z; then the force M which 
acts at the pole A being represented by the semiaxis AC, th« 
force with which particles at P and p tend in the direction PC 
will be represented by PZ and pz respectively ; and because pz 
is to PZ as Cp to CP, the gravity of the whole column PC in 
the direction PC will be measured by 4. PZ X PC, which is 
^qual to i CA* (by art. 627), or to 1. CA X M. Therefore the 
gravity of any column PC in the direction PC is equal to the 
gravity of the column AC in the direction AC, and all the 
columns of the fluid sustain each other at C. 

639. Let^ (fig. 288) be any particle in the spheroid, Pp a co- 
lumn from the surface to the point p, produce Cp till it meet 
the surface in q > upon CA take CO in the same ratio to CA as 
Cp is to C J, and the gravity of the column Pp in the direction 
^p will be equal to the gravity of the column AO in the direc- 

J 3 tion 
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tion AC. First, let Ppbe in the plane APBB, let PG and p^ 
be perpendicular to the plane o( the equator in G and g, PL and 
pi perpendicular to the axis AB in L and / ; and Pp being sup- 
posed to meet AB infold DE in h, let ge and lu be perpendi^ 
cular to VpiufC and u. Then the force with which the particle 
p ten^s in the rig^tline parallel to the axis will be to M SiSfQ 
to AC>by the supposition ; and this force reduced to the direc- 
tion Pp will be to M as pe to AC. The force with which p 
t^dfa in the direction perpendicular to the axis is to N as pi 
to DC> and thin force reduced to the direction I^ is to N as 
pu to DC. Therefore the whole force with which p tends 

in the direction Pp is M x ^^ + N X ^,or M X ^ >i 

^,+ N X ^ X -j^* From which it follows^hat the gia^ 

vity of the whole column Pp in' tnef direction rp is jj^ ^ 

. Pj X 3prr^ + 5g^ X ^ X 75*=^. Aat IS 2X5 >< 

?G^«' + fe- ^ plTZJ/J. But PL* is to CA* — CL», 

andpZ* to CO* — C/* as CJD* to CA* ; consequently PJLf 
— pt' is to the diflference of CA*— CL» and CO — C/* 
in the same ratio^ and (because M is to N as DC to AC) the 
whple gtavity of the column. Pp in the direction Pp will be 
tof M X AC as CL* — C/* + CA* — CO* + C^ — CL* 
to .CA*, that is as CA* — CO* is to CA*, and consequently 
eqqal to the gravity of the column AO in the direction AC, 
Therefore the particle p, is pressed equally in all directions in 
th^ meridian plane APDB that passes through p. In like manr 
ne< it is shown, that any other columns from the surface of the 
Spheroid to the particle p press equally upon it^ and sustain 
ea^h other. 

p40. We conclude, therefore, that when the particles of a 
flpjd spheroid of an uniforrn density gravitate towards each 
otker^ witji forces that are inversely as the squares of their dis-« 
taQces from each other, and any other powers act on the par- 
ticles of the fluid, either in right lines perpe^dicular to the 

axis 
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axis that varj in the same proportion as the, distances from the * 
axis, or in right Hnes perpendicular lo the' plan e'of the equator, 
that vary as their distances from It^ or when any powers act oii* 
the particles of the spheroid that may be resolved into such a^ ' 
these: then if the whole force that acts at the poTe A he to the. 
whole force that acts at the circumference olF the equator as 
the radius of the equator to the semiaxis of the spheroid, the* 
fluid will be every where in aquilibrio ; surfaces similar and con- 
centric to ADBE will be the level surfaces at all depths; and' 
the forces with which equal' particles at those surfaces tend to- 
wards the spheroid, will be measured by perpendiculars to the ' 
surfaces terminated either by the plane of the equat;ori or b^ the^ 
axis of the spheroid. - > * .. . ^ 

641. This theorem is of use in several philosophical enquiries. 
Suppose first a fluid spheroid ADBE (fig. ^S6) of ah uriifbrm den- 
si ty to re vol ve on its axis AB; let the attraction of the spheroid ar 
the pole A be represented by A^ the attraction at the circum- 
ference of the equator by D, the centrifugal force there arising' 
from tlje rotation of the spheroid by V ; then if CA be to CD as^ 

D — ^V to A, or V be equal to the excess of D above A v n7;^% 

thfe fluid will be every where in aquilibrio. For in this case M- 
is equal to A, there being no centrifugal forc^ at the pole; thd 
force N that acts on any particle in the circamferehce of tht^ 
equator is equal to J) — V the excess of the attractiotr abovi^ 
the centrifugal force there.; and the centi'ifugal force, with 
which any particle of the spheroid endeavours to recede from 
its axis in consequence of the rotation of the spheroid, is as its 
distance from the axis; consequently if A be to D — V as C0 
to CA, the fluid will be in (zquilibrio in all its parts, by what 
has been shown. It appears therefore that* if the earth, or any 
other planet, was fluid, and of an uniforni density, the figure 
which it would assume in consequence of its diurnal rotation 
would be accurately that of an oblate spheroid generated by 
an ellipsis revolving about its second axis, as Sir Isaac New^ 
ton supposed : and wq cannot but observe, that as lio theory 
of gravity, has a foundation in nature but his only, «o no 
other gives so simple a figure of the planets, as will appear 

I 4 by 
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by comparing what was demonstrated above in art. 492. 
This theorem is applicable in like manner to the theory of the 
tides. But before we proceed to a more particular application 
ojFit, \fe are first to show how the gravity towards a spheroid 
at the pole is easily measured by a circular or hyperbolic areaj, 
accordmg as the spheroid is oblate or oblong; and how the gra- 
vity towards it at the circumfercjnce of the equator, or at, any 
distance in the axis, or in the plane of the equator produced, is 
determined from the gravity at the pole/ without any new qua- 
drature or computation. For this end we preinise the foUpwr 
ipg lemma. 

642. hetADda DSg*289)be any section ofa solid of an uniform 
densitybyaplanethatpassesthroughagivenpointP,andPC,PH 
be right Unes given in position in this plane; let any right line 
PM drawn frqm P meet the figure ADda in M and wi, and a 
circle BN6 described with the given radius PC in N; let MQ 
and mq be always perpendicular to PC in Q and q, and NR be 
perpendicular to PH in R; upon RN take RK equal to 
PQ — Tq; and let the ordinate RK always determined in this 
manner generate the area HGgA, while PM revolves about P 
from PA to Pa. Then if we suppof*^ another plane that pas$e$ 
through the right line PH to cut the same solids, tl^e gravity of 
the particle P towards the slice of the solid inducted betwix^ 
those two planes and that stands upon the base ADJa, when re- 

duced to the direction PC, w^ill be ultimately as ■ 5 > the angle 

contained by the two planes being supposed to be continually 
diminished till it vanish. For let anorfier right line PS meet the 
figure ADda in S and s, and the circle BN6 in n; let MZ and 
fir be perpendicular to PH in Z and r, the arch Mo described 
from the centre P meet PS in q, and Mr, ou be perpendicular 
on the other plane that is supposed to pass through PH 
in X and w. Then if the point P be without the figure ADda, the 
gravity at P towards the pyramidal solid PMour ^ijl be ulti- 

piately as M»i X — 4rfr~* ^7 ^^^' ^^^^ ^^ (because Mx is aju 

MZ) as Mwt X ^'^'^ y that is (because Mo is to Nn as MZ 

to 
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to NR, anithe rectangle Mo x MZ to N» x NR as PM* to 
PC*) as Mm X ^"p^S ^ or (Nn being to Rr as PC to NR) 

as Mm X ^ ; and the gravity of P towards that solid Teduoed 
to the direction PC, will be as Q j x -^ or — .^— . But 

RK X Rr ultimately measures the fluxion of the area HGKR. 
Therefore the gravity of P in the direction PC, that arises from . 
the attraction of the whole slice of the soKd which has the 

figure ADdafor itsbase, isuUimately as--^j|^^ the angle con- 

tained by the planes which terminate the slice being continual- 
ly diminished. . When the point P is betwixt* M and m, theu 
RK is to be taken equal to PQ — T?q, find the. gravity at*P is 
pleasured in the same manner. It follows from this lemma, 
that, supposing the figure ADda to revolve about the axi$ PH, 
and to generate a solid, and the direction PC to coincide with 

PH, the gravity at P towards this whole solid will be as ^f * 

When the particle P is so situated with respect to the figure 
ADda^ that the perpendiculars from the points M intersect PC 
on different sides of P, the gravity at Pin the direction PC is 
to be determined from the difference of the areas generated bj 
the ordinate RK, 

643. Letaparticle atP (^g.290)gravitate towardsthe sphere 
generated by the semicircle ADB about the axis AB, and C being 
the centre of the sphere, let any right Uqe PM meet the semi* 
circle in M and m, and the circle CNH described from the cen* 
tre P in N ; let NR be perpendicular to PC in R, and RK be 
always (equal to Q^ when P is without the sphere or in contact 
with it. Let CL be perpendicular to PM in L, and M^ being 
bisected ih L, LM* will be equal to PL" — MP^ or PR*— 
APB, and tlie fluxion of LM^ equal to the fluxion of PR* ; so 
thatthe fluxion of PR will be to the flui^ion of LM as LM to 
PR; And because I^R or Qq is to 2LM as PR to PN, the 
fluxion of the area generated by the ordinate KR is in this case 

equal 
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eqtial to the rectai>gle contained by -^i^ and the fluxion of. 

LM. Therefore, the area IRK is equals to ^ ' ^ - 9 and the 
gravity at P towards the portion of the sphere generated by the . 

" . ' • 2LM' ■* 

segtnent MD/» about the axis ABis a^ 5^5?" > sind consfeqiient* 

ly a$ the cube of .Mw the chgrd of the segment MD^^ direqtly^ 
and the square of PG the distance of the particle from the cen- 
tre, inversely* Hence the gravity at P, towards the whole 
sphere is a§ the cube of its diameter (or its quantity of matter, 
the density being given), directly, and the square of PC in- 
versely ; and is the same as if we should conceive the whole 
matter in the sphere to be collected in its centre. The same is 
\o be said of the gravity towards the aggregate of any number 
of such spheres that have a common centre ; from which it fol- 
h)Vi[s, that however variable the density of a sphere may be at 
different distances from the centre, providing the densisty be al- 
ways the same at the same distance from it, the gravity of«a 
paijUde^tbat is pot Mrithin the sphere) towards it will be as the 
qjiantity of matter in the sphere directly, and the square of the 
distance of the particle from its centre inversely. It appears 
frqm what l^s. been shown, that the whple area IKGC is equal 

to •o^p-> and that the gravity at A towards the sphere ADB£ 

isj^ne^svred by — r- according to the last article. 

644. LetAJDBE (fig.Qgi,N. 1 and2)benow a spheroidof an 
uniform den Mty, generated by the semi-ellipse ADB revolving 
abottttheaxLsAB; letAManyrightlin^fromtbepoleAmeetthe 
elltpseinMahd the circle CNH in N; let MQ and NR be perpen- 
dicular to AB in. Q and K; uponRNtake RK always equal to 
AQ, and let this ordinate RK generate the area AKGC while 
AM revolves about A and describes the area of the semi-ellipse 
ADB. Then the gravity at the pole A towards the spheroid 

AKGC • 

ADBE will be measured by . (by art. 642), and is to the 

gravity at A towards a sphere described upon the diameter AB 

(which 
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(which is measured 1>y ^-AGy by the last Aiticla) aa theaeeai 
A'KGCioICA*. 

6^5. The gravity :atl> at thex^ircomfijrencesof the equator 
towards the spheroid is to the gravity at D totvards a sphere 
described* upon the diameter of the'eqaatoras2CA»—.AKGQ 
to |.*.CA% and to the gravity at the pole A aa.sCA*, — AKG,G 

to 2AEGd ^ ^* Fot suppose the ttro elliptic . sectfoo» 

iJfiEA and tilea to be perpendicular to the plane of the equa- 
tor of the solid, and to intersect each other in the right line hiig 
their common tangent atD; let any rightline D;wfroni D meet 
the elfipse in m, and the circle c/iA described ffom the centre 
D with the radius Dc (equal to AC) in n, let mq be perpendi- 
cular to DE in q^ and nr perpendicular to DA in r meet mg in 
k; and let hUKD be the area generated by the ordinate rk, 
while l^m revolves about D'and describes the elliptic areaDBE; 
then tHe gravity at D towards the slice of the spheroid co;ir 
tained by the planes DBEA and Hhea will be ultimately mea^ 

sored by -5— y the angle contained by those plajaes, being 

giv^en, by art. 642. But if RK prodnc^rd meet GI pamllel to 
AC ill 3f, and the right' lines AlVlrand Dwe revolve about A and 
D'so that the angle A©m be always equfil to BAM ; th^a D^ 
Being equal to AN', and the angle rDn to RAN,,Dr will be 
j»lways equal to AR, and hr equal to CR or Gs. Bec^ause qrn^ 
is to the rectangle DjEas the rectangle AQB to QM% and the 
triangles Dqm, MQA being similar, qm is to T>q as AQto QM, it 
follows that qm is to 9E as QB to QM, and Dy to jE as QB to 
AQ; consequently DE and BA are divided in the same propor- 
tion in q and Q, so that Dq is to QB, or rk to xK, as DE to 
AS. Therefore the bases kr and Gx being always equal, the 
area hrk is to the area GjtK in the same constant ratio of DE to 
AB, and the area MED to GKAI (or CA X AB — AKGC) 
as CD to CA. When ADBE is supposed to be a circle describ-^ 
ed upon the diameter DE, or CD is supposed equal to CA, 
the area AKGC is equal to | CD* (by art. 643), and GKAI. 
equal to ^ CD*. Therefore by article 642, the gravity at D 
towards the slice of the spheroid contained by the planes DBEA 

and 
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and Dire kto the gravity at D towards the slice of the sphere 
described upon the diameter DE that is contained by the same 

, hltjy , 4C0 .1 ^ • 2CA» — AKGC CD ^ 

planes, as -5^ ^ -j-, that is, as — x ^ to 

J CD, or as 2CA» — AKG C to -=3^. The gravity at D to- 

wards the spheroid is to the gravity there towards the sphere de*- 
scribed upon the diameter DE in the same ratio; because the 
section of the spheroid by any plane perpendicular to the equa- 
tor Is always an ellipse similar to DBEA, and the section of the 
sphere described upon the diameter of the equa,tor made by the 
same plane is always a circle having that axis of the former 
which is honiologoas to DE for its diameter ; and the gravity at 
B towards the elliptic sFice of the spheroid contained by any 
twoi^ch planes, is alwaysultimately in the same ratio to thegra- 
Tity £^t D towards the circular slice of the sphere contained by the; 
s^me planes* Therefore the gravity at D towards the spheroid 
ADBE is to the gravity at D towards the sphere described upon 
the diameter of the equator as 2CA* — AKGC to \ CA*. But 
the gravity atDtowards this sphere is to the gravity at A towards 
ttspheredescribed upon the axis AB as CD to CA; and this lattef 
gravity b to the gravity at A' towards the ^pberiod ADBE as 
fCA^^to AKGC by the last article; consequently the gravity at[ 
I> towards the spheroid is to the gravity at A towards it as> 

•PA 

!2CA*— AKGC to 2AKGCx^- It appears likewise that the 

gravity at A towards a sphere, described upon the axis AB being 
jepresented by f CA accprding to article 643, the gravity at 

A towards the spheroid will be measured by ^^ i and the 
gravi^i|r at D tpwards it by. ^^x • y CD or CD -«, 

JIKGC CD 

^2CA ^ CA* 

64©. lii order to measure the area AKGC, let Fbe ttffe focus 
of the generaVrig ellipse, and because AQ is to QM (or the 
rectangle AQ x QMto QM*) as AR to RN, and QM»is to 
AQ >c QB as CD* to CA*; it follows that AQ x QM is to AQ x 
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QB (or QM tt. QB) as AR x CD* to RN X CA'; consequent- 
ly AQ is to QB as AR* X CD* to RN» X CA», and (because 
RN* is equal to CA* — AR*) AQ, or RK, to AB as AR* 

CD* fir* > PT* 

X gjr to CA* + ^ X AR* or CA* —~ x AR% ac- 
cording as the spheroid is oblate or oblong ; that is (if (y be 
taken upon CF in the same ratio to AR as CF is to AC)^ as 

CD* 

Cf * X 5|T A/' in the former case, and to CA* — Cf* ia 

the latter. In the. former case, let A^and AF meet the circle 
CNH in/ and S ; and the fluxion of Cf— C/will he to the 
fluxion of Cf9S Cf- to'Af\ (art. 195), that is, as RK x CF* 
to AB X COS and to the fluxion of AR as RK x CP to 
fiCA* X CD*, consequently the fluxion of the area ARK will 
be to the fluxion of 2C A X Cf^ asCA X CDHoCP, ARK 
will be to 2CA X ^— c/ in the same ratio, and the whole 

area AKGC equal to ■ ^^ — X cf—Cs* Therefore the 

gravity at A towards the sphere described upon the axis ABt 
being represented by |. AC, the gravity at A towards the sphe*- 

roid ADBE will be measured by — ^5 — X cf— cs ; the 

gravity at D towards the same spheroid (art. 645), by CD 

CJ}» _ . CD3 X cs— CD X CF X CD* — CF* . . . 

CF3 CF— CS or 2 jjjp — ^ that is 

by CD X £E!2L£^;^^!21£!: . and the. gravity at A U> the 

gravity at D, as ^CA x CD x cf-^cs to CD* x CS-- 
CA* X CF, or if the arch FO described from the centre A 
meet CB in O, as CD X cf— cs to the segment FCO ; be- 
cause this Segment is equal to f CD X FO — 4 CA x CF, or 

^ CD»XCS — CA*XCF 
^ 2CX . 

647.WhenCAisgreaterthanCD,thatiswhenADBE0f^.29l, 
N.2), isan oblong spheroid, therest remainingasinthe last art,i- 
cle, let LC be taken upon C A equal to the logarithm of the ratio of 
CD to AF, or of the subduplicate ratio of BF to AF, the wk>- 
duluB being AC ; and the gravity at the pole A will be to the 

gravity 
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gravity at D ai 2CA x OD X LF ta CA» x CP-- CD^ x CL. 
'For in this case wefoand ^at the ordinate RIC vmBU3^AB ^s 



C/* X — to CA* — Of\ But if C/ be taken uponCA, so 

as to represent the logarithm of the -ratio of yxSh^cf to 
VCA— C/, thewiodtf/M« being AC, the fluxion of CI — Cf 
will be to th© fluxion of C/as C/^ to CA*— Cf», or a» RK 
X ePtoAB X CD*, and to die fluKiou of AR 93 KK x GP 
lofiCA* X CD*; consequetUly the fluxion of the area ARK is 
to the fluxion of 2C A X c;— c/ as C A x CD* to CP, and the 

* Whole area AKGC is equal to?~|^ x LF. Therefore the 
gravity at A towards the obknigspheroid ADB£ is measu^edby 
^^CF»^^* ^ ^' ^^ gravity at D (art. 645), towards the same 

.spheroid by CD - gl x LForCD x ^^ X ^^T^f ^^ >< "^ ; 

and the gravity at A to the gravity at D as 2CA X CD x LF 
toCA* X CF — CD* X CL. What has been shown concern- 
ing the gtavity at the pole A, agrees with what was advanced 
fong ago by Sir Isaac Newton and Mr. Cote$, wjip iqontented 
themselved with an approximation in determining the gravity 
' at the eqnator, which is exact enough when- the spheroid 
differs very little from a sphere. The approximations proposed 
lately fbr this purpose^ PhiL Tram. N. 438 and 445, are more 
'Accurate; and Mr.-iS^aWciigy after determining the gravity 
atthe equator by a conv^erging series, sinee found that the sum. 
' of the series could be assigned from the quadrature of the cir- 
cle. It was shown in art, 645, how this gravity £^t the equator 
. is deduced accurately from the gravity at the pole> without 
any new quadrature or computation. The gravity in any 
otherJatitudeisdeterminedfrom what has been denK)nstrated by 
» art. 635 (fig, 286), where rfQ is to be taken in thesame ratio to 
v^C ?s CD* X CS— CA» X CF to 2CD*X cf-cs, thatPQ 
-^may^measure the force and show the direction of the gravity 

• «l P. The gravity at any distance in the axis of the spheroid, 
« te the plane of the equator produced, is likewise accurately 

determined 
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determined fifom wliat has been shown by the follcwiiig Urhmm, 
without any new computation. 

648. LetADB,Pdp(^^^292)belwosemi-ellipsesthat have the 
same centre C and thesame focusF. Let any righllinePmM from 
P meet the internal ellipse in m and Mj and Px meet the exter- 
nal ellipse in x, so that CL the perpendicular frotn C on P« 
maybe to CR the perpendicular from C on PM as C^ to CD, 
then Mm will be to Px as CA to CP. For let Pyp and AvB be 
* semicircles described upon the diameters Pp and AB; let mo 
and MV parallel to CD meet the circle AbB in v and V, and 
x]f parallel to CD meet the circle Pyp in y ; produce mo and xy 
till they meet Pp in q and I; and let Cr and CI be perpendi«- 
cular to P« and Py in r and I respectively. Then since Pw* is to 
PC* as qm^ to CR% and Px* to PC* as Ix* to CL% it follows 

that Pm* is to Px* as ^ to — > that is, by the silpposition, 
as 2^, to ~ 9 or (because jm* is to the difference of qm^ and 

CD Ca "* 

qv* as CD* to CP, and Ix* is to the difference of Ix* and ly* 
as CcP to CF*) as the difference of qm^ and qv^ to the differ- 
ence of Ix* and ly*; consequently Pm* is to Ptw* — ywj*+yt>*, 
or Pt?* as Px* to Py*, and Pm to Vv as Px to Py . And because 
qv is to qm as C A to CD, and ly to Ix as CP to Crf, so that 

^ is to ^p as g^ to ^; and therefore ^s Vm to Px, or (by 
what has been demonstrated) as Pr to Py, it follows that ^ 

is to 'J^ as CA to CP : therefore Cr is to C/ as CA to CP. It 

follows, that the triangles Crv, C/P are similar, and Yv (or 
2n?) to Py (or 2P/) as CA to CP. But Mm is to Yv as Pwi to 
Pt;, or Px to Py ; consequently Mw is to Px as Yv to Py, or as 
CA to CP. It appears from hence, that when two ellipses Prfp 
ADB have the same centre and focus, if any semidjameters 
CE.andCe of those ellipses constituteangles j?CE, pCe with the 
axis Cp, whose sines are' in the same ratio as CD to Crf, these 
' semidiameter? will be to each other as CP to CA. For if CE 

and 
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and Ce be respectively parallel to Px and Pm, CE will be to 
Cc as Pjt to Mm. 

649. The ellipses l?dp, ADB that have the common centre 
C and focus F being supposed to revolve about the axis PCp^ 
and to generate spheroids of the same density, the gravities at 
P towards these solids will be in the same ratio as the quanti- 
ties of matter contained in them, or as Cd* X CP to CD* X CA* 
For let any right line VmlSl from P meet the internal ellipse 
in m and M, and the circle CNH described from the centre P . 
in N, and Px meet the external ellipse in x and CNH in L; 
let mq, MQ, xl, NR, and LZ be perpendicular to Vp in y, Q> 
I, R, and Z respectively ; upon RN take RK always equal 
to Qq, and upon ZL take TJc always equal to PI, and tbe 
gravity at P towards the internal solid will be to th^ gravi- 
ty at P towards the external solid, as the area generated by 
the ordinate RK to the area generated by the ordinate 7Jc ; 
suppose LZ to be always to NR as Cd is to CD, then 'b/Lm 
will be always to Px as CA to CP, by the last article. But Qjf 
is to Mm as PR to PC, and PI to Vx as PZ to PC; and tlje 
fluxion of the area CRKG is to the fluxion of the area CZftg 
in the compound ratio of Qy to PI, and of the fluxion of PR 
to the fluxion of PZ, that is, in the compound ratio of Mm to 
Vxi and of the fluxion of PR* to the fluxion of PZ* (or of 
the fluxion of NR* to the fluxion of LZ* ), and consequently jn 
the compound ratio of CA to CP, and of CD* to Crf* ; and the 
areas CRKG, CZ/cg being in the same ratio, it followsthat 
the gravity at P towards the portion of the internal spheroid 
tliat is generated by the segment AmMB is to the gravity at P 
towards the portion of the external spheroid generated by the 
segment Parp, as CA x CD* to CP x C J*, and that the gravities 
at P towards the whole spheroids are in the same ratio; because 
Vx by revolving about P describes the semi-ellipse l^dp^ while 
iwM describes the semi-ellipse ADB. 

60O. Hence the gravity towards the oblate spheroid ADBE 
at any point P in its axis produced beyond A, is measured by 

■ ' ^y3 — X CF— cs, PF being supposed to meet the arch 

CNH described from the centre P in Sj b«cause tbe gravity 

at 
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at P towards the external solid Pdpe is measured by '' ^3 ■ >e 

CF— cs (art* 646), which is to the gravity at P towards ADBE 
as CP X Cd* to CA X CD*, by the last article. In the same 
manner the gravity at P towards au oblong spheroid ADBE C%* 

291>N.2)ismeaBuredby -^y^ -.xLF^CL being thelogarithm 

of the ratio of Cd to PF, the modulm being PC (Jig. £92% 
Because the gravity at P towards any spheroid ADBB 
4bat has its centre in C andybct^ in Vy and is described on any 
axis AB that is not greater than Pp>i8 as the quantity of matter 
in that spheroid, it follows thatif thedensity of the soUd Vdpc 
vary^butso as to be alwaysthe same over thesurface of any such 
spheroid ADBE, the gravity towards Vdpe in this case will be to 
the gravity towards it when its density is uniform, as the quan<« 
tity of matter contained in it in \he former case to the quanti<« 
ty of matter contained in it in the latter^ 

65 1 . Let VCfig,9QS) now be any point at the circumference of 
tfaeeqnatoroftheexternal spheroid adbt,Kn^ the gravity at P to- 
wards the internal spheroid ADBB will be t# the gravity at P 
towards theextemalsolidasCA x CD^toCa x C^^orasthequan-* 
tiesof matter in these spheroids, the generating ellipses being supo 
posed tohavethe same centre andybcti^, as in art. 649. To demon-^ 
Strate this, PC being supposed perpendiculalr to the meridian 
plane adbe, let it meet DpE the circumference of the equator of 
the internal soUdin p; and let the sections PZC, pVC perpendi- 
cular to the plane adbe intersect it in CZand CV, so that Zr and 
VR perpendicular to Cd may be always in the same ratio to one 
another as Ca to CA/and the elliptic sections PCZ,j>GV will 
have the same excentricity, or CD* — ^ CV* will be equal to 
C<i* — CZ*. For let rZ and RV produced meet the circles 
dgh and DGH in g and G respectively, and Crf* - — CZ* will be 
equal to gZ X 2^4^ which is to ha X "^c+AC or Cd* — Ca* 
as Zr* to Ca*. In the same manner CD* — CV* is to CD*— 
CA* as VR* is to CA*, But Crf* -— Ca* is equal to CD*— . 
CA*, and Zr* is to Ca* as VR* to CA*, by the supposition j 
-consequently C<i* — CZ* is equal to CD* — CV*. Let th« 
sections PCZ,pCV move into, the places PCz,pCv, and it fol- 

yOL-IL K tows 
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lows from what wa3 shown in the last article^ that the gravitjr. 
at P towards the slice contained by the planes PZC, PzC is ul- 
timateiy to the gravity at P towards the slice contained by pWG 
ka^pvC ip the compound ratio of CZ* X CP to CV* + G^ and of 
the angle ZCz to Ycvy or (because the areas of sectors are in the 
compound ratio of the squares of the rays and of the angles of 
ihesectors) ^ QZz X CPto CVv X Cp* Butbecause Zr is always 
to VR as Ca to CA, wd consequently Cr is to CR as Cd to 
CD; the area Ca^r is to CAVR, and CaZ to CAV, as Ca X C* 
to CA X CD, and CZ^f to .CVjp in the same ratio. Therefor^ 
tiie gravity at P towards (he slice terminated bythe planes PZC 
^nd Pj^C is always to the gravity at P towards the slice termt>« 
mated by ^V C and jtvC in the iuvariable ratio of Ca x Cd^ to 
CA X CD* ; and the gravity at P towards the whole external 
solid is to the gravity at P towarfis the whole internal solid '^ 
the same ratio, or as d^ con|>eQt of t]ie former to the contend 
of the latter solids 

6q2. Hence to measure ihegtaviQr towards any oblate spheroid 
AUB£ of an uniform density, at any distance CP in the plan(^ 
of its equator j^odiioed, let F be (he foQus of a section of th^ 
solid through its axis, describe from the cenirie F with a radium 
equal tp the distance CP an arch intarsecting th? a;xisin a, and 
from a as centre describe with the same radius the arc^ FO 
meeting CB in O ; then the gravity at P towards the spheroid 

ADBE will be measured by — ^ — K -^ > because thitf 

gravity is to the gravity at P towards the external solid adbc 

(which is paea^urpd by --Qfi — x ^^^^ by ^ticle 646), as 

CA X OD^ to Ca X Cd\ by the last article* The gravity at P 
towards ADBE isto the gravity at a.towards it as FCO to CP+ 
CF— OS, by art. 650. And if the density of the spheroid adbe 
be supposed to vary from the surfaceto thecentre,but so as to be 
always the same in the different parts of the same suiface gene** 
rated by any ellipse ADB that has always the same centre and 
focus with adb, the gravity at the equator of the solid adbe will 
be to the gravity at the pole a \n the same ratio as if the densl^^ 
ty of tins spheroid was uniform « 

66S.Tbe 
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653« The rest remaining as in art. 651, suppose the solid not 
to be a spheroid^ or Cp to be greater or less than CD, but so 
that the difference of the squares of Cp and CD be equal to 
the' difference of the squares of CP and Cd, that the sec- 
tions DpC, dPC may be still ellipses that have the same centre 
and focus; and if we suppose the sections PCZ,jpCV to be al- 
ways ellipses that have PC and CZ, jpC, and CV for their re- 
spective axesj the distances of their ybce from the centre C 
will be always equal, as before; and it will appear in the same 
manner, that tibe gravity at P towards the external solid will 
be to the gravity at P towards the internal solid as Ca X Cd 
xCPtoCAxCDxCp. 

654. Let X be any point in the surface of the spheroid adbe, 
which is supposed to be generated by an dlipse that has the 
dame centre and focus with ADBE, as formerly, and the gra- 
vity at X towards the internal solid ADBE will be to the gra- 
vity at J? towards the extemal spheroid adbe either accurately 
or nearly when the spheroids differ little from spheres, as 
CA X CD* to Ca X Cft*, or as the content of the external to the 
content of the internal solid. When x is at the pole of the sphe^ 
roid, or at the circumference of the equator, this aj^ears ^onx 
art. 650 and 669., and in other cases it may be deduced from 
the last article ; but we proceed to the application of' those 
theorems to enquiries that relate to the planetary system. 

655. The gravity towards the spheroid ADBE (fig-. 294) at 
the pole A being represented by A, at the equator by D, and 
the centrifugal force at D by V, as formerly ; if the density 
of th)$ spheroid be uniform, D will be to A as the area of the 
segment FCO to CD x CF— cs> by art. 646, that is (by the series 
usually giyen for the mensuration of circular segments and 
arches^ the proof of which we are to give in the second book)^- 
b, a, and c, being supposed to represent CD, CA, and CF re^^^ 

spectively as 1 +-^ + ^J^, &c.to 1 +^+ ^, &c. There- 
fore D6 — Aa, or Vb, will be to D6, or V will be to D, as 

fatio of c to 6 is ^veo, the ratio of V to D may be determined 

Ka to 
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to any degree of exactness^ at pleasure^ When the ratio of 

V to I) is given^ and thence the ratio of c to 6 is required, Jet 

V be to D as 1 to m^ and c^ ta 6* as « to 1 . then r + tti See. 

will be to 1 -^^ + -^j &c. as 1 to m ;. from which it £bl- 
Jows (by the methods for inversion of series) that z is equal to 

S'^Tiwii' ^^' ''^^^ series may be continued at pleasure ; but 
when tbe spheroid differs little from a sphere, x will be nearly 

^ 12V 

equal to rj^jjlj and c* to ft* nearly as 5V to 2D + ^^ coik 

sequently, in this case, the excess of the semidiameter of the 
equator above the semiaxis is to the mean semidiameter nearly 

as 5V to 4D— ^^. 

656. The ratio of ;; to 1^ or cc to bb, may be discovered 
several way9> without having observations made at the equator 
of the spheroid. For this end the two following properties 
of the ellipse are subjoined* Let PK perpendicular to the el« 
lipse at any point P meet CD in K. Let the sine and cosine 
of the angle PKD (which is the .latitude of the place P) be 
denoted by S and K respectively^ the radius being unit* Then 
PK* will be to CA* as CA* to CA* + CP x KK, or as CA* 
to CD*— CP X SS. For Yd being perpendicular to CD in d, 
dK will be to dC as CA* to CD*, by art. 6£7, and dC* being 
to CA* — Pi^asCD* toCA% dK* is to C A* — Pd* as CA* 
to CD* ; consequently CA*~PK* is to dK* as CP to CA* ; 
and since dK* is to PK* as KK to 1, CA* — PK* is to PK* 
as CP X KK to CA*, and PK* to CA* as CA* to CA+CP 
X KK, or as CA* to CD*— CP x SS. 

657. The ray of curvature at any point P is always in the 
triplicate ratio of the perpendicular PK. For let CG be the se* 
jnidiameter conjugate to CP, and because the ray of curvature 
at P is as the cube of CG, by art. 374, and PK is inversely as 
PZ the perpendicular to CG in Z (art. 627) which Is inversely 
As CG, it follows that PK is as CG^ and that the ray of curva- 
ture 



r 
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ture at P is as the cube of PK. Hence the ray of curvature^ or 
a degree upon the meridian^ at any latitude P^ is in the tripli- 
cate ratio of PK, or of the force with which a body descends 
towards the spheroid at P, by art. 6S7. 

658. The magnitude of tbe^arth is usually determined from 
that of a degree upon the meridian. This however gives us only 
the ray of curvature at that place of the meridian, or the ra- 
dius of a sphere that w^ould have all its degrees equal to that 
degree ; and the^ centrifugal force derived from thence, and 
from the period of the earth's revolution upon its axis, is the 
centrifugal force at the equator of such a sphere when it is sup- 
posed to revolve on its axis in the same time with the earth. la 
order to derive the ratio of cc to bb in the spheroid from the ob- 
servations made in any latitude P, let^ represent the force with 
"virhich a body is found by observation to descend towards the 
earth at P, v the centrifugal force at the equatorof a sphere that 
has its de^ees equal to the degree which we suppose to be 
measured at P, and that revolves on its axis in the same time 
-with the spheroid ; and^ the radius being supposed equal to 
unit, let the sine of the latitude of P be S. Then CP will be to 

CD*, or cc to bb, nearly as St' to I2lg •— y + SSSv. For let 

fo the ray of curvature at P meet CD in K, PK be represented 
by L, and the ratio of g to v by that of n to unit. Then (by 

the last article) Po is to the ray of curvature at A, or - y as L^ 

to a' ; V is to V as DC to Po, the times in which the spheroidi 
ADBE and the sphere of the radius Po are supposi^ to revolve 
being equal ; consequently V is to i? as/i^ to bL\ But g is 
to A the gravity at the pole as L to a, by art. 6d7> and A to 
D —V as A to a, by art. 641, consequently g is to D — V as Lb 

to aa; and m, or ^> equal to ^- + 1, or — S + l, or 

^ + 1, that is (art. 656), jj^gj + 1- Therefore n + I 
— nz — SSz is to 1 — SSz as 01 to unit, or (art, 655) as 1 + 
g + %% &c. to J + g, &c. From which it follows, 

KS that 
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that when n is a large number^ z is nearly to unit, or cc to bb^ 

as 1 to J* + j-Q + SS + 55- + -5"^ or (because z is nearly 
equal to s* ) as 1 to -« + SS — 5-^^ and therefore (» being 

to 1 as giov) as 5v to 2g + 5SSz^ — -* • Hence the ratio 

of cc to bb is determined from the magnitude of a degree mea- 
sured on the meridian in any latitude^ and the length of the 
pendulufk that vibrates in a given time in the same latitude (the 
earth being supposed of an uniform density), by computing v 
from the former, and g from the latter. At the equator this ra- 

iio is that of 5x; to S^g — • -^ > at thje poles, that of 3t? to 2g + -y-* 

659. The ratio of c* to 6* (Jig, 293), may be likewise disco- 
vered, from what has been demonstrated, by comparing the 
gravity of a satellite that revolves about the spheroid in the 
plane of its equator with the centrifugal force at D. Let Cd be 
any distance in the plane of the equator, and let Ca be taken 
upon the axis so that aF may be equal to Cd ; from the centres 
a and A describe the arches FO and Fo meeting CB in O and 0, 
and the gravity at d will be to the gravity at I) as FCO x CD 
to FCo X Qd (by art. 646), or, supposing Ci to be represented 

\j d,in the compound ratio of 6* to £?*, and of 1 + T^r^y + ?^> 

&c. to 1 + Y"^ + 5gjr> 8^c- I* appears from this^ that the 

gravity towards an oblate spheroid decreases in the plane 
of its equator in a greater ratio than the square of the 
distance from the centre of the spheroid increases. 
Hence the periodic times of the satellites of Jupitet 
ought to increase in a greater proportion than accord-, 
ing to Kepler's law, or the sesquiplicate ratio of their 
distances from the centre of Jupiter; butthe variation from his 
law will hardly be sensible even in the nearest satellites. In like 
inanner, the gravity towards an oblate spheroid decreases in the 
Bxisproduced ina less ratio than tliat in which thesquareoftbe 

distance 
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distance from the centre increases. For^ the rigb t lines aF and 
AF beingsupposed to meet the arches C/and CS described fron& 
the centres a and A in/ and S, the gravity at a towards the 
fipheroid ADBE will be to the gravity at A towards the same 
spheroid as CF — Q^to CF — CS, that is, Ca and CA being 
represented by c and a, in the compound ratio of a^.to e% and 

of 1 — — -f , &c. to 1 — j^> &c. It appears in the same 

manner, that the gravity towards an oblong spheroid decreases 
in the plane of the equator in a less ratio than that in which 
the squares of the distances from the centre increase, but in a 
greater ratio in the axis produced from the pole. 

660. Let N be to 1 in the compound ratio of the cube of Cd 
to the cube of CD, and of the square of the time in which the 
spheroid revolves on its axis to the square of the time in which 
a satellite revolves about the spheroid in the plane of its equa* 
tor at the distance Cd ; and let Cd be to CD as M to unit ; 

4hen cc will be t6 ii nearly as 5 to 2N + jj — "SmST ^^^* 
by the last article, the gravity at ^ is to the gravity at D in the 
compound ratio of 1 to MM and of 1 + [qSJm* *c- ^^ ^ 
+ ^ 5 &c. But the gravity at D is to Vas 1 + yi j &t. to 

r ^ 5r^ ^^* consequently the gravity at d is to V, or ^j^ 
is to unit, in the compound ratio of I to MM and of l -f 
i^^ &c. to I + f, &c. Therefore 1 + ^, &c. 

is equal to —< + ^^ &a Frow which it follows, that 
when vwB may neglect the terms of the equation that involve the 
higher powers of z, it is equal to 'L—^ + ^* 



&c. or z is nearly to unit, or cc to 43, as 1 to-r- + 
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above the semiaxis is to the mean semidiameter as 5 to 4N Hh 

661. To apply those theorems to the earthy a degree of the . 
meridian about the latitude of Paris is 57060 toises according to 
Mr* Picart ; consequently if the earth waa a perfect sphere, 
its radius would be 1961,5783 French feet, and a body at the 
equator of such a sphere would describe 1430 . 4 feet in a se- 
cond of time by the diurnal motion, the versed sine of whidiis 
7.510148 lines. Then because di pendulum that vibrates in a 
second at Pam (by the observations made lately by Mr. De, 
Mairan) is 440,57 lines ; and the space described by a body 
that descends freely by its gravity in any time is to the length of 
Hpendulumihhi vibrates in the same time in the duplicate ratio of 
the semicircle to its diameter, by art. 405, it follows that in that 
latitude a body would describe by its gravity about £172 . 9 
in a second of time, and that v is there to g (according to 
the notation in art. 658)^ as 7 • 510148 to 2172 • 9 . or as 1 ta 
S89 . 3. From which it follows by art. 658 that cc is to bb 
as I to 1 l6,and that the excess of the semidiameter of the equa- 
tor above the semiaxis is about ^^ of the mean semidiameter. 
If the degree of the meridian near to Paris be greater thai^ 
57060 toises, the ratio of this excess to the mean semidifim^ter 
will be greater almost in the same ratio ; but though thisdegreebe 
57 183 toises (as it is said to be found by some late observations), 
that excess will not be above -5-3^ of the mean semidiameter. 
By the mensuration and observations of the members of 
the Royal Academy of Sciences Hi Paris made near the polar 
circle, v is to g there ;is 1 to 287 . 8 . as will appear by com- 
paring in the same manner the degree measured by them with 
the length of the pendulum, which, by their observations, vi- 
brates at Pello in a second of time. From which cc is to bb 
as 1 to 1 15 . 9 • and almost the same excess of the semidiame- 
ter of the equator above the semiaxis arises as from the obser- 
vations at Paris. This ratio jnay be likewise determined from the 
distance and periodic time of the moon, compared with the time 
in which the earth revolves on its axis, and thence finding the 

ratio 
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jratio of N to unit, according to art. 660. By this computation 
the diflerence of the semidiameterg of the earth is nearly the 
same as by the former. And these agree nearly with Sir Isacc 
N€wton% according to which the semidiameter of theequa^ 
tor is to the semiaxis as 230 to 229- 

. 662. But supposing the earth to be a spheroid, according to 
what was demonstrated above, upon the supposition that the 
density is uniform from the surface to the centre, if we com* 
pute the difference of those semidiameters of the earth from 
the lengths of pendulums that have been found to vibrate in 
equal times in different latitudes ; or from the increase of the 
degree of the meridian from Paris to the polar circle, as it has 
been determined lately ; the difference of these semidiameters, 
will be found to be considerably greater than ^yf of the mean 
semidiameter. Let L and / denote the lengths of two such pen^ 
dulumsatiwo places P and j7,aifd, the radius being unit, letS and 
/repiesent the respective sines of the latitudes of P and p (that 
is, of the angles PKD, pkD), then cc will be to £6 as LL — It 

toLlSS — l/S ForPKMstopA* asl— ^tol — ^, 

by 6rt. 656. The space described in a given time by a body 
Ascending freely is as the gravity ; and it follows by art. 408, 
that the length of sl pendulum that vibrates in a given time is 
likewise as the gravity ; consequently LL is to // as PK* to pk^ 

by art. 647> or as i—^tol — -jj-* Therefore cc is to 

hb as LL — // to LLSS — H[f. Hence ifLbeto/asl 4-ti 
to 1 — u, C€ will be to bb nearly as 4u to SS — Jjf + 2ii SS 
+ 2ufr. 
663. If a degree upon the meridian at P be to a degree at p 

as G to^, cc will be to W asG^ — g^to G^SS — g^J/'f, 
because G is tog as the ray of curvature at P to the ray of cur- 
vature atp, that is, as PK^ to pk^, by art. 637 ; consequently 

G^ is to g^ asl— •^to 1— ^> and cc to M ai^ 

Q l_g ?^ to G ^ SS — g *^. This rule for finding the ratio 

of 
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of ce to bi (whence the ratio of bb — cc, or aa, to bb is 
^ easily computed) is accurate, and is founded on no particular 
theory of gravity, but on the supposition that the earth is a 
^heroid only. When the spheroid diflers little from a sphere^ 
let the degree at P be to the degree atp'as 1 -}- x tx> 1 — x, 

and cc will be to bb nearly as ^ to SS— /+ ?^ + !^. 

664. For example, the length of the pendulum that vibrates 
in a second of time at Pello latit.66® . 48' . is 441 . 17 by the 
observation * of Mr. De Maupertuis, &c. The pendulum 
chat vibrates in the same time at Paris, Latii. 48^ • 50' • 10" . is 
440 . 57 lines. Suppose therefore L to be to / as 441 • 17 to 

so 30 

440 . 57, or as 1 + jj^ to 1 — 5;5fj> and by computing 

ih>m either of tlie rules in art. 662, cc will be to M as 1 to 
102 .8. By comparing in the same manner the observations 
made in Jamaica by Colin Campbell, Esq. f, and at iondof^ 
by Mr. Graham, ce is to bb nearly as 1 to 95 ; and by%5m- 
pnting from some other observations of this kind, t this ratio is 
found still greater ; which ought to be that of l to 1 1 6, if the 
earth was of an uniform density, by art. 660. 

665. The degree that cuts the polar circle was found to be 
57438 toises, and the middle of the arch was in latit. 66^. 
19' . 34". The degree measured by Mr. Picart, allowing the 
correction made lately by Mr. De Maupertuis, is of 57183 
toises, and the middle of the arch that was measured is in 
latit. 49^. 21*. 24' . Suppose therefore G to g as 57438 to 

57183, or as 1 + 5^ to 1 — i^, and by the rules 

in art. 663, cc will be to bb as 1 to 89 i. Hence, A is to a 
or the semidiameterof the equator to the semiaxis, in the sub- 
duplicate ratio of 89 t to B8 |, or nearly as 1784-to 177 f, 
and consequently the difierence of those semidiameters is about 
22 miles, which if the density of the earth was uniform ought 
la be 17 miles only. If the correction of Mr. Picarfs arch 
be not allowed, the difference of those semidiameters will be 
considerably greater. 

* Figure of the eaith, Book 3, Ch. 6. §6. t PblL Tnmi. N. 492. f Mem. d» 
VAcad. 1795; 

666. From 
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666. From tbese observations^ there is ground to think that 
the variation of the density of the internal parts of the earth is - 
considerable; and to enable us to form some judgment of thisj^ 
it may be of use to enquire what proportions of the semidain&- 
ters DC and AC> and of the gravitation at A to the gravitation 
at D^arise^ when the density is supposed to increase or decrease 
towards the centre; or even when the earth is supposed to be 
hollow with a nucleus included, according to the ingenious hy« 
pothesis advanced long ago by Dr. Halley. If the density 
was uniform, the increase of gravitation (by which we shall un- 
derstand with Mr. De Mdvptrtuis in what follows the force 
with which a body actually tends downwards, or the excess of 
the gravity above the centrifugal force) from the equator to 
the poles ought to be in the same proportion to tbe mean gra* 
Vitation as the tliiference of the semidiameters DC and AC to 
the mean semidiameter ; because A is to D^ — ^V as DC to AC, 
by art. 641, and the excess of A above D — V to half their 
^am, as DC — AC to i DC + f AC. If we suppose new mat* 
ter to be added at the centre, or the density to be increased 
there, the attraction of this new matter will add more to the 
gravity at the pole than at the equator, tbe distance being less;, 
and may account for a greater increase of gravitation from D to 
A than arises from the hypothesis of an uniform density, as 
Sir Isaac Newton has justly observed. But this will not ac- 
count for a greater difference of the semidiameters DC and 
AC. Supposing the columns to be fluid (after Sir Isaac^a 
manner), and to have sustained each other before the new mat- 
ter was added at the centre, the attraction of this new matter 
will add more to the gravity of the longer column DC than of 
CA ; and though we suppose the centrifugal force at D to be in- 
creased till it be in the same ratio to the whole gravity at D 
as before, the column CD will be more than a counterpoise for 
CA, till CD and CA come nearer to an equality, and the figure 
nearer to a sphere. For let d represent the increment of the 
gravity at D from the attraction of that new matter, N the h^ 
crement of the gravitation of the column AC arising from the 
same attraction, and the increment of the centrifugal force at 
D bein^ represented by f^ let ^ be to c? as V to D^ that the ra- 
tio 
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tio of 1 to »i (or Vc to D + rf) may remain the same as before; 

then -~ + N will represent the whole gravitation of the co- 
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lumn AC, and ^ 1- N -f rf X b — a — ~ the gravita- 
tion of DC ; but {• Afl is supposed equal to |^ £ X d— V; and 
-s being equal to -sjj 9 or (because c* is to £* as 5V to 2D, 

nearly, by art. G55) — > which stands less than d >t T^, or j^-j 

in the ratio of 2 to 5, nearly, it follows that the gravitation of 
DC is now greater than that of AC ; so that these columns 
cannot balance each other^ unless the fluid subside at D and 
rise at A. If the new matter be in the form of a sphere about 
the centre C, it is shown in thq same manner, that the column 
AC will not balance DC ; and the same will appear after-^ 
wards, when the new matter is supposed to be formed into a 
spheroid similar and concentric to ADBE. 

667. On the other hand, if we suppose the density to be less 
jit the centre, or some matter to be taken away tliere, the co-* 
]umn DC will no longer balance or sustain the column AC ; 
and the fluid in the canal ACD will not be in equilibrio till it 
xise at D and subside at A ; that is, till the figure vary more 
from a sphere than in the case when the density was supposed 
uniform: for supposing the decrement of the gravity at D in 
consequence of the rarefaction of the matter at the centre to be 
represented by rf, -an^l the decrement of the gravity of tlie 
whole column AC by N; let t; the decrement of the centrifu- 
gal force be such, that V — v may be now to D — d in the same 

rati© as V was to D; then -^ -N willrepresentthegravitation 

' of th^ column AC, and g-— x 5 — N — d x T^ the gravi- 
tation of CD. Bi t ^ being less than d x IZi , as in the last 

article ; and ~ equal to — ~ x5, because the columns. were 

«upposed to sustain each other before the matter at thex^ntre 

was 
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was taken away ; it appears that the column AC is now mor^ 
than a counterpoise for DC. Thus the rarefaction of the matter 
at the centre will account for a greater difference of the semi* 
diameters DC and AC^ or a greater variation from the spherical 
figure^ than the hypothesis of an unif&rm density. But it will 
not account for agreater increase of gravitation from the equa- 
tor to the poles. On the contrary tlie increase of gravitation 
will be less in this case than when we suppose the density uni- 
form. For since A — D + V is to A +D — Vast — a to 
b + a, that is, as 5 to Sm, nearly, by art. 655, the increase of 
gravitation from the equator to tlie poles is nearly to the meaa 
gravity (which we shall call G) as 5 to 4m, when the density 
of the spheroid is ^iniform. But when the matter about the cen^ 
tre is supposed to be rarefied, as above, let (2 be to G as 1 to r ; 

and the gravity at A being A ^^ and the gravitation at 

D equal to D — d — ^V + t?, the difference of which is to half 
their sum as A— D— ^' + Y—v to 4 A + i D — -J^ 

.1—1 V + |t^ ; it follows (because A— r D + t? is to 2G as 6 — -a 
to b + a or 5 to Sm, c* to a* as 5 to 2w, and t? to G as 1 to 
rm nearly), that the increase of gravitation from thfe equator to 
the poles will be in this case to the mean gi'avitation nearly as 

5r — 14 to 4mr — 4m + 2, or as 5 z to 4m H r^which 

is a less ratio than that of 5 to 4m. And if we suppose the fluid 
to rise at Dand subside at A, till the columns AC and DC sus- 
tain each other, the increase of gravitation from D to A will 
in this case be to the mean gravitation in a less ratio than before. 
The hypothesis therefore of a greater density towards the cen- 
tre may account for a greater increase of gravitation from the 
equator to the poles than that of an uniform density, but not 
for a greater increase of the degrees of the meridian : and the 
hypothesis of a less density towards the centre may account for 
a greater increase of the degrees of the meridian, but not for a 
greater increase of the gravitation, supposing always (after Sir 
Isaac Newton's manner) the columns DC and AC to extend 
from the surface to the centre, and there to sustain each other. 

This 
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^is is likewise the result of our coinputationd(8ome of which 
ire areto subjoiD)^wheD we have supposed thedensity toincreas^ 
or decrease continually from the surface of the spheroid ADBE to 
the centre^ so as tO' be uniform in the different parts of any«ond 
similar and concentric elliptic surface; andin several other cases* 
And hence there seems to be some foundation for proposing it> 
as a Query, Whether the internal constitution of the parts of 
the earthy above-mentipned^ that was proposed by Dr. Halky 
tat resolving some of the pheenomena of the magnetick needle^ 
will not be found to account in a probable manner for the in-» 
crease of gravitation^ and at the same time of the degrees of 
the meridian from the equator to the poles ; as these have 
been determined by the best observations hitherto. The grounds 
uponwhichwe mention this will appear better from what follows^ 
668. LelADBE(fig,295) beasectionof a spheroid through its 
axisAB,FtheybcM«,andFOan arch described from thecentre A, 
as formerly, meeting CB in O ; let adbe be any similar concen- 
tric ellipse// its focus, fZ a parallel to the axis meeting the 
arch FO in Z, and ZV a peipendicular to the axis in V. Sup« 
pose the density to be always the same over the surface generat-^ 
ed by any ellipsis (zdb about the axis AB^ however variable it 
xyiay be in different elliptic surfaces ; and let e represent the den- 
sity at the surface adbe. Then if VKbe taken upon VZ in the 
same ratio to VZ as « is to CD, and the ordinate VK generate 
the area OKHC, the gravity at D towards the whole spheroid 

ADBE will be measured by ~~^ x OKHC. For let 

Imnr be another similar and concentric ellipsis, x its focus, xt 
parallel to AB meet FO in z, zv be perpendicular to AB in v; 
then (by art. 652) the gravity at D towards the solid gene- 
rated by the annular space bounded hyadband Imn revolv- 
ing about the axis AB, of the density e, will be measured by 

— X -^ 9 which, when al is continually dimi-^ 
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nished, is ultimately equal to 
*e supposition) to 5^^*^^^ 
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CF3 — - CD ^^ ^y 

Qff^ X VK X Vv^ consequently the 

gravity 
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gravity at D towards the whole spheroid ADBE is measured by 
^^^CF»^^ ^ OKHC ; and is to the gravity at D towards the 

spheroid ADBE, when its density is supposed uniform, and re- 
presented by E, as OKHC X CD to FCO x E. For example, 
if the density in the ray CD at any point d be inversely as CJ 
the distance from the centre, the gravity at D towards this sphe- 
roid will be to the gravity at D towards a spheroid of an uni- 
form density equal to that of the former at D, as CF x CO to 
the area FCO ; because if E represent the density at D^ VK 
will be to E as VZ (or Cf), to Cd, or as CF to CD, and the area 
OKHC x CD equal to E x CF x CO. In this case the gra- 
vity is the same in all parts of the column DC* In the same 
manner, when the density at <f is inversely as the square of the 
distance Cd, the gravity at D towards such a spheroid is to th^ 
gravity at D towards the spheroid when its density is uniform 
and equal to that of the former at D, as CP x CO to FCO x 
CD : and the gravity at any point d in the column CD is io^ 
Tersely as the distance Cd. 

669- Inlike manncr,letyA perpendicular to CD atj^ the focu$ 
of adbe, be to € as C/* to A/"*, and the ordinate/A generate 
the area CftoF; and the gravity at A towards the spheroid ADBE 

2CD* \t CA. 

will be measured by ^p — X CAoF. This is demonstrated 

in the same manner from art 650. The gravity towards such 
a spheroid at any point in its axis, or in the plane of its equa- 
tor produced without the soUd, may be determined in the same 
manner. 

. 670. Suppose, for e^an^le, that the density in any semidia-' 
meter is as the distance from C, and the density at the surface 
beipg represented by E, e vnll be to E as Cd to CD, and VK 
to VZ as E X Cd to CD*, or (because Cd is to CD as ZV to 
CP)asE X ZVtoCD x CF; and VK will be to E as ZV% 
or AO*— AV% to CD X CF; consequently if AM perpendici- 
lar to AO be to AO, or CD, as £ is to CF ; and a para- 
bola be described upon the axis MA that shall have its vertex 
in M and pass through O, OKH will be a portion of this 
parabola; and the area OKHC will be found equal to 

E X 
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X 3CDXCF ^ °^ (according to the notation in 

art. 655)j to -gj x =^2^^. Therefore the gravity at D to- 

wards such a spheroid will be measured by -|-. x jt>' Tb,^ 

gravity at d is to the gravity at D in the compound ratio of Crf 
to CD and of the density at J to the density at D, and conse- 
quently as Cd* to CD*. Therefore if the gravity at D be repre- 
sented by Q, and Cd by Zy the giavity at d will be represented 

ly -J? > the density at rf by -j > and the gravity of the co- 
lumn DC will be measured by an area u^on the base CD that 
has its ordinate at any point d equal to -j^^ 5 and this area is 

equal to }QE&. Any distance in the plane of the equator, as 
Cp, greater than CD being represented by d, and V^*— <?*' by a^ 

the gravity at p will be measured by — £^ x > ,.- > as will 

'appear in the same manner. 

671. In the same spheroid, /A is to be taken to E as Cf t6 
A/* X CF ; and if L denote the logarithm of the ratio of DC to 
AC, the modulus being AC, the area CAoF will be found equal 

to-jgjf X CF*— 2ACXL ; »Jtid the gravity at A towards the, 

spheroid will be measured by ^ x ^Zr^ah* The gravity 

at a towards it will be to the gravity at A in the compound 
ratio of the density at a to the density at A and of Ca to CA> 
that is, as Ca* to CA*. Therefore if j denote the gravity at A» 

and Ca be represented by «, the gravity at a will be ^r 

and the density at a will be -^ ; consequently th^ gravity of 
.the column AC will be measured by i qEa. 

672. Let V represent the centrifugal force at D, arising from 
the rotation of the apheroid on its axis, the centrifogal force 

at 
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at d will be -ys and, the density at d being •—> tbe qxiantity 

to besubduii^ted &Qsa thegratity. of thecolympDC^Diitkia act- 
wmt, wiU be meamred by aa area pn th^ ban^ CJ> tfa«t bat 

the <»dbale at any point d equtd to ^^ ; and this aiea being 

tqual to 4. VE6, the gravitation of the column DC U ^ 
EiQ — |. E6V, or (supposing V to be to Q the gravity at 

I) as I to tn^ aa formerly) JS^Q x ^-^ * 

67s. If WB now saiq»Be (aftar Sir lutat N^mton^s man- 
iier) the columns DC and AC to be ftnid, and" to sustain «ach 

other at G, we shall have 6Q x ^^ equal to 2?, or b tp 

II as 9 to Q X -"^ Bvt whf n the spheroid differs littl^ f#om 

a sphere, Q and q may be considered as eqijal ; for by art. 670 
and 67 1 (supposing CD to be equal to 1 + i^, and CA to 1 — x% 

Qwffl be toyasf x^ ^^ i + 1^ t^ Jj > ;ni5a * 

whidb kift being likewise eypresied by s, tibose teims osdy wiD 
be found difiiwni that involTe theaccond and higher powers of 
If. Therefore i is to a nearly aa 3m to 9iii-*«^ and ^^-tki to 
b nearly as 4 to Bm, that is, as 4V toSQ. And in diisi^se the 
exceas of the semdiameter of the ^nalor above the scniiaacia ia 
greater than when the density is auppo^ed nnifonn in the ra- 
tio of 1 6 to 15, the ratio of V to Q being supposed the same 
as that of V to D was before. let Q be to T as ^89 to l, as in 
the earth, and CD — CA will be to CD ^? 4 *o 3 X 289, or 
as 1 to 216 1; consequently CD will be to CA as 2X6 1 to 
215 J. This hypothesis, tberefore^ of a deninty that de- 
ceases as the distance from the centre decr^a^es, might ac« 
count fi»c a greater excess of the semidiametci of the equator 
above the semiaxis, than that which resvSt$ from the suppose' 
lion of an uniform density ; bat it would not account for a 
greater increase of gravitation from the equator to the poles* 
For ainoatlie valnesof Q ^nd f ahaoi^ ooincida iir thi$ case^ it 
Mows that the gravitation at the equator ia to the gravity at 
VOL.il L the 
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the pole as |Q — r V to Q^ or as i^, — 1 to m, that is, as 288 
to 289 ; whereas in the hypothesis of an uniform density, this 
ratio Vas that of 230 to 231. In like manner, by supposing 
the density to decrease in the same' proportion as the cube of 
4tbe distance from C, the ratio o£ DC to AC will be found to 
be that of 226 to 225, nearly, but the increase of gravitation 
will be less than in the former hypothesis. 

674. It will be easy,, from what has been shown, to measure 
the gravity at D and* A towards a spheroid, when the depths 
irom the surface being supposed to increase uniformly, the den* 
Mty increases likewi.^ uniformly, till at the centre it hecomie 
any multiple of what it is at die surface ; and to determine the 
form of the ellipsis ADBE. Let Lbe taken upon CD produ- 
ced upwurd8,-$o as ttiatCLmiy be to LD as any number nto 1 ; 
and suppose the density at any point J to be. always as L3« 
Let e denote the density at the surface^ and f?e will represent 
the density at the centre. In this case, we may conceive the 
density- of the fipherdid aft any orb adbe, as the difference of the 
densiti99of as^beroid of an uniform density ne, and of another 
spheroid that has the density at its surface equal to ZT; x e, 
Audits densitj^ decreaaing downwards in the same pnopoirtion 
as the distailce from C, as in the preceding artides ; because 
A% diflbrenoe bf tliose densities at any point d will be equal to 

ne — TTi X ^ X e or ^^ x e, or — x e, which re- 

presents the densit^^at d of th^ spheroid ADBE that we are 
pow considering; consecjuently the gravity at any point towards 
this spheroid; A J)BE is equal to the difference of the gravities 
towards ^hose two sj)heroids at th^ same point. Therefore if 
P denote the .gravity at D towards a spheroid, of an uniform 
density represented by w€, and Q denote the gravity, at D to- 
wards the spheroid, whose density at D is "^^ZIi x e, and at any 
other point d is. asCJ; the;i P -r- Q shall denote the gravity at 
D tbw^ds the ^sphejrpid ADBE, and (CD and Cd being repre- 

^nted by ' b-wA-. ;»* a« formerly) •/ -»- -jr the gravity- at d 

towards it. The density at d is represented by 7ic — HP^ x ^ V 

con- 
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consequently thegikVitjrof the ositttiim jCO. M^iU be iheosurejl 
by an area up4>n.tbel ba)se CAi of. an . ordinate at deqvL9l 
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^<^ J — ir Xiif-^n — 1 X -^j tn^t IS, by - Xw+SXP 
- 2±5 X Q. The Vdlue oFPis ^ x nc X 2H, by art. 

• ' ' ' 11. " > 

646 ; and the value of Q is ^Bae X ^ x ^ > by art. 670. 

If it is required to determine the gravity towards this sphe- 
roid at any point p in the plalie of Its equator produced, de- 
scribe from the centre f, -Vfiifch -a radius eqtialtoCp, an arch 
intersecting the^axis ip p, a^ the arch Yq with the same ra- 
dius ftom the c^ntr^ p I'ntersiecting'tbe axis'in o ,- and the gra- 
vity at p towardls -the sphiproid M^% will be measuj^sd by 

6CD* X CA ^ FCa _ SDC* X CA 2Cp+CA 

675. The centrifugal force atDbeipg represeinted by V, thq 
centrifugal force at d will berjf>4.«"Mi,,^^ density. a|. d^being 

ne^^H^ X -J9 the- quantity to bO' fldkkioted^cmirthe ^ro* 

vitaticm of the column l)C,on adcotint df ithe c^iitriftgal force; 
will be measured by an area upon tiie base DCfhe 6rdinate at 

d being always equal to — j-. — """^'j^^^ST ' .^^r f*?^^ ^"^^ 
is ciV X 2±2 (or supping .tbe:^:a|iorpfctl|e cenirifugfii foroe 
V to P — Q, the gravity at D to be represented by that of 1 to 
ffi) ch X X — — Therefore the ffravitation of the co* 

luma SC, by subducting this quantity^is Jredncsd to^eip x?^ 






676. Letp denote the gravity at the pole A towards a sphe- 
roid of an uniform density represented by we, and j.the gravity 
at A towards the other spheroid^ tl^e density of which in any 
column AC is as the distance from C; thenp — j will denote 

L2 the 



kfkidb Ht fLitf mh udkt il^'silppbsed'tbbe^s iiii), «nci by pm«- 
^qedlng a^ in art. 67ib the gravity ^theboliimn AC will b^ 

found to be »easurcd by ^^ X »+5 xp — ^^ X -5.- ?Sie 

value of p is — |!^ x CBI—Cs x nc, and the value of j is b*ae 

X 2— X ?t2r52., by art. 671. 

67?. iTie supposition of the equili briwn of th e columns DC 
AidACgif68«si*P X 2^-t-*Qx 5^^--; «qnal *o «P 

— ^y >< gS? or^^^ifl^i^iipposed equal ^ iP x -;j- 

#^ kQ X ^2z;^ equal to «p -^ Wttj; att& iS ta a aft jp — Kg 

16 '2:1 >{> ^tl X i5:=?l «o that 5 — o wiU be to* + «, 

m m 

fef (supJ>osJrig %^e!cjttal% ^l'*+ ># and«to 1 — j) « to I, as 

p — P *' 2^ — l^-to^ if^lT— SNQ, Bcaily ; became Q 

«Bi4 f may McmnUeffied ^ «qnBl^ by what was observed in 
aft.. 673^ apd m is si^osed to be a large number. From this 
|t will be found <lpr syljsititutiqg, for p, P, and Q their values, 
from arj;. 674 and GjlS, and neglecting the terms wliere the 
faidex t^ip ic i& greateir than unit^ and whene a h divided by 

m)^iMi^^H'>^;^Y. jrSs equal to ^> and (sub»ti- 
totmg jfor N its value |^) ar equal to- x ^i^*"^^ 



*the same value of ^ is found when 9t is a fractibn ; that is, 
l^ia^ iakdn nftm^CE, when tiie dtensity a* llie centre is lesl 
than the density at D in the mtie ^ jC to /D, and the den* 
sity at any point d is as Id* According as ti is greater or less 

itt$m toBt^aris less oi* greater tbon ^{ for » is equal to 3- 
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f^«al fcrcQ ^t I) jtp tie gr^yit^ ^eing givfen, ite spheroid ^ 
fouAcl ta 4iff??^l^98 few ^ sphere, \^heri Che density ihoce^ises tot 
wards the centre in the manlier we h£^.^e <Ies(yriped ajbpve, tha4 
wh^th^ ^UsiUf is supposed uniforna ; %xi ^9 vary rnoxe from a 
sDhe«eL wb.<fa th«^ density d^creas^s towards the centre. . . 
$78^ The incxe*se pf gravitation frpm th^ equator to th^ 

|Mle is to th« ja^m gr^ij^^jlji^ ^ffi-^'TST ^ f'^i^ 

jp^|.jp — Q + -£-■> ^h^t is, in the fcoitfpotind ratio q{ 

J tc^mu a*i4 9f «5rx iThi^ + ao.to i7,x^^Hht^/4^^§ ; . grig 

the ebmpoond Fati» of 5 U4m,mi qS I -h ^^ ^nf^L^l^ 
to 1. t*her^fore the increase of gMivitte«i^ libte the e^tioi 
to the pojes is to the toedn gi^artlatiott ?h a'gfeittt bi^lessra- 
tie^ than tfas^ d£ A to :4w (w^ch 19 ^6 c^t|o ^li^i^tb^ ^rasi^ 
i9:i«|],folPfi>aircpfdmg ^«i^^gf^?te^.W lgsS|thap:i^Qit^j^ jihfttis, 
MfOrdiPS ^X\ft' ^eftsilix. W|gf^^^s o? decrease* ioyf^r^^ tl^ 

|Mino<l»RP<witWfl:9f tj^kip4 P^^ .^ccoynt f9;f■a^^9.^,y%• 
ii|li><la ft«9«^ f^i^ ^FfeWW^ W%- ?P^^^^ tfxe^s^WS tifl)^ .for .f 
gr^t^ iiM?«^ of fe^: Wt^t^pi^ l^fiW %«SJ^^V^^^^ 
tban thi9 lUiiOtilPfe^ Qf W ifoifgxni^^n^i tjf ;,, if ^^ cftli^inp^ ^C 
a^^ DC b^ m99^ ^ extend frw. th^. 9lirfaq^ tP ^^^^ c^^Pte^ 

629. Tq mef^tipn sj9we e^^mglj??. ; ^^^^.^ilj^^^^i^^ 
ti¥( tie 4f)i*I^ of wlM^t. it t?. j^t th.^ surfinfj^^ <3Lr. « 9^:>W»ft1[ ^ ^ 
tfcee^e^*^. ofi I|C ^we AQ y^}^\]^^ to tb^. ij^pyi^ §^^4W»fi^? 

w,$(»ta isir^^ cw§p<i^w%j;i^.tb« ^^te J^S^^ P?H^f9 
tfttioft «A the ppl€H Q« ^JrS te ^^4.,.. Jf n bf ^pi| to's, fh^d^r 

ferwce qf CP and (JA vill^bi^^lj^ me^'n ^^n^idiftin^tQ^r ^l 
to w ,• and in the earth th^ semidiameler of the equator to the 
gemiaxis as 289 to 288 ; in which case the gravifetioff at ifte 
equatoi'-vrifthe to fbegraviilaiC>bttaft.^^ai«iaQ&iiiiia|^ 

L3 If 
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Ifitb^tleoftty bediis theiK^Uoice belcF the suifac-*^ w the point 
L coincide with Pj the difference of CP and. AC will be to 
tnp mean semidiametcy: as 10 to 17 m; in the earth DC wilt 
be to AC as 492 to 49 Ij and the ffiavltatioii at 1> to the ffravi- 
tatiouat^aslfteto 1^7, . 

680. Suppose tne density to he unrform ' from the stirfVice 
APBE to the siniilar concentric orb adbe, and to be nniform 
likewise {vomfldlie to the centre ; and tte ctensliy within the 
OThadi^ he folhe denrity 'Wtthbcrt* H as 1 + rio 1. Jntbii 
casa the^incf^ase pf gravitation from JD tq 4)^111 b^ greater 
tnan in the hypothesis of an uniform demity ; but supposing the 
cdltimns 4^ andDCto sustain each other at C, atod DC to bt 
lo jlC as nU^ Vi theh the exoesfet of the semidliiipeter . of th^ 
equator abfv^ ^ fiejqftiff^is wjH be tp the ineap semidiameter 
neiarly; i^ ^ compo^i^icl j.r^tio of p. tc^ 4W, and ofr n' + en] 



cornppuftd ratio, when e is positive^ is manife^itly less than that 
of '5 to 4m, (the ratio of the difference of CD and CA to the 
tAeah semidiameter when the d<?ui^ity is supposedtmiform), since 
n is necessarily greater fti an iiriit. This litewlse bolds^ wheii 
tlilbre are three or inorp sucli orbk, providing th*^ deniity h6 
jJieays greater within the orbs tha,t ate nearcA to the centre: 
* * 68 if teii lis thi^refore noW suppofe^ the earth ADBE to b^ 
f?olldW with a nucleus Imnr incliided; let the c?teBvex arid con- 
cave elliptic surfaces APBEj! <i(rfi« that bound the external part 
Ife sSqiilar ; and first let Imnr he a sphere. Let OD ie to Ccf 
Hs n t6 I, the areW6f the sphere 7w?nr to the area'of tfee sphe* 
roid ADBE as 'l to N, the centrifugal force at* P*to the gra^ 
vity as i to w ; at^d the extefhal part bounded by ADBE and 
adbe being supposed of an uniform density, if we suppose the 
columns Aa and ttd to gravitate equally, the excess of CD 
above CA will be to the mean semidiameter neariy in the com- 
ppund ratio of 5w + 5 to SrtN, and oft^ + n^ N'—- N to 

W^ -f 2»' + ^* — 3» — 3 — 3j- » and the Increase of 

gr»ilatioii from<tiie e^fuatar to tiie poles wi)l be to. the mean 

** L.i gravitation 
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gravitation nearly as 1 + 2^4 + 2.3 4. g„«I Sn -^ 3 1 6n> y ^ IST! 
to «. In this case the difference of the s^midiameter^^ 
Ci) and CA, and the increase of gravitation from D to A, may- 
be both greater than when the density is supposed nniform*.. 
the ratio of 1 to w being supposed the same in both cases. For , 
example, let w be supposed equal to 5, N to 45, and'm to 289;, 
tten the semldiameter of the equator will be to the semiaxis as. 
180 I to 179 2 nearly ; and the increase of gravitation from 
the equator to the poles will be -^ of the mean gravitation. 
If Imnr be a spheroid (as is more probable), and /the focus of 
a. meridian section of it, let C/" be to . die mean semidiameter 
of AI)BE as 1 to r; and the rest remaining as fn the former, 
case, the difference of CD and CA will be nearly to the mean 

111 t ' * " ' ' ' ' "." "n 3 9ii^ * 

betwixt CD. ;^nd CA as 5; )C ~r. x w' -r I .+ g -^sSS^ 

ratio may be computed from the same principles, when the, 
density is 3uppo&(Bd to increase or decrease from ADBE tx^adbcm 
But^ because ih^ hypothesis <?f the equal gravitation of the CO-, 
lumns Ao and Dd, as well as of an uniform. density in the dif-. 
ferent parts of every elliptic orb similar and conceatric to 
ADBE, may seem precarious, we shall not insist oa the con* 
sequences that would follow from- such a constitution of the 
internal parts of the earth, as we. have here supposed. If. we 
pappose the density to be uniform in the different parts o£ 
every orb adbe that is generated by an ellipse, which has always, 
the same centre and /ocus with ADBE, but to vary in different 
orbs of this kind, the gravity at any point in CI> or CA may 
be computed from the principles in ait. 650 and 652. But the 
Gonckisions deduced from this hypothesis, when the denaty ii 
supposed to increase towards the centre, agree no better witjr 
the phaenonnena than those in art. 677 and 678. By imagin- 
ing the density to be greater in the axis than 'm the plane 6{^ 
tlie equator at equal distances from the centre, an hypothesis 
perhaps might he fp^nd that would account for roost of the 

L4 :. . . phaanoK 



plnmom^na { but ai tbb m^y seem to be «n improbable suppo-- 
iitJon, and it is not so easy to compute the consequeoces that 
would result from it, we shall insist on this subject no furtlfer. 
When more 'degrees shall be measured accurately on theme* 
ridian, and the increase of gravitation from the equator to-» 
Wards the poles determined by a series of many exact obser- 
vations^ the various hypotheusyiiiht maybe imagined concern- 
ing the internal constitution of the earth, may be examined 
with more certainty. We have always abstracted from any 
powers that may affect the gravitation, besides the mutual gra* 
vity of the particles and their centrifugal force. 

682.The figure of the planet Jupiter is found to differ consider- 
at))y from a sphere, by the observations of Astronomers^ as well as 
by this theory* By Dr. Poiciuf sobservations, the distance of the 
DMirtlnat^tle iBtothegreateststeiidifimet«roJPJttpitei^asfi6,6S 
to 1 x and its periodic time to the time in which Jupiter revolves 
on his axis as 94032,15 to 596. Thei^fore let N be to 1 in the 
GOmpoufldratio of the cube of 26,63 to 1, and of the square of 
dg6 t^ 24032; 15 according to art. 660, and N wiU be found 
equal t6 ll;dl5. By continuing the series in art.660, one 
step fturther> tl^e excess of the semidiameter of the equator 
aboVe the semiakis is to the mean semidiameter as 5 is to 4N 

+ 7 — iSiar + 9S^^ ^^ ^ being equal to 26,63 v con- 
aequantly this ratio is that of I to 9, B; and the semidiwieter of 
tiie equator to the s^niaxis as 10,3 to 9,3> the density being 
supposed uniform ; and diis agrees with Sir Isaac New$9n^% 
aoB^Qtation. Butthedifference of those 8emidiaiheters,«coord* 

ifig to Mr. Cassini, is.only jjjjp of Jupiter's semidiameter, and 

by Doctor Founds observations is betwixt |^ and |^ of it. 

Hence, according to what was shown in art. 677> the density 
of Jttj^ter seems to inei;ease towards the centre. We have ab- 
stracted from the effect of the gravitation of the fourth satellite 
towards. th^ other satellites, and towards theatmosphere of Ja- 
piter (if there is any); but the difference betwixt this computa^ 
tion and the observations cannotbe imputed to these. Itis near- 
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ly the ime imfiotof the semiduiiAeten «f JofMter ihatlr^titidr 
by compnting £rom Dr.Povnef sob^rvations of the elongation 
of the third satellite. 

695. If we 9nppo0e tbedenBity of Jupiter to kKrreasefrom the' 
6i|rfa4;e to the oeotre^ i^ tbt) m^wn^i^ de(K;r)bed in ftrt. 974> so 99; 
tp b9f>pQie qMdmple at thejcenlr^of what it is «ttbe»iiifeQer 
4w»j>y art. 677:1 CD hei|ig ai^poeed ^nftl tQ 1 4- or, oM CA 

to 1 •— a?, a? •will Be 'liearly equal to rjj-* By computing 
ftom what was shown at the end of art. 674^ ^ will be nearly 
to .N w » 4- 3 + -^y- + lOr to 1 + 2^ X Z^T + ^mri 



and supposing n equal to 4, im wiU t>e eqisml U>12r nearly^ 3: to 

^r^y and th$ semidianpleter of the equator to the seniiaxis as 

I9u4 to l&4;|WbiQhj differs little from tbq mean ri^o that^^ 
sult»fi:oai Pr. Po^i^Ts Qbservationaw 

6^. Sir Isaac Newton has foaod^ that the mean deosiU' 
of Japiter U to the meau density of the oartb fs ^ f to 400. If 
we suppose, jf equal to4^ aa in the last article^ the density at the- 
sujface of J]f piter wjiU h^ to the mean densit^y as 4 to 7> aa<^ 
consequ«i% to th^ m^an density of the earth as 94 | to 70Q. 

Tbe earth is tberefoienotonlyinoredense than Jupitexibuttbere 
is some ground to think^frovawhathas been shown concernmg 
^Hose planets»that the ratio of the densities at their respective 
surfaces h greater than theratio of their mean densities (or that 
^fy4 i to 400)9 aod that it approaches more towards the ratio 
of the densities of tl^ie raysof the sun incident upon them at their 
lespef^tive di^ncea, . , 4 

685* It cannot be expected that we should b^ abk to disco* 
,^, by observajbion^. the variation of thedistances of thesateiliteti 
£rom Kepkr^s law mentioned in art. 659« For let. ^ denote 
the distance of the &;st satellite 9^ it is determined by this law^ 
from its periodic ^e>and from the distance and periodic time 
of the .fourth i^at^lj^^ that is, let the aquaise of the periodic 
lime of the fourth ss^telUte'be to the square of the periodic lime 
of the firsts as the cube of the distance of the foiirth to z^; let 
edlegote the distance of theybctis of the meridian section of J u-^ 

piter 



piterfrom tKe o^fttr^; and thelnean^distdnbeoFifaefiist satel* 

Ike will be nearly z + ~;^ ^ 02 5 ^^ch, When the density 

h Quiform, ex(3€eds z by -t^ pnly^ that is, by less tbta 



part of Jupiter's setnidiatnetiftr; ^tt<itthis excess is stilt less "i^eii- 
9 is gtseater than l/or when the detimiy is sappo>sed to in^^rease' 
tow«irds the centre. It wonld seem, therefore/ that if there are* 
a.ny irregukrities observed in the naotion&of tbo^»atellit!es^rii>» 
deed in anj' of the celestial motions^ th^y are not to be ascribed 
to the consequences of the variation of the Agure of the sun or 
planets from that of perfect spheres, liut to their gvavttatioh td-* 
wards one another^ or to «ome other eanjaes. 

686. We are next to apply the proposition deioqn^tr^ted 
above from art* 636 to art. 641 to the theory of the tides. It 
follows from it, thai if we suppos^ the earth to be fluid, and ab- 
stract from its motion on its axi^, and the incUnation of the 
right Knes in which its particles gravitate towards the sun or 
moon, the figure which it would assunie, m consequence of Ihfe' 
unequal, gravitation of its particles towards either 6f those bo- 
dies, would be accurately that of an oblong spheroid having its* 
aiis directed towards that body. For (fi^. 296)let ADBE be any ^ 
section of the earth through the ri^t lirieDCEthat is supposed to 
bedirectedtowardsthesunat S; and what w^ls shown concerning 
the incfquality of the gravities of the earth and moon towards" 
the sun in art. 4'?1 and 472- being applied to the particles of the^ 
earth, it will appear, in the same manner, that any particle P 
may be conceived to be affected by twb-fbrces; besides its gra* 
vity towards the earth ; a force in the direction PC which the^ 
action of the sun adds to the gravitat?on of the particle Pj and 
another in the direction P*, parallel to CS, by which the action 
of the sun draws the particle from the pland ArfB perpendicular 
to the right Kne SC at C. The former force is always as the - 
distance PC; and if V represent this fordeat the'fnean distance^ 
d, then <PK and PM being pe^tpendicular to* AB and DE in Jf 

and M respectively) it nlay te resolved into 'a force PN x j^ 

■ »'./« :.,' perpeft* 
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perpendicular to the plane Ac?B and a force 3PM x j perpendi- 

cular to DBy which we now suppose to be the axis of this ob- 

long sfj^hefoid. The idttor force is FN x ^ r Therefore if the 

gravity at D be rApre^ated'byD^i and the gravity at A by A, 
CA and CD l^a wd ft; ks formerly ^^tlieparticle P will gravi«> 
toto in the direction FN perpendiailar Ui the plaoe' A^ wkfa a 

forcie'-r *x PN by art. 634, and the whole force, wifli which it 

>yi]I tfspd Jn that direction in consequ ence of its gravity and 

the other two forces, rail he j — •j- x PN« The particle 

tends in the direction PM f erpeiidicular to the axis with a force 

- ^ - x PM. The former force is always as PN the distance 

of ihe particfe'P fkqm the plane AdB to which its direction is 
perpendicular.; andtbe lattef as the distance from the axis DE* 
'Tbe«fiH3e by .art. j64Q> if the whok force at A b^ to the whole 

forceatD(lhatis,if A+^betoD— 2^ the 

jBiuici wijl be every where in ccquHibrio. And any particle P will 
tend towards the spheroid in a direction PK perpendicular to its 
surface APDB, with a force that is j^waj^s measured by the 
right line PK terminated by the axis 1>£ in K. 

€87. X^t L represent the logarithm of the ratio of CA to DF, 
or pf th^ s^bduplicate r^tio of 6 + c to ft ^^- c, the modtHm be*« 
ing ft ,• and by art. 647/ D will be to A as 2aftL — ScActo bbc' 

dfihy consequently JOft will be to Aa as <266L — 9,bbc to 

jjjp -L ^flL. Therefore if L — c be represented by K,Dft — Aa 
will be to 1)6 as 3ft6K — ccK — ccc to 2ftftK, or (because K is 

&c. And (becausjB X)b — Aa is equal to — —- X V, by the 

last atticle) - t^^ X V is to ©ft in the same ratia Hence if we 

suppose ft 6(}ual \x>d -f Xy and a equal to d -^ oif) we shall find 

'"'" ' ' that . 
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Ik^i ^ i^ t6 <f H^ly ^9.; \5V U> 8l)^ Qv, more ne^arl/j, 8» l^V ^ 
to 8D —9 7 V ; and that the excess of CD above CA is to the 
mean semidiametei: d, as 15^ to 4t) — 4 H >< V*. ' 

668: The mean force^ which the solar action adds to the ght^ 
:vitjrOfthe idqm io. .tIte.queilraliir^.«ik>TA^vgraiHly^Q£ili^ 
mooD towards the emrtlbat hec amn idiMiMl^i i^ the dnidtclitd 
Mtia (if the -fkertpcUe taaciin.vhichtbe. tuKHi ^^wld.jr^Vakve 
ah^ut «t]{;te earth in a (jirole at b^r mean distance^ by her gravity 
towards the earth only^ to the periodic time of the earth about 
the sun. By diminishing the former of these forces iii the rittid 
of the mean distance of the mooa to the semidiametericif ^e 
earth, ^nd increasiag the latter force in fhe duplicate xatic^^Si^ 
Isaac Newton finds V to be to I) as 1 to d86046QQ, T^er5* 
fore the ascent of the water under the equator^ in consequence 
of its unequal gravitatton towards the sai», oughll to bq to^ tbe 
aemidiameter of the equator as iS to 4 X 58604000; and tbif 
ascent oi^t to be about 1: feot 11 ^^inohes; \li4b<4iiifaiioatdc>» 
incides with tl|at which Sir ImIoc fouod^ bj computi^it \(xief-' 
ly from what he had shown before concerning the figure of thq 
eart)i« Hededuces the lunv force from the solar, by coniparing 
their effects in the syjpjigies, when they conspire together, with 
their effects in the quadratures of the sun and moon whe^ these 
ferces. act against op^ other. The effect of the moon is much 
greater than of the s\m, hy common experience i and by his 
computations, the lunar force Is to the solar asi448 to.IOO. 
These effects (accordipg to ol^servations and his theory) depend 
i^pon the positions. of the luminari^ to one another, their dis- 
tances from the earthj their declinations from the equator>the 
latitudes of placesi^ and the fcM*m and situation of tl^e channels 
Iby which the tides are propagated to them front the Mean^ - 
' 689. The ascent of the water^ which was dj^teroiine^ in th^ 
Jast article^ is that which would be produced under the equator 
in consequence of the solar force^if the earth was AiAii9nilm4 
tio diurnal rotation ; the gjravitatioi) totw^'ds the: partic^e^ ^f the 
earth being supposed to decrease as the squares of the distances 
from them increase. But it does not follow, that the ascent 
of the water which arises from the solar action will be so greats 
if the oblong spheroid ADB£ be in a different situadon^ and 

its 



U$Jtmkvrex9e astislMStiotdireict^d iolirardft the «mi^ or ivheii Ale 
iirhol^«iM0i<b0eai!iseof ibQcooelaitt figure <^. the oolkt parts) 
ofl4«ol wsume the figa/e of such a sph«it)id* Fen* tfae diilfereoce 
of CD and CA, libat ^v^ b«ve computed; proceeds not fhxn 
the acflion of the tuft ^niy, but b» purt frcAn the except of the 
gravttjr, al A abore the gtarity afc D^ vAnch is owing t6 th« 
spheroidical figure^ and depends upon it. If the gravity had 
been supposed uniform in all parts of the surface^ the ascent of 

the water would have not been above -s* x rf, ^^hich is less thaa 

•j^ K dhy—y or one fifth part of the whole ascent. When 

the transverse axis of theoblongspheroi(3f isdirected towards the 
sun^tbe solar force and thedlminntiqn of gravity at the extremi- 
ty of the transverse axis conspire together to produce tlieascent 
of the water fron^ A to ,D. But wheii DE the transverse axi» 
of Ihfa oblong spheroid constitutes an angle with the right line 
CS^ tjial joins the centres of the sun and earth, while the solar 
forqe endeavours to raise the watejrin this right line, the excess 
of the gravity at A above the gravity at 1) tends to raise it in 
a different part ; ami if by ihoreasing the vdocity of the diuri' 
nal rotation^ the traj[isve]:ae a^ifi. DE should become; perpendicii^ 
W to CS, these causes would act directly* a^gainsl one another. 
6SO* Sir I^aac Newton has «bown that tlie lunar pr^it (ab* 
slracting &om its ejocentricity) ought to be au elliptic figure^ 
having its centre in the centre of the earthy and theshorter axis 
'directed ft6 the sun, in consequence of the inequality of the gra* 
vity of the moott and earth towards the sup ; and, supposing 
it to 4be a perfect ellipsis, endeavours to determine the ratio of 
the 9Qcoiid axis to the transvei^e, j?rop. 28, lib,. S, Frincip. In 
the aame manner, if we should suppose the earth to revolve oa 
its axis with a sufficieiit velocity, the particles of the sea at the 
equator would describe figures of an elliptic form about the 
Centjre of the earthy 9sA revolve as satellites, without grtivitatin|p 
on tbose^beneath them; and D£ the greater axis (^thosefigures 
beiagperpendiculartoCS,thegreatestascentof the water would 
beat Dand E. If we C^.297)should suppose all the sections of 
the earth perpeodicular to its axis to be ellipses of this kind 

similar 
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similar to each other; abd the whole ma&^to form either all 6b« 
late spheroid^ such as would be genejfated by the setnMllipsKi 
ADB revolving about the second axis AB> or an oblong sfhe* 
roid, such as would be generated bj DAE^ about the transverse 
axis D,E ; then if the ratio ctf CD to CA was. «sechy that (A 
and D being supposed to represent the gravities at' A and I>/a:s 

formerly) A — ^ X D should be to sV as CA is to tli'e naeaij 

aemidiameter^ the whole force that would act on each particle 
P, resulting from its gravity and the solar action, would be di- 
lected precisely to the centre C> and vary in th€f same ratio as 
the distance PC. For CD being represented by b, CAby a, 
and the mean semidianaeter by rf, as formerly, let PN be per- 
pendicular to DE in N, PM perpendicular to AB in M, an4 
Ny be taken uponNC in the same ratio to NC as D X a to A X ij 
join Pj> and produce it till it meet AB in Q. Then> by art* 
635, the gravity at P towards this spheroid will act in the di- 
rection PQ^and be always as PQ. Because Ng' is toNC as 
Ha to AB, Cq is to NC, or CQ to MQ, as Ai — i>d to A£, or 

(bj the supposition) as ~- to A ; that is, as the force by- which 

the solar action endeavours to draw the water at A from tb^ 
plane perpendicular to CS, to the gravity at A ; or as tHefofce 
PA by which the sun endeavours to draw the particle P from 
that plane to the gravity at P in the direction PN, by art. 634* 
Therefore CQ is to PQ as the force Pft to the gravity at P 5 
and the force which acts at P, compounded from the gravity 
and the force PAr, acts precisely in the direction PC, anivaries 
in the same proportion as the distance PC. The other force 
which the solar action adds to the gravity is directed to C, and 
varies likewise as PC. Therefore the whole force that in this 
case acts on any particle P tends precisely to the centre of the 
Ppheroid, and is as the distance PC. And (by article 446) atiy 
particle P in the plane of the equator issuing from any point P 
with a just velocity, would describe the ellipse ADBE accurate- 
ly, in the same time that a body would describe a circle about 

C&t the distance DC by the force 1) + j X V,^or at any 

distance 
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dktatice^CP by the whole force that acts'tftP : or if the earth 
was supposed to revolve on itstaids in thistime^ the water in the 
.can^l EAPB would move freely in this figure without gravi- 
tating on the bottom of the canal. , . 

691. The ascent of the water in this case, or the excess of 
CD above CA^ depends on the suppositibn that Ab -t- aD is to 
3V6 as a to d^ by which the whole compounded force that 
acts on any particle of the spheroid is reduced precisely fothe 
direction t^C, so as to be measured by PC. To determine this 
ascent, and the form of the ellipsis EADB, the distance of the 
focus from the centre being represented by c, A was to* J) as 

* + 5M> ?^*=' *° ! ^ + Tm* ^^' ^y art- ^55, or (i being ^^ 
presented by d + x, and a by d— x) as rf -h ^ to d + -? 
nearly ; consequently, A5 is to Da as d -f ^ to ef +4 ^ and 
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AB -r- Da to, Da as -/ to d. Therefore SV is to D as iQj 



i4^5d,OTxtod as 5 V to 4D.; nmd the whote ascent of the'wav 
ter, or 2jp, to d as^V to ^D. This will be found to .be the 
ascent of the water likewise, when the figure is supposed to be. 
wch an. oblong spheroid: as would be generated by^a^emi- 
ellipsis BAD about the a^isED. But wheawe ahstracfcedfrom 
the diurnal rotatio.n.of r the^arthin art.: 6d8; the asoent'of the 

water was found to be — - x d (the sarnie which Sir Isatic 

Newton has defined) which is greater than this ascent 

55 X rf in the ratio of ^ to 2. The transverse axis of fhe sphe^ 

roid DEisnot in the position we have here supposed; but wheii 
the axia DE isincUned to CS in any angle, the ascent deterrw 
mined in art. 688 is to be^iminfehed on this account, - J 
«9£. Sir Isaac Netttm- having considev^ the ascend of 
the water, and the elliptic figure of the lunar 6lMt (abstracting 
from its; iexcentricity) as simiiar pha^namena arisingfrom the sd*i 
kr force, let us imagine DBAE now to represent the lun^r orb ' 
replaaiahed with water; and the difference of the semidiame- 
' ^ tert 



ters CO und CA, ajscordiog lo the Iwt artick^ woviA be to the 
mean teniidiameter ntfiV to sD^ that b (in the prefeotranK^ 

atba) as 5 to £ K 17S ^, or as 1 to 71 ; and CA troald be 

to CD as 70 to 71. According to ^rop. 28, lib. 3, Prmcip. this 
ratio is that of 69 to 70. This agreement seems to be acci- 
dental; but it appears from it, that if we had determined the 
ascent of the water, or the diiFerence of CD and CA from the 
figure which is there ascribed to d)e Tiinar orbit, it would have' 
1>een found nearly the same as in the last article. It would be 
found however nearly equal to that which was computed 10 
art. 688, if we were to determine it from the figure which Dr. 
Hatky ascribes to the hmar orbit from observations. 

Q93. Because the earth is not fluid, and the solid parts re- 
tain the same figure in all positions of the sun Or moon^ the 
naeent of !ihe water will be dIAereat fiom what was datermified 
in art. Q^Q, on this account likewise^ and that the effect of 
this may be sensible, appears from art. 689, where we found 
that a difference of two feet oiriy betwixt CD and CA, the se» 
midiameteis of the spheroid,gavcoccasioA to an asdent of near 
fire hudies. If the earth was a solid sphere of an anifGrm den* 
sity, and (abstracting from its diurnal rotation) the waller in a 
8fnall4»nal ADBE at the surface of itft equator was affected by 
the solar force, it will be found (as in art. 49^), that if we 
shoidd snppose the water m the canal to assume such a figore^ 
that the whole force which acts on any particle P resulting 
from the gravity and solar action, should be always perpen** . 
dicuJar to the surface of the fluid, the difference of CD and 
CA would be to the semtdiameter CD aa SV to ttD; oonse* 
quently in this ease the ascent of the water would be only f of 
that which was defioed in art. 688. The forces which pro* 
dttce this phanoiMiiOQ are very mimite in comparison of die 
gravity of the water; and circamstanoes,that in other enquiries 
are safely neglected^ may hare a seasihle eCect opoa it. 

694. There arepiffticnlar causes, besides these meationdl by 
Sir Imuc N^wttm, and in the last arttde, tlut inteffanp ia 
producing the various phasnomena of the tides. Th^ineqnali'^ 
ty of the velocities with which -bodies revolve, by the diurnal 
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motion about the aids of th« earth, in different latitudes^ may 
have some effect on the motions of the sea and air ; and may 
contribute to occasion greater tides, than might be othervriae 
expected friMn the theory, especially if their course be not fac 
from the meridian. A carrent that sets oat diiectiy towards 
the north, ought, on this acoount> to bend its course soon afterr 
wards somewhat towards the east ; if it set out towards the 
south, its course ought afterwards to incline towards the west ; 
and with the change of direction it may in some cases acquire 
greater force* Several phcenomena may perhaps be accounted 
for from this constderation« But w^ are not to enter farther 
into this enquiry in this place« 

695» If there is. an ocean in Jupiter, the tides may be very 
considerable when all or most of his satellites are in one right 
line ; and it may be worth While to observe, whether the great 
and sudden changes,that are smtietimesperceived byastronomers 
to happen on the surfiwe of this planet, have any andogy with 
their conjunctions and oppositions. If the otiier secondary 
planets,aswell asthemoon,moveon their axisso as tohavenearly 
the same hemisphere turned always towards theirprinuuy planet, 
the tides in tbdr seas (if they have any) Vrill chiefly proceed 
from the variation of their distances from it, and such may be 
sufficient ; whereas their tides would probably be too great if 
they revolved on their axes with a greater velocity. 

696. In this chapter we have endeavoured to determine ac-- 
eurately some of the consequences of Sir Isauc Newtan^s 
theory of gravity ; being persuaded that, however obscure the 
cause of gravity may be, there is hardly any proposition in ex- 
perimental philosophy established on better evidence, than that 
there is such a power in Nature, and that it observes the laws 
we have supposed. / We have sometimes made use of the term 
attraction^ as a convenient expression only, and because it served 
to distinguish the real gravity from the apparent ; which last is 
ofkien a combination of gravity and several other powers. Sir 
Itaae Newton has shown how to compute the attraction of 
bodies, when the particles are supposed to attract each other ac« 
cording to other laws. We shall only sulgoin an easy proof 
of oae. proposition on this sulgect. Suppose tiiat the attraction 
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of the parti^i^s' of thb cone'BAEa 0^. £83) decreases Jnthtt 

. same proportiohasthecub^sof thedistancesfromtbem increase;^ 
^nd aparticle atPwiil tetidtoAhe spherical surface MN«»(tliat 
hso^'its centre in P> with a fbvce that is as thissaiface (or PM^) 
JSat&:^\yy aiid FM' inversely ; tliat is^ with a force which is as 
PAC inversely^ or directly as MV the ordinate of die hyperbola 
KVI described betwixt the lisymptotes PA and PH. Therefore 
the attraction of the/ria/fcm MNniAEa will be measured by the 
hyperbolic area M VIA boudded by the ordinates at A and M ; 
and the attraction of the cone PMNm by the infinite hjrperbo* 
lie area that is conceived to be formed betwixt the ordinate M V 
and asymptote PH. It follows^ that if such a law could take 
place, th6 particle P would tend towards the least portion of 
matter in contact with it by a greater f(»rce than towards the 
greatest body at any distance how small soever froin it. The 
same is easily- shown from art 297^ when the attraction of the 
particles decreases as any powers of the distances, higher thau 
their cubes, increase. As such laws would be very improper 
for preserving the celestial bodies in their regular courses (by 

, art. 447 and 448), so they would be very unfit for producing a 
just force, by which their several parts might be kept together. 
The true law of gravity is better adapted for those purposes. 
It is the chain, that holds the parts of each in a proper union, 
that perpetuates the motions in the great system about the sun, 
the preserves the revolutions in the lesser systems, of which it is 
composed, nearly regular. Its inequalities, in some cases, have 
.their use, as in the tides ; and a remarkable geometrical sim- 
plicity is often found in the conclusions that are deduced from 
it ; of which we have had several instances, as in art. 445^ 
446, 636, 686, and 690. 
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0/* ^A« tiuxions of Quantities considered aostr^ctiy,,.or,ju 
reprxsentea by general Chara cters^ ift ^(gebrah ,^^*^{^* 

697. 1 HMi4i^^pU fLmtiao^^jB^ AmtiUAin^^oriLi 10 •awD.li, 
after Shr /faac,Naa/^pn>.aee9Pied to/lie^iiuNr^teteedMitely apf^a* 
ble to g^metcical mag^jpad^j, yrb^oh. Weja^jfwxy n Ant&Hy 
conceive to be gei\efsate4 jby ipio^ton^ 4^Kii:tOiquai»tIti^ ooi)9idei>- 
ed al)stractIy^;or.^ they: um ex]^e^sfl4 bffgl^Mral sj^mlMi w air 
gebra. Forfjkhis.areasou mre <;hiefly qoD^^f^ed th^'fiiNtkilig 
of geometrical m9^iM4l^ i^ |Uie^firft,l)oo]i ;: ^d xnostt eomih 
monly gave deoioiifttratjpna froD^ geom^ti;;^ jb^cann^ thciae ai<k 
often prefei;i^^ as.nopra 8ati«facip^,t^a;i:algeb];aic:coiQfi|iiW- 
tions. The ey|d«iio(9>Qf,t}ie foetkP^ hadi tteen dinputedi aid Ak^ 
jections had t^r^ep mad^ to the pumber. ^f symbols* empl^^f^ iQ 
it, as if they; might »erye to ^yer defects ki; the piiDc^les im<l 
demoQstratiops, , tn <o)fdejr to ^viate any sMjipjipiQns of this kiadj 
we end^yoor ^.describe it in aia^annetitbat niight teptemkt 
the theorems plainly and i\))ly,r^iUiout,apy (particular. $pg9^ or 
characters^ that, they m^^ be subjectedimp^ easily to aJkk 
examination. ...' ..<• ,.' . ,'[ .-/ •• •• . - 

698. But an Inoiporitant paTit pf this d<KjbriQ0 stiU remaiilSftd 
be described. The improyem$i!(itst iSo^t have, beed made by it> 
either iagepmc;try or in phi}^>sqpt))g[, aie< in;|(reat naeasare ow^ 
ing to the fafcUjiy^CQaci^fp^>apd;greati^^teAt of the method 
of compQtatiQn^,pr..aJjje)>raiG.part« , It k.for the.sakeof these 
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adyantaget that fo many symbols are employed in algebra^ the 
number and complication of which (together with the greater 
care there has been taken hi treating of geometry, after the ex- 
cellent models left us by the antients)^ have contributed more 
td'occasion the preference that is often ascribed to geometry, in 
tespectof perspicuity and evidence, than any essential difference 
that can be supposed to be between them . It is a general kind 
of anthmeticj.and^this is what renders its usefiilness so univer- 
' sal ; nor can this be supposed to derogate from its evidence, if 
we have no ideas more clear or distinct than those qf numbers, 
and often acquire more satisfactory and distinct knowledge 
from computations than from eotHQnictions. It may have been 
employed to covei:, under a complication of symbols, abstruse 
^locl^ineiSi, tliat could not bear the light so well in iai plane geo-* 
metrical form-; ' bilt i^i thout doiibt, obscurity may be avoided in 
this art as well as in geometry, by defining clearly the import 
MSwm i>{ dteHsyinhfDls^ &A ptooeediiig with cafe iifterwardd. 
«|g9.1lMii»(e«frflie negative sigtt in algebra is aittteded with 
vevena oonseqomlfes tfiM at AattO^ »*« oiM/MA with tliffi- 
-enhy/ aud handom^hii^s' given oceasion to notions that 
^feeak lb &av«f^b'M«itlbi^ it miplteslhift^ real value 

9f tke^uaiiltitf yet»reisentdd by the fetter to which U is prefixed 
« to be iubbliCt^ ; and it serfiss, wkhHie positive sign, to 
ti0epin tiewwhat dements oir par^ ei^ir ierto tlie composition 
^^qoMititles, a^ iii WhaO; riiiiiiner, #hettieir bH increments ot 
^kf^Miebts (tiiiat U, Irh^her by iMldition or subtration), which 
4s bf the jgMHtetit Wq in this aart. In consequent f>f this, it 
^Mirves i> vcA^pHn^ a iqtiantity ^ ^ dppo^ite quality to the posi- 
itve^' a^4 line iii a contrary potion, in'inotioin with an opposite 
lilreetJM, or a t^vrifti^ ftlr^^ op^tion to gravity ; and 
liitt* oiften«av^ l&^j!i%«Me<>f 4i^gmshi%>a»ddeihbnstmting 
«q^an^)jr, tte ^ri^u^^^scis <^prop03iti6n^, ttntf^reserves theh: 
analogy in view. But as the proportion of lines depends im 
ihair magni<jacte'<yn1y,' vf^tthbtft Vegatd to thdr positbn ; and 
.teotioiis and ^[yrkes ai^ Mift «6 be^ual, 6t unequal in any given 
mtio, mi^lftMt t^Ati io 4iheir directtions ; dnd in general the 
^bportiM of ^tHhtiU^ lebtelr to iiieiir mikgnifende oiHf, with- 
out 4M^/eaxk¥ii»g irfieiheir th^y ar^ lx>%e xxMisEddf^ as intere* 
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fk^t of th^ ]iei|lmiffiuli|(te| qf )^9.qw;il^KI.I9e|9M»lMiJb3rJ 

94df4 oi: subtr^u^te^. It ^ the ^sme iiavig ^q,8i^tMmAI 
ment 119 to aM i^ ^qwal W«fl««n<i> <« to ip^ifn^iTfip * 

tity by a. neg^tiv^ RiiQibeir ygiiplm 9vi^S a r^^t^.»}rtrtaiiiil 
of it, the multiplyipf . -r ^ ^J-^n^i^ fS ht W < T»lt t g .^ Ifedf 
often a9 there ar^ wiiU in n^ wd ia tb^r^ffMi? ^flM^ita^ttond- 
ding +6»<>m^^yti»eii,oTtAi«.^a|n(B.fl^.^i»g +^4; fiMlf 
we inler fwrn *bi^ that i is l» rrr,!* ♦? -r .6 1^.«»>* HffOofding 
to th|9 ride, that w^t ia to one ^the fa^ioi^ a^^ otimifrfitfir 
is to Uie.pro4uQt; th^i>9 ia n^i gi^uqid tQ. uMfi^Rf Jtt^tb«olJi$ 
wy myafceiy itk^bi»^ 9^ my ^A^t i»^«tti^)t»wijthafcit|^^ 
magMtiidearey^is^^tedby h^iA^t^ »^ a«e j^rq^^cptil* Jhn 
thii^ ful^ jeU^fH only 10 1^ ^agt^ip^.oi^.^he C^^t^s DPd jMf 
dnet^withoM ^t«rwniiig.Mrh«liN^ apy f)|4?^flR»or^[HK4i^ 
is to be add^ or gvbtm^teclt. .Siitd^ }y^^v^is^..|i^l^ 

1^ the mlm eonffeming.thf^ a^Pibr wi^i^fjl iwlM^i.^; fig^ofW* 

tiott conld not (MTp^Hwd. 3?9^^fi« a«iwtity to.b^jl^^ 
js never tHroducfidt ift coiowfi^rhy WUr. ff g W W t tAjiijJi 
a poaitlf4# or r#peftte4 wbfra^qn^ of ^:f^im^i9 ^Qt lf i i m 
;K|aMre ni«»b«ria iiever P!rpd^«d |»y w^iposiftMw^ftpiR^ i^HdH. 
Hence Ae V^u or tbe^aqp^e^o^t of ^a negf«j^«r< iniiHI8>j» 
imaginary quwtijty, apd. m/^wli#t^o^ k >iiiar^ fJ^r «hir^i«lffiflf 
the impossible eaae^ of a pjoMcypi ; fxnlm it is <^quP«98M^.kf 
anirther iviagia&ry 93D»bol pr SMfpusltioiij yrk^n \i^.yfhf^4Sllr 
session may liaive a x»^\ ^fwii^^tiOD* Th|i> } /f. /^^ %^i 
1 — •"! taken Jiqparaftdy ^#M99gipfury> •^,|;|f^/simf ij jj;; 
as the coDdfttioaa tbat^eparfite}/ WQiiid .nend^f t^e spbi^^i^ o^ 
problem impQ«Ale> in. aoiae sme^ 4^tpry e^pV ^#^'?f ^S^i^ 
wbAaconjpined. In Ae pijy^wtpf^wr/^apn^fipf^jj^^f^^ 
fiimpk fooBOft £itf r^rf^wntA^gt^tPPU eicpoiftmpiaa of tlpi^ 4^^^^ 
mustsomelimies airiie vb^iekbo ittAg^lkry iQrmb^d ^ copp^i^a^^ 
ed in a manner-diat M not. iiliK^y9 ao 9^ou^< . % proper s^ 
atitntionar holirever^ &iifi^9f ^99^ m»9 1^ 1^imaC<#ined wtp 

.) Hrl another, 



ail(dn,iar<l^ll nrth^ whdieiexpressfoiir l^hM^ ijieorems that 

ii^^isMMMeliVrftff!^ ai^Vc^ by the i^s^'of ibis symbol, 

Wto^ bi0'di^ii»Afs«!fated*'\^^ h bjr the inverse opersition, or 

•wilfelbb*'^; a<W«h<MghsucTi'syi^ utfeiii th^ 

««it)AtaticteiSrltfilleihethollbf fltixwins, its evid^ee cannot be 

^fk)ti«^ii(£Ji^any*art;^of'thukM^ We have jast men- 

^tKl^tKinjtf 'Witli!6ut enlarging upon tfaem^ for we sup- 

«mI ^«fli^€bimhon algebra is admitted. - : 

-lMrM.l49fe/jHiI^ for the comptifotibtfis iik'tiKittAethod may he 

yiM&td'imm ard. dS*- but it may be worth While to demon- 

ytttlMh^^tok^ne-bfiefly^ Irdm getteiAl principles that m&y seem 

WhW^iMdn^httety'ff^jlJtcabte toialgebraic quaiiti(ies4 A»y quan- 

litiwAflk^'^^titsed from em^h other by M algebruc ope- 

liitJU:^^'#hM^ 'Elation is e^t^ressed by any algebruc form^ 

l^giMpf^Mtl' t6 itrcrease or-tieorease togetb<»r^ some will be 

iblVd^ttd 4tiiifsii^ bit dedrdeLse by greater dffibreno6s/or at a 

^^Mkeiqfttife'j^otihei^ by. less diSferenees, or at a less rate; and 

^ito44dh^fu^ supposed to increase or deerease at<»M constant 

Mld4yi4tMP£/Uceessi^^ifi^nce#jiOtte ofr decrease 

^^fa^dsH^dk^'i^Ui M^ealw^ysV^ryihg.: We hdve no ocoasion 

fMa«9ldiilleMl)g%i£^UV^tJ^(iti^^^ generated by 

1ifli«fM#ft^fi^le«(|(hfing itito the teloeitk^ 

^&i^t9P%fbM^iS^'^Vtit prime wultkfiate rati6 ^f their incre- 

•iiiMti«<d<iG9^<ehtkybtit fbr'ki^t^ttit^g the r^^«e«iTe rates^ 

Mld)r^letg td'Vhich'lhey ificrtiase or decreasei WhenlJhey are 

)Ai|^s^'to>kfy together; in ordet fi-om thes^ to discover the 

*f((^*rH^^«l^ quantities themseivesi Thus by comparing 

*fibfe ^^dUl^ df points that Are supposed to gewerale Mnes at 

'%He samVtimel it appears ^hen a line incieases at a greater or 

4ess rktethaiii^ndihef/tod in what proportioni) The same is to 

^ sai^'of attjr qtiantifcJcs, which, while they vary together, 

W al^d^ih %he same proportion to one another ifs those lines. 

^lit'it^dttiiiot *teto to be necessary to have Uways recourse 

to suth-supposHions; thoughih treating of geometrical magni* 

"tudes, that are^oftfn conceived to be generated byonotion, this 

inelhod of comparing the rates of ihfeir increase or decrease is 

Natural and clear/and hits other advantages •. When a quaa« 
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lity A increases b^ differehc^s ei^iial ta a, dA increases or de-^ 
dr^ases'by differences eqital'to ^^ aifd manifestly increases w 
decreases at a greater rate tba)n A in the propbrlion of d(»to*A9 

or. 2 to 1 ; and if m and » be invariable. — 'increases V5r dc- 
creases by diifferehces equal to ^ « and thecefote at a>gtieater 

or Less rate than A in proportion as^ — is greater or less than aj» 

or'^ is -greater or less than 9i; ^This seems tobe«a9i^cQneeiic«^ 
ediy without hating recourse ^o^ any 'other co&iaderktibns tfaaa 
the relations of tbediffeiiences by which the quanliftics increase 
«:dtcrease; In order tfaenefore to avoid the^fraqneolrepeti* 
^oq. of figurative jeiepressioiis in this algebraic part as, much as 
possible, we will endeavour to substitute in place of the defini- 
tions and axioms above (art. 11 and 15)» Otben that aiera^ 
ther of a more general import^ but are perfectly consistent with 
them, and are best explained by them ; as other ^principles and 
propositions it algebra arepoiuiip^j^ybest illua^ff^frp2ii.geot 

701 . By thejftuxions of quantilies'we shall therefore how uii- 
det^tand, any meamres of thdrrkispecfiffe raii$lt>fincrea^ or tk^ 
cfeauywhilt ti^vary (or^fifm) iogtiAen '*il]ier^$fln'h^)q^ 
difficulty in determining tk«ae.n»^8ur«» when iUfelvqhaotitiif 
increase or decrease by successive :dii|ei)eAcea ifaatrdre all^iyr^i^ 
the same inyaiiable proporiioie to^evrfii/Otber^ «8t;in lbe[la^' a^ti- 
tsle. While A by increasing becomes equ^ f q ^ + > o^ c# ^ 
decreasing equal to A -^ ir> ^A becqmes ^u«A ^[^A* •+ ^i.o^ 
to 2A -^ to ; and as ^J.mcreases or.J(ieci»aj;^/a}i.a:gieater 
rate than A in the proportiomof €kz^o 0;^ af^itli^ffla^i?^ o^ A b^ 
ing supposed equal to a> tbe.floxionfof)2A;ia«^iA^#qual to gq; 

In the same mannef the Hus!iori^6ffi Wk'X^r^'^'iS'i 5'x'kqp'^, 

supposing m, n, m^ t to be iavi^^ib^^ t^i^ '?f^ i^>ii!^<^d^ ^^c^p 
inlnay be tb n in^imy assigntiblg iiiltio/^ qoantttyimi^ be' al» 
'Wf^ys as^ned HJiat-^hall increase t(fd^i«ase^et»a«rjgfeafer*5ifr 
less rate than A in any pc<%M^rtilon; bf xfbi# rtkttohme^ils flnji- 
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loa greater or I^ than tl|e fluxion of A in wj ratio. In socb 
eases the ratio of (be flnxiops «ii4 tbat of t))e diff^prepqes, by. 
which fhe qnaiititieg incteaaeor decrease are (he sam^. 

702. But while A is supposed to increase at a constant rate 
bjr ^i^y eqfial saocegsive differences^ if B increase or decrei^ by 
di&renoes that a|e always vary ing^^ B cannot be said to increose^ 
or decrease at any one constant rale ; and it is not so obvioas 
l^oliTj the flippOn of A being supposed equ^l tq its increment a, 
the Tfjriabie flnxion of B is to Be determined. It caiinot be 
aofqxtsed tbat the fluzions and diffisiences are always in the 
fame propdlr|icii hi this case ; but it is evideiit, however^ that 
if B increape by difieiienoes that az? always! greater than 

the equal succesaive difference by which ^' X A increasei^ it 
ciuuiot increase at a lels rate than^ x A » and that it cannot 
inorease at a greater rate than - x A, while Its successive dif- 

ftrences-are ahrays less than those of ^ )( A. - The fluxion of 

A being still represented by i?, the fluxion of B therefore caftr 

•-''»...''/■.. ' »> jg» . . 

n^be lesstbw 11^^ "^ *? fpnn^ case^or greater than - x a 

in thelatterw The following proppsitiona are obnsequences of 
tWis^and wiU'eiiabk as tq determine at what rate :B increases 
«|ph^ its tolation to A is hnown. 

708. 1?^ suc^pesttv« vakesOf the root A being represented 
1^ A -r^^i A5 A +^j ^;. which increase by any constant 
difiimnee Ai^kti the corr^iipoiiding values of aty quantity pro*, 
^ui^ fr«ni A by miy #igebr^ operatic (or that has adepend^- 
iHice np6li |t BO as tO" Yi|ry with it) beB-^h,B> B 4* &> ^rn, 
Jt^ed ^Ttiie aae^iMbive diflbmioeB b> 6^ 4rt:. jbf the latter quan- 

nqt \(t said to increase at so great a rate a^a quantity that 
tntx^a^^S nnifbrmly by eqnal snccessive differences greater tb ^ 
4^ OEbinaiMH ar^iBs any qiiwtity th^t, increa^ yniforpily 
%«i|m1 tnttoeMim ^flpaences le§s than b. Ip like manner, if 
thelelatioii oCtkt «a«»|ilie« » wch» thsit the si^cpessive difler- 
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eQoe% 1^, b, &c. oGlnlinaallj decrease; then B Gannot l^e said 
to ioctoise et the aaaie rate as a qujantity that increases uniform- 
ly bj ^qoal successive difierences greater than h> or less than b, 
' 7'M, Tberefor€^ H^ flldi^ioa pf A beii^ supposed equal to the 
iofiiemeilt a^ the guidon of S! >c wi9<>t be greater than b or less 
tbmb^ whiBn the: loftccessiye differences b^ b, ftc. continually 
aioeaae^ and catuM&t h&.gi^eater than b^ or less tba^ b, when 
these snctessiTe diAarences always decrease* 
< t05* Inlihe samennnoeraf the latter quantity decre9se while 
the fomker increases^ and its suoc^ssjive values be B 7I- 6^ B, 
B'^-'^b) Sec* then if the decrements, i^b^ &c. coptinuaUy in- 
crease! B cannot be sJEdd tod^cteaie^i^sogreataratetasa <]panti- 
ty that diecreaaesittiifbriifcly by equaUttccessivedifferencesgreater 
than b> or al; 80 low a rate as a quantity that decreases uniforn^ 
}y iy equal successive. dilEEerened Jesa l&an ir. *{lierefore^ in 
this tBKl, th6#a230ci,^f A being supposed equal toa, thefluxion 
of B Ofumot be greater than b^ or lei^ithw b* And in the sanie 
mftiitierdf the sucoeksiMe dectetnfsita^Ai ki &q.,alwaja decrease^ 
the ftuKMm of B oannot be greater ^than b or less than b. 
- 706. Aslbe fltuEionk of quto<»i^fis:£ir^;#QymQasuresof the 
qpective jeates accor^ng to which lljiey i«icreas^ or decrea^e^ by 
art. TOl^so itis offioimpoTtaniCe[h0w;gi^eat -or. small soever 
4ho9e measures are, if they be in the Ji^st proportion orrdation 
io each other. Tberefoteif the flttxi4^ns.of Ajand B may be 
supposed equal to a and ^> reqpectivi^lyj they may be likewise 

supposed equal to la and ib, or to ~ and -^^ These priiU 

ciples Xas other algebraic proposUiohsj may be illustrsLted from 
geopfietry, q» we observed in art.^ 700. And the propositions 
eoncerniBir' ih^ fluxions of area^, ordinate?^ .8tc. in the firA 
.boo^#^9|ay be demonstrated irnqoLediately from them ; but this 
yroold be needless. , / 

707. Prpp. I. The fluxion qfithe root A being suppo$td equal to 
iif thiflwion of the square AA xMl be equoi to SA x a. 

Let Ute succesi^iye valued of th^ root be A—- tt» A> A 4- «> 
md the corresponding values of the square will be AA — 

£A«l 



i 
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^Am + ill, A A/ A A + QAte + tm, which increase.BytChedif-' 

ferences 2 Au — tm, £At« + tftf^ &c. aiid 'because tfaoBeAflb&pi 

enceff increase;, it follows from art. 704, that if tbe^uxipBipf i|i 

be represented by n, tbe flaxioii of AA bannotbe lepreaiettted 

by a quantity that is greater than ' sAti '*|t'Mi^ or^lesB.'thBai 

^hu — vn. IRifs being'premised, snppotf^ atf ifn the pfi^pHi^ 

tion> that the fiuxioh of A is equal to d; Mldif Afe^fbudoonef 

AA be not equal to £Aa, let k iirst be gi^eat^ than %ka iwm^ 

ratio, as that of M + o^to £Ay'and-«MMqaen% leqfttil;to 

CAff -f D(i. Suppose no^lhattfisanyincreBieiitdf Alms'thaii 

o; and beeau^ is to i^es-qAa + o« io.^» + 'ou> <t fblio^ 

tart. ti06) that if the flukid^ of A shbold be leprsKnled. by ti^ 

the floxion <>f A!A woUtd-'b^'^cfpecKintcdibyrtlAtt tf otCi^HRbicb 

Is greater than eAt^ '4:«i«;' ^nt 'it Jwbs xbDiHi; fTDAi<«pfi 

?04, that if ^e fl'ux'ion^of 'A b« teprieaented by 21, the SbasatA of 

AAtnikmoMyerep^^S€*nti»}^l^yf& (^anlS t^ gvealier {SamAAuyi- itui 

And these being conftradietoty, it'fonoi(r».that thd flmdon ttf A 

behigequaito tt, the flii^od^'AA^can»6tbegreater than^ff; 

If it XMi be fete than ^Ad, wbMribe flfMCMo of iA ismpfioetid 

equal tdVt, let it be leeis^o MyrsttlooiT eAj ^ a to 2Af, atedtbqre* 

fore equal to 2Ab - — oa;*/^3?b€fnbeoata9e*(i isrto u.ad.ftAif irr-^ 

IS to ^Aii -^ ot^/ wbitib 4£pl»«i^tb4fi eA«»-^i«i«: j(ti being* supr 

poif^les^than oi as:b«ifito%); itftdlQw^^tba^if theftuiouaf A 

was^'tej^resetited^y tijf^tlVe flb^^h^f Aiuivctiild b&mprc»0ii|:ed 

by a qtiahfit^ lefs^iban fifAii^^t^/^gahxstwhai baa betn sbowig 

bomvtki'lOA^ ' Tberefdrgjt^^ ftixion of A< being supposed 

equal ^o a, the fluxion of A A must be equ^l to 2A«. 

. 7O8. "the fluxions of A and B being siippokfed equal to a and 

P% respite lively, the fluxVoiibf A + B will be a 4^.fr; the'fltixidil 

of A^f^.or 6f;AA -f mi^ '+;'bb; wliTy 2 x xts'xt:?! 

or2Ao + 2B6 4- SBa TsA^^'byfhelastartic^^^ Thefluifl 
ion of AA + BB is Q,Aa + 2B6, by the saime; eonsequetftly 
X\\^ flqxion of 2AB is 2B^ + 8A6; and t^e fluxion of AB is 
Ba *f >Afr. ' Hence if P be ^qual toAB, and the fluxion of P b* 
py then p will be equal to Ba + A5, and dividing by P, or 'AB, 

we find f = 7 + R. "' If Q — 5-, aiidobethtefluxiclhiofQ, 
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/ then QB = A,Q + 5r=jor5 = j — ^j and consequcnt- 

iy y-'T — T = B — bb^'-IbT-- When any of the 
quantities decrease^ its fluxion is to be considered as negative. 
^ . '709*. If » beany integer numl^r>. apd; the sum of the terms 

E^^ JE?%-*. F, J&*-3^ P, £«-:* P^: 4-c. continued till their 
number be equal to n, be multiplied by E — F, the product 
will "beTE* — J^. For the terms being formed by subducting 
continually unit from the index of E and adding it to the index 
of -Fjlh^ IWt term will be f^— '.. l^e product of their sum 

inulti|)iie<J ,by E wiU be B« + E**-^ 1^ + &»-* P + 

EP»rr' 5' their sum multiplied by — F gives — E«— ' F — 
J&f-f .F* ♦ i . . — ^"EFwi^' — ' F** ; and the ^um of these two 
prod«ii5teis:B»— .F»,: , ,. .,. ^. - 

; 7Uh Supposing \^,lQh0; greater thfm .F, E» — TF" will be 
ie^s than J^Efc-' ^ 5>7Jvbut greater |han «F»— ' x EtTr.; For 
ea^ otf thie terms E'^t?;^ JgRr* F^ E""^ F*^ 'Jfc is greater than 
tb6 avhaequent term,in the /upneratto that £ is greater than F, 
and JS'^""' is the gfeatfs|4^m 4; consequexj^tly . the number of 
<ei4i6 being. eqifel.t(p'?ij J^B*^* i^ gie^r ^tban ^heirsum; and 
^E'*=*-' ^"e^Tk is gr^fi^r ^^ if!>fiif: wna mi^tiplied by ,E — F, 
or (by the last article); ^fi#.ter : than E»-^^ F». Because the 
last ^term F»— * is less than :afly , preening term> nF»— • x e^T? 
is Jess. tbajL'f he sum of tb^ .tetpis q|ultiplied by E -r- V, or less 

711. When n is any integer positive number^ the root A be- 
ID^ )iu^posed to tncr^sei^ afay equal su<A?easi ve 4inei]eQc.es,l the 
successive differences of the power A** will continually increase. 
For Jet A -7- «> A, A .+ a, be any Sif6^cfesstye values of ithef r^oot^ 
And.'l^'irj'S A»^ A + a» will 't)e] the oorirfesponding values of the 
powei;. But Xlf?* —A** is greater than nA*;-*b; as appears 
by substituting, in the laa^t articje, A + d for E, A for«F> and a 
fpr E — F. In like maqri^r //A«--'fl is g^^ than A*-*^ aHP*, 
Therefore AT^^r^A** is greater than A»— JT^*, and the 
j^UQce/^siYe differences of the power continually increase. - .. 

712. Prop. 
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advantages that so many symbols are employed in algebra^ the 
linmbar and complication of which (together with the greater 
care there has been taken In treati^ of geometry, after the ex* 
ee&ent models left us by the antients)^ have contributed more 
id occiasioh the preference that is oft^n ascribed to geometry, in 
respectof perspicuity and evidence, than anyessentialdiffisrence 
that can be supposed to be between them. It is a general kind 
of arithmeticj^a.Qd.tliis is what renders its usefulness so univer- 
' sal ; nor can this be supposed to derogate from its evidence, if 
we have no ideas more clearer distinct than those qf mmibers, 
and oft«n acquire more satisfactory and distinct knowledge 
irom computations than ftom eonSQilctions. It may have been 
employed to covei^, under a complication of symbols, abstruse 
^ttocfrines, tiibit could not bear the light so well in a plane geo* 
inetricai form; 'biit Without doiibt, obscurity may W avoided in 
this art as weU as in geometry, by defining clearly the import 
MMw&t i>t ^^yixkbU, aaiA procieediiig with ckfe afterwards. 
409. lliilaike^f tiie negative sign in algebrik is attended with 
levmd oonsequeifilieiilhM at fii«t ri^t »i*e aduii^eed with difii- 
<mltfi and hftbiMDmeffhli^s' given Mcaston to notions that 
^eeai tb Kav^i^d i«l4'lblddMi6n. It m^es thsit the real value 
^tke^^Mifyi^i^eisei^tdl by the tetter t6 which !t is prefixed 
« to te <abb«et^ ; and it 0erf^> wMi tlie poiritive sign, to 
iDSepin tiewwhat ^liemeints olr partis e)^r into the cctoposition 
•«f iqiHttitities, ^mAitk #hat ^liiinet, whettier Bi increments ot 
4act«teehts (thiat is> Whether by itd^t{6n or snbtralion), which 
^ bf the gittfte^ t^ in this ^stt. fn consequent ^f this, it 
^Mirves i^ «i3i|4«»^8a ^qtiantitf ^ an o/pposite quality to the posi- 
tiiire^ Mi^ lin<3 iii a contrary fMtion^ t nifOlian with an opposite 
tMrcreiJM, or a tenvrifti^ ftire^% op|M)iiilion lb gmi^'ty ; and 
llms ojftonsaves lli^ll^uUe'df^i(ftinguishi%, and demonstrating 
aq^itately, A^^ri6ui>r«^es irf'proposftions, antf ^reiterves their 
analogy in view. But as the proportion of lines depends on 
ihair magniind^bnty, wttkbiftlreg^^^ ttkir j^osition ; and 
*n&otici^ and ibrb^ 'isd<e ^ai^ to <beequal, bt unequal in any given 
ratioy >witl|M>iit t^atd t6 'their ditedtkms ; dnd in general the 
yopcrrtiM of ^piahlM^s telbteir to theb mdgdititde mlif, with- 
out <i^lermining ^etheir they are tx>be <xM[i8idered as incre- 
. ^ ments 



Aft of tb^ )f^ ni^giutvdfiq cf^^.q^m^mmi'mamiJbrJk 

munt m U>9Mm eijaal Iqci^oi^qI^ gc to i^lt^iT^ i^jamm 

tity by a neg^ivf wmbeir \9if\m 9P)y a r^At^idiiflxteliiil 
of it, the multiplytpf . -r ^ i>y— ^ 5? fS ht W^»H t g .ift» fcoif 
often 119 tlii^ine im^ wijbi Ui n ^ ^pd 4a th^li^^M? e^VRi^itaeittoiid- 
diqg + b nt^mfOiff tmm ox tAk«:^api§.»«.*<Wii>ft ilrdll.; /ftttif 
we mfejp iftomj^^ that l fe to ^,iii 4s^> it^.Alji JlMosi^^ 

to ^ fnite th^tiimt ^ to one !t^>be f94^to^;S^^ otbfff ;6«i»r 

is to ^ pro4uoH tb^F9;i9 P9i gl^wd tQ. m^gjip^ jtJI^ft 
my my»tery itti&iPi pr ^W ^A^k ii^^unt9^.0^,||^^t^(^^ 
magoJitiid(^r^D^)it^>y }y»4A&^^<^^f l^<ie@i^^«^v I^ 
thftt fide udfJw pnly to tjip ^agt|ji|^^ ot jh^ C^^^t^ mi |ir* 
duet^witbmt 4^Jiriiwiiig,5irti«b^ir wy fiw?M«*>oftJ^ppii^^ 
is to be>%U^ or awJ^^fHed,. .Bpttl^ }i)f^wi^ P^W^^idi^ 

of ibo n*teR coofferwBg tl^i^ fiigpfc^ wit|i9«^ ^h^^^MH^jf^ief** 
tioaowld »ot pcpwed, J^9*^«5^^VWt»ty t9}it^Mij^m0kli 
^ iiev«r prodttcea. ift coPHWiatipii, by fW]f,Ki{w^t«Aj|<|4it^^ 
^ po»itlf««, or r«p€^te4 wbfr^^qn. ^ aii^t^9»j.,#>9eg||lil!^ 
;K|«Ar6 «i«iob<»^^^ BTQ^^^d ]by i?M;>piposij^,%]}^ ^„c^. 

HcnoelbeV^b orthe,8qiivetii09<r0f|»^cg?itj^ 

the impossible esses) of a ^oV^ffi. ; ai^^iss it is f^iiy^Sf^, ^ 
another insgiaary 9ymM pr siiypositiQii, wb^p^jWJK^^^^ 
pressioii may hawi a i»lA ^w^^tipa, Tbw 1- f^; . vf^^l, 9|}fl 
1 — •"! ftakeujiqpftraftdy ^#AiWgi|ifury> "^HrtiJlft^iaiBfiir^:; 
aa the eondkioiis tbats€|Nitr^)y WQY»|d ^pd^ ^e .spIjut^fO); o^ 
problem impossiWe, iq. aoi09 i^s^e^s df^tory.eapV ^j^^^'ft ^%^ 
wbeacoiy pined. In tfce fUffm^t ^f ^ep^r^ (C^nf^lli^^ftn^iof 
aiinpkfomis for r^jrfSjieo^JliPiaj e|:ppmif^^ t^4^|^^ 
mustsomelinitts arise wb^i^lbi? vmfim^ ^gwbol ^ co^i^p^^fkt^ 
^ ia a mBimet4imi m upt. DlVi(ay9 99 9)^FJ^*. % FPP^^ ^t^ 
rtitntionar hoArever,. ^m^^i^m imv M i^^wn^.¥^^P 

.) MnJ another^ 
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712. Prop. II. T^Jluxidm of the root A being supposed equal 
to a, ikeftuxion efthepooier A« mill be «aA*^» 






For if the flaxion of A« can he greater than naAP^ lei the 
excess be eqaal to any quantity r ; sui^>OBe o equal to the ex* 

cess of V' A*-^' +X, above A, and confieqneplly 3TP>-* =5 



na 



A"--' + £; • Then na X aT^^' will be equal to iwA'^-' +r, 

the fluxion of A«. Lfet'ti be any increment of A leas tfian o ; 
and becausea is to u asTia'x a + ^^— ' town X A + >-^, itfol- 
lows (by art. 70S), that if the fluxion of A be now repre* 
sented by the increment tc^ the fluxion of A wiH be represeolei) 
by $m,x r+>— » which is greater than iiu x ThF3»^> a«d this 
last ifi itself greater than ahF>-^'— A», ^ art. 710» But 
When the successive values of the root are A «— ti^ A> A 'f te^ 
those of the power are A-f i«*» A*> a+i^/ the i— eoeswv»r dif* 
ferences of which continually mdp^ase ; comeqaently (by art. 
7(yi),if the fluxion of A be lejpvesented by u, the finxion of Ai» 
cannot be represented by a qtianlSty greater than X7»^ -^ A*"^ 
or less than A*^*— Air>; ' And these being coatradjotoiy, it 
foltoWi^ that when the fluxion of A is sopposed equal to a, the 
fiuxibn dfA** cannot be greater than naA*^'. If it can be less 
than, iiaA»— ', let it be equal to iwrA" — r, or (by aiq^ 

posing o =: A— V" A'l^^-T^r ) to Jia ¥ rrj»-». Xbim u 



na 



being msppofiei less than Op if the fluxion of A was represented 
by u, the flmcion of A* would berepresented by nu x a — ^•— ", 
ifhidb isless than lu^ x A^ii*— " (because we suppose ti tobe 
lesBthM o) and therefore less than A« — iT^^by art.7ia 
But this, is rep^gnant to what ha9 been demonstrated &om 
art TOl. Therefcve the fluxion of A being suppo^ equal to 
a, the flttxioa of A*^ must be equal to naA^^*. 

7lS.The 
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71S.Theflaxioii8of-;^;orofA;^, may be detennined in the 

same manner : but these being comprehended m the following 
theorem^ it is needless to poasider them se|[>arately. We shall 
only observe that the lemma for determining the former is, that 

when E is greater than V,'^ — -; br is less than 

W S* £« K 

~~- X HTf (by art. 7 10); or 2-—- x eIT? which is less 

than ^^^: but greater than ^^^^ x S^rf (art. 710), 

and consequently greater than "v+T* ^^^ hence it may be 
demonstrated^ as in art. 712, that when the fluxion of A is 
snpposed equal to a, the fluxion of^is ^q^i, the ngn being 

negative because -^ decreases while A increases. We have 

supposed » to be an integer positive number in this and the last 
article. 



7 14. Prop. III. Thejluxion of k being supposed equal to a, the 

JkaAon ^ A* will 4c ~ x 2? "" . 



First; let the exponent - be any positive fraction whatsoever ; 

suppose A»r= K ; consequently A = K ; and the fluxion of K 
being supposed equal to *, i»aA'»-i = «ftK»-^ by art. 7 is;, 

^ ?nd 
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and k or the fluxion of J^ will be eqtal to — —— r= 

•-7- == 7 X ^A» • When « is negative, let it be equal to 
-«- r^- and suppose A == K, or 1 £= 4*^^;^ - then taking the flux* 
ions (by art. 708), r A . aK + kAr =r o, and A =: ■ ■ ■ . 

— ; — = — rA ^ = rXA'* ^• 



715. Prop, IV. Suppd$€ Vjo be the product qfanyfaeton A, B, 

C, D, E, SfC. (or P = ABCDE, ^c.) fo^ fAc /lotons 0/ P, 

' A, B, C, D, E, 6e respectively equal top, a, B, c, d, e, ^c. 

and^ mil he equal ^^ j + 5 + 5 + 5 4^c. 

Let Qbe equal to the product of all the factors of P, the- 
first A excepted ; that is, suppose P = AQ. Suppose R equal 
to the product of all the factors, the first two A and B excepted, 
that is, let P = ABR, or Q = BR. In the same manner let 
R =: CS, S = DT, and so on. Then, the fluxions of Q, R, 
S, T, ^c. being supposed respectively equal to j, r,/; t, i^c. it 

follows, from ?irt. 708, that ^ :i ^ + g 3 (because ^ == 5 

+ a) A + 1 + R =(^*=*"'«R = C +«; A + 1 + C+ S 

= (because J = 5 + fjx + B+ g.+ 5 + tj ^^" ^ ^°' 
Therefore ^ is equal to the sum of the quotients when the 

fluxion of each factor of P is divided by the factor itsdf. 

716. If the factors be supposed equal to each other, and 
their number be equal to n, then P := A**, and by the last pro* 

position 
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poaitioja ^ = ^ J consequently2?;=^ =r nai^ J as we found 
in art. 712. 

717. Prop. V. IfY = ^LMxS ^^^ ^^ Jluxions of the te- 
spectivc quantities be expressed hy the small letters, p, a, b, c, 
&c. as formerfy, <A«^^ = j + f + g — £ — i~^,4-c. 

For PKLM x .4*<:. =c ABC x ^c. and, by art, 715, 
F"*"f"'"L"*"i3J ^^' ^ A "*■ B ■*" o ^^' ^"^°cc oy trans- 

, , S a h c I / A 

positionf = J + 5 + 5 — ^ — ;j., *c. 

7 1 8. The fluxion of the logarithms being supposed invariable, 
the fluxions of any quantities N and M will be in the same 
proportion as these quantities themselves. For it is the fundar 
mental property of the logarithms, diat when they ai^e taken 
in any arithmetical progression, the quantities of which they are 
the logarithms are always in a geometrical progression. Tbere^^ 
fore,, the logarithms being supposed to increase by any equal 
difiereuces, these quantities will increase or decrea^ by dif-* 
ferences that increase or decrease in the same proportion as the 
quantities themselves. I«t A — a. A, A + a, be the respec- 
tive logarithms of N — n, N, N + « ; and B — a, B, 
B + a the logarithms of M — m M, M + m ; then because 
the logarithms increase by the constant difference a, n will be 
to » as N to N + w ; m to w as M to M + m; and w to m 
, as N + w to M. Therefore when the quantities and their lo- 
garithms increase together, it follows from art. 704, that if the 
constant fluxion of the logarithm be si^osed equal ta its incre* 
ment a, the fluxion of N will not be greater than n, or theilux- 
ion of M less than m ; consequently the fluxion of N is to the 
iluxion of N in a ratio that is not greater than that of n to m> 
or of N + n to M. But if the fluxion of N could be to th« 

'•■ fluxion 
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fluxion of M in any ratio greater than that of N to M^ as in that 
of N -I- u to M ; then by supposing n to be less than u, the flaxioii 
of N would be to the fluxion of M in a ratio greater than that 
of N -f >» to M. . And these being contradictory^ it follows 
that the ratio of these fluxions is not greater than that of N ta 
M. In the same manner the fluxion of M is to the fluxion of 
N in a ratio that is not greater than that of M to N. Therefore 
the ratio of the fluxions of M and N is the same with the ratio 
of the quantities M and N. When the quantities decrease while 
the logarithms inorease^ the demonstration is. the same. . 



719. Prop. VI. Tl^ fluxion of any quantity N h tathe fluxion 
' of its logarithm as H is to the modulus of the logarithmic 
system. 

For the quantities and their logarithms being suppossed to in- 
crease or decrease together^ when the quantity increases or-de- 
creases at the same rate as its logarithm^ it is then equal to fbe 
modulm. Suppose this quantity to be M^ and since the fluxion 
of N is to the fluxion of M as N is to M, by the last article ; 
it follows that the fluxion of N is to the fluxion of its logarithm 
as N is to the modulus. Hence if N rr A«, e being any invari-* 
able exponent, the log. Nr:e xlog. A, consequently, the flux- 
ions of N and A being supposed equal to n and a respectively, 

•jj- zz -rr—, and n = -j- =^ ^A ^^ We iqsisled on this, at 

some length, in chap. 6. book I. 

7^. When the fluxion of a quantity is variable,, it may be- 
considered 'as a fluent; and its fluxion may be determined 
(which is called the second fluxion of that quantity) by the pre- 
ceding propositions. Thus we found in art. 707j that .the flux- 
' ion of A being supposed equal to cr, the fluxion pf AA is. 2Aa ; 
and if Abe supposed to increase at an uniform rate^ or its flux- 
JQn <t be invariable, £Aa will increase by equal successive dif- 
ferences ; consequently its fluxion, or the second fluxion of AA, 
willbe equal to any of those diflerences (art. 701), as to 2a X 
A 4-41 — 2Aa, or 2aa, If a be variable, let its fluxion be 

equal 
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equal to z, and tl^ fluxion of 2Aa (or second fluxion of AA) i 
will he 2aa + 2 Ax, by art. 708. In the same manner^ the . 

fluxion of A being constant^ the fluxion of nA!*^ a, or the : 
«condfluxionof A^^isfki x"^ ^ xA!*^^a, or« x"-^^xa<i ; 
A'^^ ; the fluxion of this> or th# third fluxion of A"^ is n 
X T^TT X 7^5 X flSA^^S. And the fluxion of A" of any or- 
der denoted by m^ is n X «— i X « — s X » 3j &c* x rf"A"^"*, 
where the factors in the coef&cient are to be oon tinned till their . 
number be equal to m. When n is any integ^^ositive mma- 

her, the fluxion of A**, of the order n, is invariable and equal 

to n X «f_ 1 X »_ s X fi — 3, 8cc. X a". The quantities that re-' 

present those fluxions of A" depend on a, which represents the ' 
fluxion of A. When A remains of the same value, the first * 

fluxion A'* is greater or less in the same proportion as a is 

supposed to be greater or less ; the second Auxion of A" is in 
the duplicate ratio of a ; and its fluxion of the order m is ad ' 

a^. If o be variable, but z the fluxion of a, or the second ' 
fluxion of A, be constant, then the ^drth fluxion of AA wffl 
be constant and equal to 6zzf for we fqupd thi^t the second • 
fluxion of AA was 2aa + SAs; the fluxion of which is 
4az + 9,aZy or 6az ; and the fluxioa of this is 62:2:. In like 
manner the sixth fluxion of A' will be constant in this case, 

and equal to QOz'. 

721. The second difiexences of any quantity B are the suc- 
cessive difierences of its first differences ; and as the fluxion of 
Biooicaseswhenits snccessive difierences increafie,so its second 
fluxion, or its fluxions of any higher order, increase, when its 
second or higher diflferences increase. If we arrive at difie- 
\ rences of any order that are constant, the fluxion of the same 

order is constant, and is expressedby that difference. Thus when 
A is supposed to increase by constant differences equal to a, and 
its fluxion is supposed equal to a, the ifecond difference of AAt 
VOL. IL N (or 
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(dr "A+c? -*— - fiAA + A — «') is 2aa, which is likewise iW 
second fluxion ; and the third difference of A* ft 6fl, which 
is its third fluxion. When n is any integer and positive nnm- 
het, the fluxion of A* of the order n is equal to the fluxion oF 
ariy of its first differences of the next inferior order, or to the 
flnleion of any of its second differences of the order n — 9, and 
so on» Fot the fluxion of A + a" — ^A" (one of the first dif- 
fetetlces of A*) of 'the order n — 1 is n x T^ x « — 2, &c. 

xA+^"-"+* A X a"'-^= n x^^H X iTTs, 8lc. x «% 

where the coefficients are supposed to be continued till theii; 
number be n — 1, so that the last must be 2. And-this we found 
to be the fluxion of A'' of the order n, in the preceding article. In 



the same manner, the fluxion of A+a" — ^''+A — a , (the 
second difference Qf : A") of the. order n-— 2, is equal to the 
fljuxion of A+a** — i-- A 0/ the order n — 1 ; and consequent- 
ly equal to the fluxion pf A" of the order «. These fluxions 
are invariable ^nd equal to the last or invariable differences. 
Stitin other cases the fluxions of*A of any ordar are less than 
\X& su(bseqiien\ diffeieiices of the same order, but greater thaa 
the preceding differences, 'as in art. 703. 

722. The preceding propositions are demonstrated briefly 
by finding the. ultimate relation of the differences of the flu* 
ents, for this will determine their respective rates of incren^g 
or decreasing, or the relation of their fluxions. Thus, because 
A+a" — A", the increment of A^ is less than na x A+a*^^, 
but greater than naA , by art. 710; and when a is sup- 
posed to be diminished continually till it vanish, the ultimate 



latio Qina x A+a*~* to «aA"!~* is a ratio of equality: it 

fiftUows that the 4iltimate ratio of the increment A+a*^ — A^to 

naA!*^ is a ratio of equality ; and that the fluxion of A 

being Supposed equal to a, the fluxion of A" must bena A***"^ 

as 
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as in art. 712. In the same manner the second or higher flux- 
ions of A*, or of any other fluent/ are ultimately equal to 
the corresponding differences of the fluent. If we suppose 
(with Mr. Leibnitz, and those who have followed his me-> 
thod) a to be an infinitely small difference of A^ and suppose 
quantities to be equal when their difference is infinitely less 



than the quantities themselves, na x A+tf"" must be suppo- 
sed equal to naA ; and, since A+a" — A", the difference 
of A^ cannot be greater than the former, or less than the 
latter (art. 71b), it must be supposed equal to waA**""^ . 



CHAP. II. 

()fihe Notation ofFluTionSytht Rules of the direct Method, and 
the fundamental Rules of the inverse Method of Fluxions. 

723. i^IR Isaac Newton, on some occasions,"^ represent^ 
ed the fluents by capital letters, and their fluxiohs by the 
small letters that correspond to them. We followed this no* 
tation in the last chapter, in demonstrating the grounds df 
-the operations. But it is convenient that the fluxions should 
be distinguished from other algebraic expressions^ and in such 
a manner thatthe second and higher fluxions may be represent- 
ed 1^ as to preserve the original fluent in view. In his Jast me- 
thod he represented the variable or flowing quantities by the 

final letters of the alphabet, as x, y,x\ their first fluxions by 

. * • 
the same letters pointed once, as hj x,y,z\ their second 

fluxions by the same letters pointed twice, as by x^ y, z; the 

third fluxions by the letters pointed thrice, as hyx, y,"z, and 
so on, where the number of points serves to show the order of 
the fluxion that is represented with respect to the first fluelit* 
and the difference of those numbers show of what order any of 

V 

* Princip. lib. ii. lemm. 9. 

N 2 them 




them is the fluxion of those that precede it^ asy is tliefifsk 

fluxion of y, hut the second fluxion of y. Mr. Leibnitz re- 
presented the infinitely small differences of x, y, x, by d±, dy, 
dz ; their second differences By ddx, ddy, ddz ; and their iti- 

.finitesimal differences of any. order n^ by a f , qfjr, dTz* The 

symbol ;r> or dx^ expresses the fluxion of x ^nerally, wiUxQut 
determining whether it is to be considiered as positive or nega- 
tive ; that is, whether x increases or dedreases with respect to 
the other fluents. Invariable quantities mJc represented by the 
first letters (tf the alphabet, .asix, h, c>.to(t* , Tbese have M 
fluxions ; and, in the same manner, when any fluxion is sup- 
posed constant, its fluxion vanishes. Sir luiac Newton* has 
comprehended most of the imles of the direct method in one 
general proposition ; but it is more usual to represent them 
separately; bndit inay be of iide to pr(yc6ed gradually fmm 
the temple cases to tiiose that a^e more complex* 

724. I. When one simple fluent only enters each term of a 
compound quantity, the fluxion of this quantity is foand by 
collecting the fluxions of each term, or by placingii point over 

» ■ 

ea^h fluent. Thus the ^uxion, cjfx+y — :Zy is.i+y — "z; 

ihe fluxion df «x-f iyrr-<9 1^ ^^ + ^^-^7^^^^ The ^nxi- 
<m oi<iXy or <X'ax -{- bb, is ax. TMb inilels obrioa^ «td fol- 
lows from lart* 701, or art, S6, 41, vnd 78. ' 

725. Ii. As the fluxion of xy is ay +yT (by art. 70ft "aihd 
y^), so the fluxion of a product of any two fluents is the smn 
of the several products when the fluxion of each factor is mul- 
tiplied by the other factor. Thus the floxion qIF 7p x JTJ 

isar X nrj- — y KT^Z^xh — xy — ya — yx. Astheflux- 

ion of BZ v& ^z\ so the fluxion of axy is a x «HV;r == xya 

726. in. As the fluxion of the fraction- is ^. ■ by art. 

7i>&> so the fluxion of any fraction is found by multiplying the 
jRoxion of the numerator by the denominator, substracting the 

, • See W« Lemim li. to Prop. VIH. lib. 11. of hb PrincipU. 

' ^ product 
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product of the iluxion of the denominator multiplied by the 
numeratgrj an4 dividing the remainder of the square of the de- 



• — ^ 



nominator. Thus the fluxion of -rr: is 



-+^ " rpr* 



-»a» 



'aa'^**aM^Mf 



=_! 



747. IV. As the fliixion of x " is - Xx" xx, by art. 

714 and 719>.80 the fluxion of a power of any invariable 
exponent is found by multiplying by the exponent^ fubstract* 
ing unit in the index of the power^ and multiplying by the 
fluxion of the rbot. Thua the respective fluxions of ar% x^, 

x\ S^e. are 2x'""* x x or 2xx, 3 x a?*~^ x x or 33^ x, 

4 X X X X or 4 X X, &c. In order to give this rule its full 

ext^nt^ and to reduce fluxions to the most simple expressions^ 
vve are to suppose from the common algebra^ that a quantity 
may be carried from the numerator of a fraction to its denomi- 
nator^ or from the denominator to the numerator^ providing the 
sign of its index or exponent be changed. Thus the fluxions of 



jorx , ^orx'-j5orx>are respectively 

— 1 X X X X or — ^, — 2 X x""^"" X X or 4x, 

— ^3 XX X Jp or — 3x ; wd the fluxion of ~ pt x is 

— II X X X X or -^jTf' The fluxion? of surds ^e found. 

'x ■ ' * . - 

by expressing them as powers with fractional exponents. Thus 

thefluxioq d Vx vx ;y is-X xi X xs=— »X x ^=r-;. 

• • • » 

=: -f_ . The fluxion of • Jr or x* is-r x x *^ X x — ^^ 



2V 



;r 



3 — 3 



N 3 
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• • n • ^ —1 



: ^ -rr' A~ The floxion of \/ x or/i«ix«'* 
3x 



1 — • « 

S^xx 

• T . 1 

XXX 



XX 



; and the fiijbcion of » _or x "^ is 



4r 



—i 

1 n ' . 

1 1 

XX " X i =— f f =:Ili_. Theflux. 



ion of a + X is n X a + X x x; and the fluxion of 



m — 1 . n ft — I , tn 

mxa + x XX X b + X »xi + x xxxa+x 

is — — . ■ . . — 



.2« 



(.dividing the numerator and denominator by 6+x ) 

. m 1 m 

mx X o + X X a +x nx x a + x . 



728.' V. As when /I zrxxyx^Xti, 8cc. or to this product 

multiplied \>y any invariable quantity K, it follows, from art. 
• • • • • • 

^19, that ^ = ^ + J + ; + - 8cc. orthatp =-^^ + 

oy pz pu 

+ « + "" See. So the 'fluxion of any product divided 
J' 
by the product itself is equal to the sum of the quotients, when 

the ^uxion of each factor is divided by the factor ; or the flux- 
ion of any prodtict is equal to the sum of the several quantities 
tb^t are formed, by substituting successively in that prpdyct the 
^uxion of each factor in place of the factor itself. Thus if/>=: 

xyz, 



y 
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-j- Mf 






-^ + -Z.. Ifp = :r + •JT+r then i. zz—ZJIlii = 



* V**+l + ;ri 







STxv' 



jTjr 



+ 1 "~'^** + 



=r Hence if pq:^^^qp>| 



.|m ^ 



HMT 



^ » + ^ ^T>. then •;;^-V::;^- 

-729. VI. As when p = * ^ »y ^ ^ 8cc. it follows, firoia ait. 
-717, tliat£=:i+£+i-"i-li-"i &c. or>*-^ + fe.^ 

• • • • 

^ — tL — tl — ^ &c. So when any fraction is proposed^ 

if we divide the fluxion of each factor of the numerator by the 
factor itself, and from the sum of the quotients substract the se- 
veral quotients that arise by dividing the fluxion of each factor 
.of the denominator by this factor itself, the remainder will be 
equal to the fluxion of the fraction divided by the fraction; or 
the remainder multiplied by thje fraction will give its fluxion. 

Thus Ifp =jr:7^2Ti:;^^?^r7 5 thenf ^-r7 + 



fl — * 



4* — T 1- r— + — T 1" -*'"«- ^ + IS — + -^— ^ 

'b^x' h — * c-f-* c — X aa^x bb-xx cc^x 



730. VII: Any equation of this form ^-rX*— * x«^»x 
See. = being proposed, the equation for the fluxions will be 

;;— ; xi-i Xi— «x &c. = a.' For since x must be equal to 
r, or to 5, or to u, 8cc. x must be equal to r^ or to s, ox 
U9 Sep. 

731. VIII. Let L represent the logarithmof x, the modulus 
being equal to a; then 4» L= — by art. 7S1, so the fluxion 

N 4 of 
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of tbelogarithm of any quantity is fonnd by dividing its fluxion 

by the quantity itself^ and multiplying by the modulus. 

• • 

If p =: x^, the fluxion of the logarithm of /> is f£ or 2ff 

The fiuxi(Hiof tbelogahthni of «y» b w-« + — 2 . If p zz 
7+7 X T+^ X 7^1^ X &c. then the fluxion of the logarithm of 
p,is f£ or (by wt. 728) -^+-2^+-^ + &c. This 

likewise follows from the property of logarithms, that the lo- 
garithm of the product is equal to the sum of the logarithms of 
the factors; and consequently the fluxion of the logarithm ofp 
equal to the sum of the fluxions of the logarithms of the fac- 

tow a + a:, ft + «, f + «, that isto.^ + J2L + _f£_ 



In the same manner the fluxion of the logarithm of -^^ is the 
difierence of the fluxions of the logarithms of a: — a and x+a, 

•and therefore equal to ? j — — The fluxion 

of the logarithm of ^^xltZ* x &c. is ^SSL+^Oc. 

c 

735. IX. A quantity that has a variable exponent^ ^y'y is 
. catted an exponential or p^rcurren^* quantity ; and its fluxion \w 

i xy^xlog. y+xy y* For if we suppose y» = ii, then 

by the properties of logarithms (art. 157) ^ x log. y = log. m. 
And finding the fluxions by art. 725 and 731, x X log. y + 

2S!xj? r= — ; consequently the fluxion of y*, or «e — — xlog. 
y +i!2L— f X y* X log. y + Ty«— 'y.f In like matmer the 

* Acta Lips. 1694. t Y. Emerson's Fluxions, p. U. Ex. \%M 19. 

fluxion 
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fluxions are found of exponential quantities of' higher de* 
grees. 

733. X. The second fluxion is determined from the first flux-, 
ion^ and the fluxion of any order frotn that of the preceding 
order^ by the same rules. It is often usef^i. to suppose one of the 
variable quantities to flow uniformly, or its fluxion to be con- 
stant ; in which case that quantity will have no second or high- 
er fluxion^ and the second or higher fluxions of quantities that 
depend upon it will be expressed in a more simple manner. 
Thus the fluxion of x being supposed constant, the first fluxion 

of x^ being nxx ''^ , its second fluxion will be fi X «— i X;t* 

mm j a ^ • ft S 

X , its third fluxion n X a — i ^ n --^ X x^ x ; and its 

fluxion of any order m will ben x iPlxlP^xlH^X &c. xar" 

X """**, where the factors in the coefficient are to be continu- 
ed till their number be equal to m. 

734. The second or higher flnxions of quantities may be 

found (without computing those of the preceding orders) by 

particular theorems, as in the last example. Thus the fluxion 

. • •• 

of ly is ^ + yx; the second fluxion of xy is therefore xy + 

fiary + jy ; its third fluxion is xy + 3xy + 3xy +xy ; and 
In general the fluxion of xy of any order denoted by m is found 
by multiplying the fluxion of x of the order m by y, the fluxion 

of a? of the order m — 1 by y, the fluxion of x of t^e order 

ph — 2 hjy, and proceeding always in this manner (diminishing 
the order of the fluxion of x, and increasing the order of the 
4iuxion of y by unit), then prefixing to the several products the 
respective*coej£cients of the binomial 1 +^1 raised to the power 
m ; the last term being the product of x by the fluxion of y of 
the order m. If we suppose the fluxion of x to be const^it, then 
the two last terms will give the fluxion of xy of the order re- 
quired : and if the second fluxion of a; be constant, the three 
last terms will give that fluxion of ly ^ and so on. When the 
fluxion of X of any order r, and the fluxion of y of any order 
8, are supposed constant, the fluxion of xy of any order m (sup- 
posing m not to exceed r + «) is determined by this theorem. 

735. In 
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* .735. In theiatftne.iQiediQdA.itAst reqi^ned to find the fluent 
when the fluxion is given ; and the rules are derived from those 
of the. direct method ; . a^ the ml^s of division und evolution in 
^Igehra are deduced from those of multiplication and involu- 
tion. As.whea ^i^a^njb ^consi^ts of a variahle and an invariable 
part^the latterdoes qot appear intl^Q fluxion; so when any flux- 
km is proposed^ it is only ihe variable part of the fluent that 
can be derived from it. If sc represent any fluxion that may be 
proposed^ the variable pext of the fluent will be equ^ to x ; for 
fuppoeingy to be any variable quantity^ if x+y could represent 
the fluent of j;*, then (f-i-y would be equal to x^ and y=:o^ or 
y would b^invariabl^^ against the supposition. But supposing 
K to represent any invariable quantity, then t+K may gene- 
Tally represent the fluent of x. If it be required to find such 
a^flnentof^as^aU vanish when ;r is supposed tovjanish, it 
can be no other than x\ and if .it be required that the fluent 
should vanish when x is equal to. any given quantity a, then 
by supposing a7-f K<to vanish when x becomes equal to, a, we 
have <iH"Ksiu>, or. K=-'— a; .wheace the fluent is x — a^ 

In the same manner theil«rcntof--ir may be generally repre- 
sented by K^-^T. When a fluxion, that is proposed, coincides 
with any of those which were deduced from their fluents' in any 
of the preceding articles, the variable part of the fluent requir- 
ed must coincide with that which was there proposed. As di- 
vision in algebra leads us to fractions, and evolution to surds; 
so the inverse method of fluxions leads us often to quantities 
that are notknown in the common algebra, and that cannot be 
e!(pre^sed by the common algebraic symbols. ' In the following 
articles we will endeavour to give some account of the pro- 
gress that has been-made in this method. 

* TS6. I. As' the flujiion of'cx + Ay-cjZ is ax-\-by*cz\ so, 
conversely, when any aggregate of quantities is proposed, each 
of which involves a simple fluxion that is not multiplied by any 
flowing quantity, the variable part of the fluent is found by sub- 
stitQting in place of each fluxion its particular fluent ; or by 
taking away the points, or other fluxionary symbols. Thus the 
vdriaWe part of. the fluent of ox +iy -« is or -^ by^ez* If 
U is required that this fluent should vanish when x vanishes, let 

ybe 



^ 
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y be fSieh equal to e, imd z equal io/^ and thefineiit will be 
ax + b xj^ — € xTJ. For the whole fluent may be ex- 
pressed by ax + by^cz-h K, where K is supposed invaiiable. 
But^ by Uie supposition^ when x vanishes, this fluent vanishes,* 
and is equal to Ae - c/* + K ; whence K=:- be + cf; and conse- 
quently ax + by^cz -f K is equal \/q ax + by^be^ez +'cf, 
er to ax + b x J^ -ex T^. 

737- II. As the fluxion of x is nx T,by art,727> so, con- 
versely, when the fluxion proposed is the product of any power 
of a variable quantity multiplied by its fluxion,with any invaria- 
ble coefficient, the variable part of the fluent is found by adding 
unit to the exponent of the power, dividing by the exponent 

thus increased and by the fluxion of the root. Thus the vari- 

«— 1+1. 
!!►— 1 • , nx X ___ 

able part qf the fluent ofnx x is --r- , — r— j**; and if 

r n — 1 + 1 x* 

Ijt is required that the fluent should vanish when x vanishes, it 

Mm 

is then precisely x . but if it is to vanish when x is equal to any 

given quantity a, the whole fluent is x — a . In general we 

may express it by x^ + K, where K may represent air|r inva- 
riable quantity. In the same manner the fluent of axx it 
1 + 1. 

a K ■ ' .. + K = - ajTT + K; the fluent of ax^x is 

2 + 1- 1 • —2. 

ax x^ + K = -tix* + K; the fluent of £f, or ax x, is 

-2 + 1. . I * « i + ^ ' 

^^ . / + K = — f +K; the fluentof^^i is ^ . 5, 
— IX* ^ .5* 

+ K = ^^ + K- The fluent of an aggregate of quantities 

of thi3 kind is found by computing the fluent of each teim se- 
parately. Thus the fluent o( x^x + axx + bbx is i x' + i ax* 
+ bbx+Kj the fluent of xxxa+x , or of aaxjc+2ax*x+ 

x^iis + aV + ^ + -4- The fluent of x^x x ^qp^- 

when 
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wben If is an )nieger^;i9 found by raising ^+a to the power n^ 

multiplying each tenn by c^x^ finding the fluent of each se- 
parately by this rule, and collecting them into one sum. The 
variable part of the fluent is assignable in all those cases, un- 

leas when the fluxion £ or xx is invcdved in one of the 

X 

terms, of which case we are to treat afterwards. 

738. III. As the fluxion ofxyvAxy + yx^ by art. 725, so 
when arty proposed fluxion can be resolved into two terms of 

. this form, where there are two fluxions, each of which is sepa- 
rately multiplied by the fluent of the other, then the product of 
the two fluents is the variable part of the fluent required. Thus 

the fluent of bz — uz — au — zuy or z^T^ — uX ^^-z is b^u 
'Xl»^+K. In the same manner, when a fluxion can be re« 

solved into three parts in the form xyz + yxz + zxy, where 

there are three fluxions x, y, z, and edch of these is separately 
fliultiplied by the product of the fluents of the other two 
fluxions, then xyz the product of the three f]uents is the vari- 
able part of the fluent required. These theorems are easily 

continued from art. 728^ 

* * 

739. IV. The fluxion of exz+zx, where e is supposed to 

be invariable, is not of the same form with any of those in 
the preceding article, bat by multiplying it by or , the pro- 
duct exx x+ zx is easily reduced to the first of them. 
For supposing y=x , exx z+zx =^yz + zy, the fluent 

e 

ja£ which is yz, or ;;^ ; which is Hierefore the fluent of 
exz + zx X ^~ • III the same manner, if exyz ^^-fyxz-^-zxy 
be multiplied by x y 9 ^^ fluent of Uie product will be 
jp* y^ r. And when the fluxion txyzu -^fyxzu + gzxyu + 

uxyz is multiplied by x "^ y*^"" z^^ , the fluent is x^ y^ 
z^ u \ and so on: It follows from the first of these, that whe^ 

an equaiioa tnz -ic'xx 3£ «« x is {ffoposed^ the equntion 

for 
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for the fluents is zt + ^ = ZTT >C ^^^ ^l - aiid *ui tliig 
manner the> fluents in art. 540 were founds 



• ; • ' 



740. V. When i .— 5.'+ £ + i ^4- &c. then we may 

concliide that pid 'the product of x, y, z, &b.^ and of some in- 
:rariable (jui^ptity K ; fqr thk fiuxional ^equation will arise (by 

art. 72a) when w^e suppose p =^K ^z X Stc- If £ =r - + 

• • • • • ■ 

i + ^ — ^ — -^ 8cc. then we may conclude that p =ii2i 

• • • 

X &b. Thus« if i . r: — ^ ^ • we may con^^lude th«| 

|>=:Kx^. If±==i+2'' (e, m and » being sup. 
posed invariable), Iheh p« = Kt^^. 

741. VI. Afluxlon that is not proposed under any of the pre- 
cediiig forms may in some cases, by a proper substitution, be 
tihahged into an equsil fluxion that wiH appear under one or 
more of theni^ and thus the fluent may be discovered. The 

fluxion z z X A +,^ is not immediately comprehended 
under any of the preceding forms when m is a fraction, or any 

negatiye number. But. by supposing x = a + z, orzzrx — a, 

^ . *• . ' ' — 

an4 consequentfy z = x, and z = x — a the proposed flux- 



m ^ 



jofk \s tfwsCormfid v^ .^x X ^ — <> ;. ^^ fluent of which b 
found by raising Xt— fl to the powei of the exponent n, mul- 



M • 



tiplying each term by x ±, and computing the fluent^ each 
product separately by art. 737. 



742. The fluxion a? x x «4:/^^'^'*8 P^posed; suppose 



^z, a«u"+^ -- -^ ^^-- ^- + 1 - 

M+ 1 



€+/^ ==z, and!^c^K; ihen x«==i:^S x 



^* 



=: !_JL, and (by taking the fluxions) m^-l X 



x*j: 
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X x ^ -jrrX X — « X ^« Therefore the fluxion that was 

r '^l 

proposed will be equal to j y a. X z-^e X ^^ == 

^^ X i^ e » consequently the fluent is found by rsdsing 

z — e to the power of the exponent r— ^1, multiplying each 

4erm of this power }>y:.Ji2f, finding the fluent of each prpdnct 
separately by art. 737^ and dividing the sum .of these fluents by 

n/^. This fluent is assignable in finite terms when r or ZjLI 

«s an integer (unless / be of such a value as to give occasion to 
the exception mentioned above at the ^id of art. 7d7)> and will 
consist of as many terms as there are units in r; because this is 
the munber of terms in the power of z — f of the exponent r — 1 . 

J?or exfoople^ th^ fluent of x^jt x ^4:/^ ^ assignable in alge- 
braic tenm equal in number tp m'\'l, when m ia any integer 
and positive number; for in this case n=:l and r=:i7» + I. 

5Tie fluent of a^'x X'+Z^* ' ^ assignafote in finite terms when 
m is any odd positive number; because in this case n=£j and 

r =.--;^ = "r2~ which is an integer when w is an odd posi- 
tive number. The fluxion od^x Vex +/** = x* i X 
\ ^f} ; and consequently the fluent is assignable when nt -|- £. 
ft an integer positive riumbcr, that is when m is equal to any 
fraction of this series — -, -, -., -, &c. The fluent of xx \ 



2'2'2'S 



h 
X « +/^ * I is assignable in finite terms when 5 -)- 1 is any mul- 

tiple of A:^ for in this case r (or 1 4" 1 divided by i ) is equal 
TO Lti, and iff an integer When ^+ 1 is a multiple of ft. ' 

: • 

'^ ' 74S. The 
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743. The same ' flftxion a? . i^X e +/* ' (ijiukipl/mf 

' il nil I / 

the first part x'" i by / , and dividing the, other part e+fx 
by the same /', by which their . product biibtlaUered) isek^ 

pressed by Jrr"^*'x ^a:"'-^/ . As the value of .^,t§l{QnAQm *9 
first expression was ^ti/ sd its* Value compttted froni th*^- 

cond expression is^r!r^' > Therefore the fluent is assignable 
in a finite number of algebraic terms, not only when 2X. is an 

integer and positive number, but likewise when^!!-;;;^^ is such 

a number. Thus the fluent of ar X «+/* isassignablein 

SL finite number of terms when k is integer and positive, whatever 
number be represented by n ; For in this case ot=o, Izz-^k — ^ 



n 



744. WheQ the differepcp or sum o^lwo fluents is invariable, 
their fluxions are equal, as we observed in art. 735. And hence 
when the same fluxion is represented by two different expres- 
irions, as in the two preceding articles, there may be some dif- 
ference betwixt the fluepts^that are^4§riv(wi frqpi them Ijy the 
preceding rules ; but by the addition of sulostrjaction of an in va- 
liable quantity, they will be found to agree with one another. 

Thus, for example, the fluent of x X ^1""^ is (by art. 737) 
f- X ^ + ^ = -— . The same fluxion is equal to a? x X 



iC 



a+x 



w-p -J- * , and the fluent of this fluxion (by the sam^^ ar- 

ticle) i9i — ■ ^ -^ — -i .— — = = :S — .^ 

— ax X oy^^x +1 

— The latter fluent vanishes when X vanishes. The 

aXA+^ 
former ;ar> hy adding the invariable quantity K, becomes 

K + 
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K +3; 5 f^^ ^^^ sapfpose this fluent to vanish when x va- 
nishes^ K + jqs = 0, K = — -, and the fluent will be 

-;+^^ = ' Tx^ =1 "TT^^' ^^^^^ coincides with 
the latter fluent. 

7^. VII. When a fluent cannot be represented accurately 
in algebraic terms^ it is then to be expressed by a converging 
series^ or by a more simple fluent that is already known. In di- 
vision in the common algebra (and in decimal arithmetic) the 



4Uf 



quotient is often such a series. Let;^ be the fluxion propos- 
ed ; and if we divide a by a jt by the usual method^ we shall 

find the' quotient or j~ =:i-|-j--j--i^ + -j5- &c. Hence 



flX • . XX m X* X m X^X 



jnr = ^ + "7 + "? — r -^ &c. and the fluent of -^3; 



XX ^ IT* X 



is equal (by finding the fluents of the terms x^ ~ -;jr> &c. 

^% yf% ^ 

^qwxately from art. 737) to the series ar -f gj -[- 5^5 -f- 55 
-}- See. which may be of use for determining the fluent when 
X is very smaU in reject of a ; because^ in that case^ a few 
terms at flie beginning of the series will be nearly equal to the 

value of the whole. This series gives us the logarithm of -^ 

the modulus being supposed equal to a, by art. 731. For if we 

.. . 

suppose S^zzh ^hen f — =:~> by art. 728^ and the fluent 



of ~; is equal to log. z or log. -22, or to — log. a — x'^ 

n/g J^ x^ x^ 

746. In the same manner —7— = 1 — 3* +3" — ir 

' ■ •• • • « 

&c. and the fluent of — -. is the fluent of r — -jr +-r 



r^ Tf &c. that.is (bjr wt. 737); ^ — |j? + 0; ^"^ 7? ^^* ^ 
cause the fluxion of the a^ch is to the fluxion pf its tangent in 
the duplicate ratio of the radius to .the. ^ecant^hyATt- 195), \i 
fidlp\y;s that if the radius be a, the tangent ;r^ and.con^uent]^ 

the secant equal to »/aa +xx, the fluxion of the arch will he 
equal to ~rr^ \ and the ark itself wi}l be expressed by the se- 

ncs ^- ^, + gjf— 7;j5 8cc.or jr X l "^ g? + ij; — to? ?^^- 
This series was given by Mr. James Gregory iow compiMiag 
the arch from its tangent. Qommer, epistoL lf>fl, Dr, Uallof 
has computed the ratio of the circumference of the circle to its 
^ameter from it, by supposing x to be the tangent of an arch 
of 30 gr. in which case the tangent x is to the secant \/aa +jr* 

» * * 

Its 1 to ^, and consequently ar to« as t to VJ-^ foihe^t (h^afeb 
tf 30 gr. is the product cf ^ j&nultiplied hjr the sericjf J -y 

5 + 45 — 759 + 555«ce.«ndjfliewh<^<ircttm|eitnc^^ 
diameter as 4/12 multiplied by this series to unit. T'his serieji 
may be represented by 1 - ^i^ + Jj^- ^,^ ^^, ^ 

7- — --r &c. that the law of its continuation mat appeat.' • 

747. In like manna*, when the roots pf powers a;e' Extract- 
ed by the usual rules in algebra, the root is ^ften expressed 

ty a series of this kind. Tjcx^r./Vsa^-^x ;c: ^ t- £"-^5^ -^ 



• • • 

&o. Thertfore the fluent -of. « VSSilw i«.(J^^ a«t.,737) aj -^ 

* * * * 

5 - :& — d& 7'^ifi^'^- * Af ,^'f'CA**)« '^'''•^ <>f *!>« «"-cle 

be cepresented by /i^ upon which CP(/!g. 29.8) be taken fipm the 

centre C equal to x, CB and PM perp^ndiealar to CA queet^ 

VOL.11. O circle 



194 <y 'Ae (lamtMithod of FRixioks. Book t[« 

<cyir^Ie in BeQ^ M; theft the area CBMP will be expre$se4.by 
this series; ifor PM == aa-xx, the fluxion of the ar^a CBM? 

(art. 107) equal to PM x x := x '</ aa^-*»^ and consequently 
j^ke area CBMP equal to the fluent. Let MN be perpendicu- 
i^.to CB in N, and the area BMN = CBMP — CP x PM 

= CBMP — X •iii:;^ = «* — ^ — S^i ~ tn^ ^^• 

— ox + 5;j + g^ + jg^U &c. = 5^ + io^ + ssr$ **=• 

748. Because the fluxion of the arch BM is to jp the fluxion 
of its sine MN or CP, as CB to PM, that is, as a to »/'^^:r;^ 



ax ^^ sx\/aa^xx 

a* — XX 



the fluxion of BM is expressed by 

' Vtm-^xx 

,f. . .. ._ 

;(diyiding the series which expresses '/aa-^xx by aa — xx) x + 
2^ + ^' + j^ + &c. consequently the arch BM is equal 

\oi + 1?+ 5)^7 + nS5^c-/« ^ + _ X — + 



?iK» V ei5 xi5i X ^ 4. 8ce. where A lepresenU the first 

term , x, B the second term j-» , C the third term, and so on. 

It U useful to represent a series in this manner, that it may be 
^a^ily cqotiaued to any number of terms, and the fluent c6m« 
nuted to any degree of exactness that may be required. Let 
the arch NS described from the centre C meet CM in S, and 
KS will be to BM as CN to CB, that is as A/aa-^x to a; con- 
'sequently, if the series which expresses BM be multiplied by 

the series which cxpiesses J^j^:!f, viz. J -. fl_^_ 



*3 2*5 S:r7 



gy, &c, the product X ~ jj5 -^ j^^ j_. &c. will 

Vepresent th^ art NS. Therefore MNt^NS :;: 53 + pg-^ 

4 5fL Jpc. And the wa BMN is to CB x mnTSis as 



x\ 

34 
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si + T5? + mTs &c- to 5:^ + IS? + 15S2 *«' ®' " 



1 + fe + Sr &«• *<> 1 + £ + & &«'• 1^« »«« 

by substituting j- instead of - coincides with that which was 
given in article 655, without a proof, as the ratio (Jig^ S94) 

of the segment FCO to CD x CF— CS. 

748. Sir Isaac Newton's binomial theorem is of excellent 
use for extracting the roots of powers, or reducing a quantity to 
a series of this kind ; and, having made no use of this theorem iu 
demonstrating the rules in the direct method of fluxions, we 
may the rather give an investigation of it from art. 727. Let it 

be required to find l + x , where n may represent any integer, 
number, or fraction, whether it be positive or negative. It is 
evident, from what is shown in the common algebra concern* 
ing powers jand their roots, that the first term of any power of 
l-|-<r is 1, and that the subsequent terms involve x, x^, x^, x*. 

Sic. with invariable coefEeients. Suppose, therefore, l+x S: 
1 + Ax + Bx* + Car' + Dx* + &c. where A, B, C, D, &c. 
represent any such coefficients. By finding the fluxiODsX^^ 

727) nx X 1+x*^* = Ax + «Bxx + sCxV + 4Dx»x + 
&c. and, dividing by nx, we have i^^ =:---)• -^ 

"^ -~- 4- -^ + 8cc. Andsincethis equation- mbst be 

trpe, whatever the valiie of x may be, it follow^ by supposing 

X = o (or because the fim term of 1 + x ^ must be 1);^ that 

' - = 1, and A = n. By taking the fluxion of the last equation. 



»— 5 • Shjf ^C**' . 1SD*«* 



n— 1 X l+x X X = — + --— + — — + 8ce. 
and dividing by n — 1 x x> we have 7+x =: ^ ^ ,, > a, 

2 JP*^ 
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' ' >■ +^ -^^7 + '&c. aiad by supposing jr =r a (or bcciifuse 
the first t^nn'bf ttmr power of 1 + x must be l\ ---=: = 1 

or B = » X -J"' By taking the fluxions again, we find n-T x 

' . nxn — 1 «X«— 1 

; ^^^'^ + ■ J^'^, + &c. so that ^^ ■ = 

„Xn-^l'xn^ , «X«— lX«— 2 «X»— lX»— 2 

1, or C =; « X ^ X ^> ^^^ ^ o"'*. Therefore i-j-x** 
:ii 1 ^ n^ + w X ^ X x^ + n X 2zi X —^ X .r^ + &c. 






X fl^ = (by substitut- 



in^ - {drx)a + -^ + n X -^ X --j- + « x - j- 

+ :» X ~ X.^ x.fl"~^*' + &c, which is the binomial 

theorem. 

- tj . - - 

, 74^. la the same manner if we suppose a-^-Bx+cxx-^dxt &c« 
r::. A # ^a? + Car* +-Di^ 8cc. by supposhig x zz o, we'have 

A:£=a . P)r t^kipg the fluxions, and dividing by x, we shall find 

■ n 1 '• ^ 

a + bx + cxx &c, X nb + ^cx + 3ndy* &c. = B + 
SCjp + SDx* + 8cc. and by supposing x = o, we have B =: 

na b. By taking the fluxions again, dividing by 2i, and then 
supposing X = 0, we shall find G = « X •— - x a* bb "^ 

na''^ c. And by proceeding iji the same manner, we may in- 
vestigate the otiier coefficients D, E, &c. in Mr. De Moivre's 
theorem for raising a multinomial to any power of the index //. 

Of 



r 
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Of this the reader will find afuller account U th^ P4i/e)«opAk. 
Trans, n. 230, oxMmtlAmlyt. p. 87- There.^re several other 
methods by which these theorems are' investigate*, but we have 
described that which is hnmediaAely suggested by thp methcid 
of fluxions, and will' be of u^ efterwarcis in other enqwiriea. ^ 

750. When any jftuxion iP is propK^ed, andrP is'aiiy qtaiff 
tity that can be expressed by any powers of x ^d invariiabj^ 
quantities, the value of P caii be reserved ipto a series' hy these 
theorems ; and each term being multiplied by i, the fluent of 
.each may be found separately by att. 737> suoh J^eepted as are 

of the same form with ^Aix^^. Thus to find the fluent of or'^a: :K 

.-. ■ • • . I 

e 4-/i^ , it is first transformed by supposing z =z e ^ /x» 



^0 • . * • • • , . I I 



ZZ^ 



into ^ X i^^^^3^^ (as iw atife. 742) :*: (by U^ binomial theo- 



»J 



1 \\ t, ' \ , I'^i in i*. |0 



rem)— x -z''" --^'r^ >< ^ "^-^^ ^^1^ €e-*e. 

consequently the fluent is the product of —multiplied by L_ 

1 7-1-r— 1 r — 1 f^-2 ' /+r— S* „ 

_..^^^ x.'+' e+--j- Xjp^, xz ee&c. 

which (by restoring c +/a«fbr j:,^T4)8dsipgr /.^ir =,^, and 

1 1 1^+1 P 

rn n =.p) will be fpund equal to ~- x e +/r» x — 

»^l V i^ + ^^ X '-5._!:zl X l^&o. whereAre- 

oresents the first tenn, B the second, C the third, and so on. 
This series wasgiven long ago by Sir Isaac Net&ton, Com- 
ber. ephtoL And in his Treatise of Quadratures he has sliown 
how- to assign the fluent of IV jn .a aeries, when J? is the product 
of a + 6*" + CI*" &c. multiphed by >, and by any multi- 
nomial e -f'/i" '.+ ga*" + A^» &c. raised to a power of aay 
(exponent /,- or when P is equal ^o the product^f those quanti- 



^ 
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ties mnhipSied by k + 1 1« + mx^ 8bc. raised to a power of 
sny exponent A:. De quadrat, curvar. prop. 5 & 6. 

75 L The following theorem is Ukewiae of great use in this 
doctrine/ Suppose thaty is any quantity that can be expressed 
by a series of this form A + Bz + C«* + Dz* + &c. where 
Aj B, C^ flee, represent invariable coefficients as usual, any of 
which may be suiqiosed to vanish. When z vanishes, let E be 

the value of ^, and let % % t^, &c. be then the respective 

values of Jfj^iy, fltc. z being supposed to flow uniformly^ 

• • • 

Then V = E + -ri + r + ; r + : — r- + 

&c. the law of the continuation of which series is manifest : for 
since y = A + Bz + Cz* .+ Dz' + tLc. it follows that 
when z =: 0, A is equal toy; but (by the supposition) £ is then 

equal toy,* consequently A = E. By taking the fluxions, and 

• 

dividing by zii =.B + «Cz + SDz* + &c. and when 
z =: o> B isequal to ^ f that is to * • By taking the flujcioss 

again, and dividing by z (which is supposed invariable) * = 

fiC + 6Dz + 8cc. let z 2= o^ and substituting E fory,- = 

2C, or C = -?-. By taking the fluxions again, and dividing by 

z,J!^zz6D + &c. and by supposing z == o, we have D =: -r-. 
Thus it appears thaty = A + Bz + CzV+ Dz' + &c, = 

E + -r- + ^ + ^ + ■"" r- + 8cc. This pro- 

X 1X3»* 1X2X3x5 : 1X3X3^X4**. *^ 

position may be likewise deduced from the binomial theorem. 

Let 



Let IXDcfigJUSj^, the ordinate of the figure FDMat^j, be equal 
td E, BP afc z] JPM == y, and this series wiU s^rve for resdlvfng* 
the value of PM^ ory (some particular cases being excepted, 

•/*•'-•* :. -"^ ,- 

as when any of the coefficients E^ t-* t-> &c. become infi-^ 



nite)j into a series, not only in such cases as were described in 
the preceding articles, but likewise when the relation of y aliH^ 
' z is determined by an aifected equation, and in many cases 
when their relation is determined by a fiuxional equation. TIm8> 
.theorem was given by Dr. Taylor, method, increm. By sup* 
posing the fluxion of jj to be represented by BP, pra; = z^ we 






havey,= E + E + *^ + '^ + 5j+ 8cc, (as was obsenr*- 

ed in art. ^55); and hence it appears at what rate the fluxioq 
of y of each order contributes to produce the increment or de- 

' V • . 

• • • • • • 

crement ofy, siiicey — E = fi Hi? 2 + f^ +'if + &c. If 
Bp be taken on the othear side 6f B dqual to BP, then pm =r A 

— • Baf + Cz* — Dz^ + &C4 = (the same quantities being re* 

• •• 

presented by r * — > &c. as before, or the base being supposed 



I to flow the same way) E — tt + ; — t\ — — ^ + 

[ ' .. ' — r- —T &c. consequently PH + *»» ss aE +-21, + 



1X2X^X4* 

' 752. The arta BDMP, or the fluent of yi, is equal to the 
fluent of Ei +'^+ %' + JE^ + -8ti:. that is (be- 

cause while this area is generated by the ordinate PM, the 

Q4 quanti* 



fl^aHtiti^S B> ~ f vf «^^' ^^^ m variable) to .Ez + -~- + 
n '*' T'TTTTTi '^ ^^* wl^i<^h theorem is not materi- 



ally different from Mr. BernovdWs Act. Erud. Lips., 1694. 



Ix^ tb^ sai^m^nertt^ iifea BDmp z^ Ea -^ — :*-* 



— T^-t -r— 

woJ^^ ' Z? *^ ^etei ts siipposed to be the same as in t&« 

former case; iherefore the area PMmp boun<led by the ordi- 
liat^s PM and J^/ny that are at e.<jual distances from BlJ (or E)J 

ofa 6pb6site sid^d, is 2Ez-F- *. 4.-. — ^^' !' 4. &L and 

; r lx2x3«*^lx2X3X4X.ii^ ^^^'-^"'^ 



IS equal to the ,yectangle <?ontained by the base Pp (or ar) ^nd 
*be seriep ? +;r---5i .-f. . . '.^ . j^ + &c, 

. 758.Tbe:8e^forfi(iidiil|;thelwu»berofii^yettlogaflthit 
m^iy be llediiiji^d by the tbcof em in «rtt 7$i; l>t'j:r|spre»eQi 
the logarithm ofy, the modulus being represented by M* and 

since^ = ^ by art. 73 1, it follows that v ri: SL^ v — -^ * 
.y, • M •' J^ M -^ "" M 

- ^^i'^'^ ^# -5 = ^- = 1^^ ana s6 orf. 




Cz^ + Df* + &C.5 anrdtiberefore ]% =:^i =.'zJ^AzzJ^ 



rO 
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M ^ AMjs 4* BM«» + CM;2^ + &c.) i K 4-^ +^ * 
?£ .i|«.^ •{• See. and by comparing the terms of those two 
values of My that involve the same po^yers of z, K = M, AM 
=:lorA = ^,BM = ^orB = 4,CM=|orC = 2.. 

and so on; therefore y=: ^ + U + 5m? + SmT + ^^- ^^ 

l«pponng i=:M,y=:]l4-lti-}4i4 + A: + tfr + &c^ 

== % 7182818> &c. The ratio of this number to unit is that 
which Mr. Catc$ calls the ¥ati6tnodularhy Hi^'moMm being 
always the logarithm of this ratio, in any Iqgarithnfic system. 
Sec art. 175.'* *', '. ' '^ '' * 

• 7541. In the kame planner the sei-ies for finditig the cosine, 
y^^ tjh^ arch is given, isol^^y S?d frp» 4h« thj^orem in art 75 1- 
the arch BM ;=: z, and U& cosine P^l ::; y^^theh because 



y : « : : CP : CM : : V"^^ : «> ,^ = -r^, ^rf- = 



1 - • - • !» 



• •• • • 



^ or J^ = =^» -^ = ;=2i:, Ji. =ra3L'- £.,--11 ~ 'ifi^, 

and so on. When the arch BM vanishes^ or z: = o, PM =3 CB 
r: a ; supposing therefore £ zz a^ substiUite a for j^ in those va* 

lucBof^^y^y^ 8cc. in order to obtain E, E, £, 8cc. and JE. 



^*--tf* E .-« — 1 E E 1 . 



•• 



Theieforey = E+ y + ^ + &c. = a — g- +5-^ 
— gsQ-j- + 8cc. If we suppose BM still equal to %^ but its right 



sine MN now equal to y, the same equation ^ 



!/*" _ g*--:y* 



»- -* 



will express the relation of y to %, and the values oiy,y, 8c c 

will 



% « 
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will be the same as in the former case : bul because Whea BM 
vanishes^ its sine MN likewise vanbhesj we are now to sup* 

pose E = 0, and to substitute o for y in the values of y^ y,y, 

• • • • 
&c. io order to obtain E, £, £, &c.; therefore, in this cas^ 



4- = ~? = 1, E = 0, -^ = 4-* E = 0, 8cc. And^ = 

* — S + ife — 6&« + *'*'• ^^^ «P'«ent th«tongen« 
of the ark z, then (as in art. 746) JL ^ tlillt^ aiid su|^s- 

ing E =1 o (because y vanishes with z), and^ proceeding as 
before; weshaUfindy = z + g. + ^ + igy + 8cc. 

If y represent the secant of the ark %^ . then y *z iiy i/j^^-hu 
I'Ca^ and supposing E = a^ because the secant becomes equal 
to the radius when the ark vanishes, it wil\ be found thaty = 

* + S + 15? + 7^7 + ^^- ^» ^^ **«•« manner ge- 

I • • • ... 

neral theorems are found for the reversion of series, such as 
are given by Sir lutac Newton, Commerc. Epist., in his letter 
of October 1676, towards the end. We now proceed iiltji 
our account of the inverse method of fluxions ; but will h^ve 
occasion to return to the doctrine of series afterwards, and ti> 
show further the use of the theorems in- art. 751 and 762* 



CJnAP* 
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CHAP. III. 

Of the Analogy betwixt circular Arches and Logarithms, 
and of reducing Fluents to these, or to hyperbolic and 
elliptic Arches, or to other Fluents of a more simple 
Form, when they are not assignable in Jimte alge- 
braic Terms. 

755. vv HEN it does not appear that a fluent can be assigned 
in a finite number of algeWaic terms^ we are not, therefore, 
to have recourse immediately to an infinite series. The arches 
of a circle, and hyperbolic areas or logarithms, cannot be 
assigned in algebraic terras, but have been computed with great 
exactness by several methods. By these, with algebraic quan- 
tities, any segments of coziic sections and the arks of a parabo- 
la are easily measured ; and when a fluent can be assigned by 
them, this is conrideied as the second degree of resolution. 
When it does not appear that a fluent can be measured by the 
areas of conic sections, it may however be measured in some 
cases by their ai*ks ; and this may be considered as the third 
degree of resolution. Ifitdoesnotappearthat afluent can be as- 
signed by the arks of any conic sections (the circle included), it 
may however be of some use to assign the fluent by an area or 
ark of some other figure that is easily constructed or described ; 
and it is often important that the proposed fluxion be reduced 
to a proper form, in order that the series for the fluent may not 
be too complex, and that it may not converge at too slow a 
rate. 

756. The rule in art. 737 is of no use to find the fluent of 

x X, or—; for, according to that rule, the fluent is 
== — r— = --— =: (because x rrx =-^2=1)-; 

X 

from which expression no computation of the fluent can be de- 
duced, 
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duced^ and therefore this case was excepted^ By art. 73 \, the 

fluent of J is equal to °|^ - ^ > M behig the modulus, and the 

fluent being supposed to vanish when x is equal to 1^ or to the 
quantity whose logarithm.vanishes. If wc^ suppose x = (i^z, 

then ^t2f rr ^-> and the fluent wiH be found (as in art. 745) 

= **-zr + 3? ± 4? + sSJ ^^- Suppose ;> = ;rr v»<* 

• • • • 

(art. 728) ^ = ^ + ^ 5 consequently the fluent «tf ^ 

or log.p= SM X 1 .+ ^ + £i + ^ + ^ci a9 in art, 

173* In the same maimer other theorems are found for com- 
pating logarithms. 

' 757. The fluent of j b equal to AHI E Cfig.300) the area of the 

equilateral fayperbola^AHbeingperpendicular from thevertexA 
Ei^dEIfrom any pointEto the asymptoteOUinHaadI>8upposr 
ifig OH =: 1 jand 01 = x,0 being the centre of the figure; because 

the ordinate EI = ^^^^2 = L Hence the area AHIE, or 

the sector AOE, is called the hyperbolic logarithm of Ol, or 
EI, the w2odw/t« being supposed equal to A^ x OH or 1 ; and 
such coincide with the logarithms in l^apiers first tables ; 
whereas the tabular logarithms are now equal to these multi- 
plied by the reciprocal of the hyperbolic logarithm of 10, bl^ 
WHS more fully explained in art. 174. If the sector OAK ; 
OAE ::n: 1, and KL be perpendicular to the asymptote in I^ 
then log. OL = ^i X log. OI; and QL: OH :: 0I»; 0H«. 

758. The properties of the circle and ellipse often suggest si- 
milar properties of the hyperbola; and reciprocally the pro- 
|)erties of hyperbolic areas (which are sometimes .more easily 
discovered because of their analogy to the properties of loga- 
rithms described in book 1, chap. 6) are of use for discovering 
the analogous properties of circular and elliptic areas. The 

- "'• 'fol- 



Chap. Iltt dltptic and hyperboUc Sectors. £05 

foUowiog tbeorem serves %o show how grf^at this a^filogy 19, and 
leads us in a brief manner to various general theorems that re* 
late to the multiplication and division of circular sectors or arks. 
I^%0(fig. 300 and 301) be the centre of the ellipse or hyperbola 
AEK^ OA either semi-axis of the ellipse, but thesemi-transv^^e 
«xis in the hyperbola, av the axis perpendicular to OA, OAK k 
seqtor that is the same multiple of the4sector OABin both figures, 
Kk and Bi perpendicular to av in k and b ; suppose OA = a, BA 
= Xy and KA: = z, when the perpendiculars Bfr, Kk are on the 
same side of the axis av with OA (as they always are in the hy- 
perbola); but Bi zz — x^ox KA = — z, when Bi, or Ki, are on 
the other side of av in the ellipse. Then the relation of z to x 
irill be determined by the same equation in both figures. To 
make this appear, let AOB, BOC, COD, DOE, &c. be any 
equal sectors in the hyperbola; and let AOB, BOC, COD, DOE, 
&c^ be likewise any ^qual sectors in the eUipse ; let BA, Cc, Tid, 
Ef, &c. be perpendicular to av in i, c, d, c, &c. in each figure; 
join AC, BD, CE, DF^ &c. intersecting the semidiameters OB, 
OC, OD, OE, &c. in M, N, P, Q, &c. respectively. Because 
the sectors AOB, BOC, COD, DOE, See. are equal, AC, BD, 
CE, DF,&c. ajoe ordinates of the respective semi-diameters OB, 
OC, OD, OE, &c. For the same reason OB is to OM, OCto 
ON, OD te OP, OE to OQ; 8cc. always in the same ratio of 
3b to OA, in the same figure ; as was shown above of the c^Uipse 
(ifUrod.p. 8, <^ ^617)^ and is easily extended to the hyperbo- 
la. Let Mot, Nw, Pjp, Qq, 8Cc. be perpendicular to the diame- 
ter av in each figure in im^ n^p, q, r, 8cc. respectively ; and the 
ratio o(Mm to B6, df N» to Cc, of l^p to Dd, of Qy to Ee, &c. 
will. he always the i^amie as that of B£ to OA. Then because 

AC is bisected in M, Cc + OA n sMw = aB6 x ^=2Bi 

X * • becaftiscBD is bisected in N, DJ + B6 == £N» = sCe 

)< *• In the same manner Ee + Cc =: 2Pp = 2Dd x-; and 

so on : therefore, since in both figures Cc =: £B£ x ~ — OA, 

Drf 
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IM r: SCe X ' — Bft.Ee = ^Di x <: ~ Cc, and so on; it 

appears that the relation of Cc to W), of Di to W), Ei; to B^, 
and> in general^ the relation of Kk to B6 (the sector OAK be« 
ingthe same multiple of CAB in both figures)^ will be expressed 
always by the same equation in the ellipse and hyperbola, 
the perpendiculars W> and KA; being on the same side of the di« 
ameter av with OA. But if the perpendicular I^Cfor example) 
stand. in the ellipse on the other side of av, then — ]^ will be 
determined from B6 and OAin the ellipse by an equation of the 
same form with that which serves for determining + ^fftoxa 
Bft and OA in the hyperbola; for in this case we find in the ellipse 

Drf— F/=2Q} = 2Ei? x^,or — ]^.=;2Ec x'— Di^aiid 



in the hyperbola + Ff = SEf x Drf. In the same manner 

in the ellipse — Gg = — gp/x j— E<j,but + Ggzz^Yfx 

- — Ec in the hyperbola; whence — P/i -^ Gg, &c, are deter- 
mined in the ellipse by the same equation as 4- Vf, «f Gg, &c. 
in the hyperbola : and in general it appears that HF lUc or x 
is always determined from 7 Hb, or x, and OA, or a, in both 
figures by the same equation. 

759. In the equilateral hyperbola, let BS and KT (fig-SOO) be 
perpendicular to the transverse axis in S and T^ VBand LK per- 
pendicular to the asymptote meet the same axis in X and Z ; 
let the sector OAK*: OAB : :n : 1, OX z: y, Bb or OS = x, 
and Kk or OT zz z ba before : then by the common property 
of this hyperbola, BS* = OS* — OA*, that is BS = •^S-rST 
andOX(=:y) == OS + SX =: OS + BS = ar + yS^IS^ in 
the same manner KT' = ^1IZ;S:, OZ = OT + TZ =: OT 
4> TK z^ t^ Vvak-^a. Because the sector AOK : AOB : : 
II : 1, it follows (art, 757), that OV» : 0H« ( : : OX« : 6A« ) 
; : OL : OH : : OZ : OA; that is, j^ ; a« : : z + ^1^^ : a^ 

or 
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or z + ^iSTTZ =: "fe?? because y = x + \/«x— «a> 
=: xjr— aop or yy—fixy -f oa =: o; and because z + \/i 



ss ^«~j it follows thaty*" — 2<i»— • zy* + a*" = o. Hence 

l&e lebiion of z to x is found in the hyperbola by comparing 
the two equations y***- 2za»— * y» + a*« == o, and yy — 2xy + uui 
=: 0^ and exterminating y. Therefore, by the last art. (fig. 
SOI), if the sector OAK be to OAB in the circle as n to 1, or 
the ark AK sax AB, then the relation of 4! Kk (the cosine 
of the ark AK) to !f B^ (the cosine of AB) will be determin- 
ed by sujpposing !p KA: p: z, !f Bb^^x, OA =: a, and extermi- 
nating y from the two equations y*« — iJrn'*— * y» + <i*» = 
o, and yy — %ry+aa =: ; of which theorem Mr, De Moivrc 
bas made excellent use for resolving a trinomial of the form 
Jf*" — 2zy*+ 1 into quadratic trinomials {MitctL Analyt. lib. 1), 
as we shall see afterwards. 

760. Produce SB and TK (fig.SOO), till they meet the asymp. 
tote in 5 and /, and K^ : OA : : Bs« : OA« ; that is 



>ff 



Z — ^m-^aa I Oil JT — */ xx-^aa : ^^ >* COnSCquentlj 



jK-— ^fls»— tftf ^il X 



n 
^''—''v XX ■—- aa 



Therefore since ar + • 



JP+ ^ XX — aa 

;=ax :: 



9 it follows (by adding those equations) 



— » 



that 5: = 5" -x ■' ■ ^^ ' ■ - 5 which (by the 

binomial theorem) is equal to -jj-j multiplied by x» + » x ^— 

x x»-* X ;;7rv;j + «x ~- x ^~-x^~xjr»— ♦x;;r:rs? 

-1- &c. Or, the radius a being supposed equal to unit, raise 
^ff 1 to the power of the exponent n, multiply the terms taken 

alter- 



fl08 . QT^ Amlogtf. bawist * Bool; flf; 

alternately, beginning with the first a:« by 1, xx — 1, 

jfx — 1, XX — 1, &c. respectively, an3 tbe sum of the pro* 
ducts will be equal to • z. Hence if 06 the sine of the ark AB 
(/fg.aoi)berepreseirte(l by.^,or uu;=:aa — xx, then K&oc2 will ^ 

equal to theproductof j multipliedby 1— » X — — - x-rr4t 

n x~ X ^ X I^ X ^— &iC. Itisevidentfromwbatbasbeea 

Aowa that x x VIT:^ = a X ,. ■Y.^'V^i ftwi «« *4r 

=:Mr7^r+¥=;?;^^. Let'O* (the sine of t^m 
«rk AK) = S, or SS =: aa — ^^ z= (by substituting the wiimtn 



— •« 



oi z) gg^ — ^+ v^^^~^ -0^— •^x-gg oonsegmmdy 



S = g^sTi : X V-1 which (by ^e 

IttBomial theorem) is equal to -^^ multiplied by >«•»—' u 

Cv 

— » X ^- X "i^ X ^""^*«' + &c; The series given by 
&r Isaac Newton fov finding ttie ^ine of the ark AK fi-om 
the sine of AB, may be derived from this theorem, or from 

article 751. . 

•7S1. LetArandARC/Jflf.SOOandSOl), the fangents of the hy- 
perbola or circle at A intercepted by the semidiameters OB and 
OK>b!trepresenledby^andT; andbecauseBfi :06: :0A: Ar,wie 

find iathe hyperbola X = ,— j:-:: andv^yjf>^<M= -7=1 but m 

the circle x=..-r.^= and v;;;=:S = 4==-* By sub&titui- 

ing these values for xand i/T^T:^, and similar values^r* 

imd V^-^a in the first equation in art ?59> t + VS^-^ 2= 

ax 



I 
f 
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a X — — — 



, which was shown to be common to both 



figures we have in the hyperbola ■ '''^'^ = " "^^ 1 , or (be 



cause ^:|::=-. s ^ 



tffl— TT •*• fl-.T/ a^T ai-t 



, ahd T = a x 



fl + f_g— ^ ^^^ jj^ tije ^jy^lg fl+T^«4 _ a + t^/Z:i 



«?7'*+ai^» •^a + TT • oa 4."// 

or 



andT = «x^±^=iF^^^ 



a— lV=i' ^-^^•:=i 

«tf»U.« ^_„x 2rlx 2Z2 X a'^f^+fcc. 

= (by art, 748) a x i * 

O"— n X ~- x" <r«-* ^ * + &c. 

This theorem was given by Mr. BemouilU, Act. Lips. 1712. 

76£. The same theoreind are immediately deduced from the 
inverse method of fluxions^ by representing circular arksasima* 
ginaiy logarithms ; for in thisinanner an analdgy is {^served in 
the expressions of the fluents^ as near as possible to that which is 
Betwixt their fluiHons, or betwixt the equations of the circle 
and hyperbola; The fluxion of the hyperbolic sector OAB is 
to the fluxion of the triangle OAr (or | J ) as BS* to Ar*^, 
or as OS* (= OA* + BS*) to 0A\ and conseque^ly as OA* 

to O A* — Ar*, that is, as aa to aa— tl; and is expressed by 

• 

S""^ X ^^jr; the' flrtxion of OAK is in the sa'me manner 
f « T X s:^!?^ Therefore ante OABf = n x OAB^ we have 

;Sf = S?« ®y supposing J> = « X ^, we have (art. 
VOL. II. P *vm 
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same manner, by Bupposing qpiax j^^^ the fluxion "" 



tf«-TT 



, • • • • 

= g; consequently ^ = ^> f = Y' *"<* (*^- ^^^^ i* = 

j>» X K where K is invariable, or tf x ~f = a"K x ^1 or 

'(because* T and Evanish together, and a»K =: a) — ^ =: 

9 as ill the last article. 



763. In the same manner the fluxion of the circular ark AB, 

aat , ^ '^ % a-ft^— 1 . ^ 
VIZ. (art. 746), by supposing J? =: ax — , is trans- 

'fbnned into ^ T ? because (art. 728) ^ = ^ , > 7— + 

2pv^— I p a + ^/-.i 

■ • ■' ^ .,.j = = — — r-rr • Therefore the circular ark is equal to 
the fluent of —-^z=:> and is expressed by ^i. ■ x log.p.= 

' >v ^>^ X log.tf X Z. ? where thevahie of j^is ima^na- 

ly, and IS so far compensated by the imaginary symbol M i/^, 
that the whole compound expression maybe supposed to denote 
the circular ark ; as such imaginary symbols compensate each 
Other in the expressions of the real roots oi cubic and higher 
equations. 'I^e art. 699. In the same manner the fluxion of the 

1 AT/- ^^T , ' . _ a+T\/ZT 

Circular AK, or ^^qj-Yjr> by sppposmgy = a x. ^_^ ^, > 

16 transformed into ^; and since j^^f =£???» ^^^^^' 

Jowsthat2 = 22, flf=:«»x K,or« X ^7ZL =g^'K X 

y p a— Tv'—i 



<'+/'•— 



« '" 



f— ^V^ 



y or (because T and t vanish together, and conse- 



^uentlyanK = a)^^^^-^ = a~^^ J ^^^^^' ^61, 

* • 



764. la 



4 



I ' 



I M 
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^64. In like manner^ supposing^ as above^ OA == a^ B&rr x, 

Kk zz z, the fluxion of the ark AB (art. 747) is " ^^ j and 



the fluxion of AK is - **^ - ^ These fluxions are trans-. 
formed; by supposing p =c x 4" a/xx -* aa^ and q:^ z+ \/w^I3 
(by art, 728) into -—= and -^!2-_ Therefore since AK 

= n X AB, I r: ^j J == |?»» x K, or ;? + VSISS = 
:v4- VxiT^M^ xK =: (because when B6 or X !r a,then;t = «> 
and. consequently a = a«K) a . x JLJ—^lIIlf? ^ as we 

fbUnd in art. 75&. And supposing y =± a? + Vxx-^oa^ 
the relation of z tox will be determined by ' exterminating y 
from the equations y^ — ^ 9M*^^ y" + d^ + o, and y* — 
1i;rjr + a*.= o, as we demonstrated in art. 759j without mak* 
itig use of the imaginary sign, by showing that the relation of 
a^ to^x must be determined by the same equations in the circle 
and hyperbola. 

iGS.'Liti (/ig. 302) the circuitifereface of the circle tercipfesent- 
cdby C, the radiud OAby l, thearkAKby A, and c6iisequently 

jy^ by ^« liet the circumference be divided into as many 

^balparts (beginining from the point B) BC, CD, BE, EF, 

PG,OB, as there are traits in n ; then AB = ^, AG = B(J— 

AB = ^4 AC =: AB + BC = ^, AF =i ^Szt^ 

AD = ^S±L and AE s 2^. The cosine Kk ot the 

ark AK being represented hyq^z, as before^ let the» cosines 
of those several arks AB, AG> AC, AF, AD, AE, &c. he repre- 
sented by nf^i, qpi, tfc, Zfd, zf€, ^f, &c* respectively, where 
the sign of each cosine is supposed positive or negi^tive acoord- 

P 2 ing 



I *» 






ViZ^ QfresqlvmgTmom^ /fbdhJij^ 

ipg as i t is on.the sitme side of the diam^t^i jfl% wjitli. O^ Qt npt* 
Then because those arks are in the same ratio of 1 to hl to the se^. 
vcral arks A, C— A, C+A, SC— A, 2C+A, sC— A, SC+A, 
fcc. which have all the same cosine Kk^lft; the several, 
relations o( z to a, x to b, z UiCp z to d, &c. are found by 
<;pmparing successively the eguatipn yj» -^ ftj^ «|ti 1. 22 a>- 
fjrith the several quadratic equations yy — 2ay^ + 1 = o,yy — - 
2by + 1 :;= b,^ — 2cy + 1 = o,yy — Qdy + I ^ o, &c. and 
always exterminating y. From which it follows, that the trinon, 
Blialsyy — Say + ^,yy — tby + i,jiy— 2cy +« l,j^ — 2rfj^ 
+ l^ &C. are divisors ofy^ — ^txy^. -fc. 1, or this last is eqnai' 
to the product of those trinomials. 
' 766. Upon OA take OP to represent y, join PB, PC, PD, 

PE^ftc. andPB* = 0A» + B6+OP* = 0*» + B6^ +.2B61 
X OP + OP^ = 1 — £iiy + yy. lo the same manner BGb* a. 
L. — fifty +yy,.PC*= 1 — 2(y + yy> &C'5 consequently PJWi 
X P<?* X PC* xPP kPDVx.&c. =y*»--a«y~ + l s=y!*> 
J^jSKjAxy*, +.1., Letthe,arfcAK or A faeinpv suppoav^t 

equal to tlie whole circumference C; -then (^g. 503) BA = --'*=: j." 

= B G, and G coincides with A- Iq thisqaee the; point. KifdJIpjQa 
thepointA,+ z = Kft = OA = 1 ; apd PB* x PA* X P,C* K Pi)f, 
X &c. — y^ — 2y« + 1; andPB X PA X PC X PD X &p^ 
= ^-— 1 or 1 — y". From which it follows/ that if: the cir-* 
C))iQfe|renc^,be divided into 4tStmanyequal parts, at A^ B^ C> IV» 
&c. as there are units in n, upon O^ (2=. l),you, take OP ^=^y^ 
and froqi P draw right lines to the other points B, C, D, £, F^i 
£(c.; then the pmductpf all ^hoseright lin^ PA x PP ^ PC • ^'^ 
PD X &q. will be equal to y« — l^or. 1 ■ — ^,y*, that is, to pj?»! 
'^ 0A», or 0A« — OP», according as OP is greater or less than 
OA; which coincides with the first part i)f the elegant theorem 
invented 'by Mr. C(^e^y and described by Dr. Smith, Harmon^ 
Mensurar. p.- 1 14. Let the semidiameter AO' produced meet 
the circle in* a,, and if n be an even number, one 6f the points 
wherein the circumference is supposed to be divided win fall 

on 
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'tb a; donsbqtientiy the divlsoifs of 1 -^ y* wiH be theTeclangjle 
iAPa With the squares of the right lines PB> PC, 8cc. thatareon 
«ne side of Aa; but if n be an ckld number^ PA (or 1 — y) wiU 
-belismiple di visor of l — tf^,«ad the samesquai'esof PB>PC, 8cp. 
"mil be its other divisors. Suppose now the ark AK eqaal to the 

A C 

demi-circumferetice, or to JC C^g.SOS); then BA = - = -r- ii 

I BG; and in this case K falls upon a, Kk, or Oa, =: -— z =: 1^ 
or 2: = — 1 . From which it appears, that if the circumference 
be divided at B, C, D^ E, &c. into as many equal parts as 
there are units in n, and one of those parts BG being bisected 
in A,you join OA, and take OPupoja it to represent^, thenfrom 
P draw the right lines PB, PC, PD, PE, 8cc. to the several di- 
visions of the circumference ; the product of the squares of all 
those lines PB* x PC* X PD* X PE* x &c. will be equal to 
y^ xary« + 1; and consequently tB X PC X PD X Pfe X &c. 
= 1 •!• y« =: O A" + OP" ; which coincides with the latter 
part of Mr. Cotes^s theorem. When n is an even number, the 
same product is that of the squares of the several right lines 
PB, PC, &c. that are on the same side of the diameter Aa^ 
which are therefore the quadratic divisors of 1 + y* in this 
case ; but when n is an odd number, one of the divisions of th4 
circumference falls upon a; and the same squares with Pa, or 
1 +y,arethedivisorsofl+y». BysupposingAKC%.304) equal 
to a quadrant of the circle, or to ^ C, or js = 0, it will appear 
that the circumference being divided as before, if the ark BA 
be taken upon BG equal to | BG, and upon OA you take 01^ 
=zy, then PB* X PC* X PD* X &c. = 1 + y* = OA** 
+ 0P*». The reader will find this subject treated in ^ diflfer- 
ent manner, Epist. adamicum de Cotesii inventis, 1729. 

767- In general, the circumference being divided into 
tbesamenumberof equal parts,letP (figJSOO) be any pointinthe 
plane of iht circle, let OP tn^et the circtitnference in A^ 
take the ark AK =: n X AB, and upon OA take OQ : 

P3 OP 



j 



•i 
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OP ! : 0P»-1 : Ok^\ join QK; and PB* X PC* x PD* 
X PE* X &c. = QK* X OA*«— *; because Kik being sup- 
posed equal to + z, ox — z (according as Kft is on the same 
side of at with OA^ or on a different side), then QK* = 1 — 
Itz X OQ + OQ* =5 1--— £zy» + y^. In this manner Mr. 
Cotes'% theorem was rendered more general by Mr. De Moivre. 
Hence several other propositions relating to the circle may be 
briefly derived. By supposing OP to concide with OA, it ap- 
pearslhattheproductofthechords AB X AC x AD X AE x &c. 
= AK X OA"— *. For in this case OA, OP, and OQ, being 
equal, AB* X AC* x AD* x AE* x &c. = AK* xOA*«~*,and 
AB X AC X AD X fcc. = AK x OA'*— " ; which is demonstrated 
in ^different manner. Hospital, sect, coni^.lib. lO,theor. 1 andS. 
768. The quadratic divisors of a trinomial may be likewise 
discovered from the common algebra. To resolve a quantity 
as y*» — ?zy" + 1 into its divisors, is a problem equivalent 
to the resolution of the equation y*» — Qzy^ + 1 = o. By 
proceeding asisusualinthe resolution of quadratic equations,y*» 
— 2z2/^ + zz = zz — l,y» — ;? = zf Vll^ ; and the di- 
visors are y^ — jr + V'ja— i, and y* — z — \/«»— i, the pro- 
duct of which is y*» — 2zy* + 1. When z is less than 1, 
V»»-ri is imaginary, and those divisors involve imaginary ex- 
pressions. Butwearenotthencetoconcludethatotherdivisors 
cannot be assigned in this case, whichmay involve real quantities 
only. It is obvious that^ZU X ]|IIJ X j?II7 x^II5 may be resolv- 
ed into several different pairsof quadratic divisors, asinto^Z^ x 
^HJ, andJH^ x ^^Hrf, or in to JZ^ x J^Z^T, and JZJ x 3^; and 
though the first two may involve the imaginary symbol, the 
latter may involve no quantities but such as are real. Thus sup- 
posing^* — 2zy* + 1 = 0, we havey* =: z + v'^IZT or z — 
T; and the four simple divisors (by extracting the square 



rpot; again) are in this casey fV2+ •m— l, y — l/?+v^S5^ 

4^ + 
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y + i/z-^v'n^j and y — i/^^VHST The product of tha 
first and second gives yy — z — vTz^ ; and the product of the 
third and fourth gives yy — z+\^7z^, the same intermediate 
. divisors from which the simple divisors were derived ; both of 
which involve an imaginary quantity w henzislessthan 1, Butthe 

product of the first and third gives yy+ v^z+\/^i^+ "^t- V'zTT 

X y + I zz (because the square of \^z+v^7^^+ v/x— \/II— T 

is z + i/ii^ + a + z — V'^T^ = 2z + 2) yy + ^/ 1^2 

X y + 1, or yy — ^22+2 X y + 1 ; hnd the product of the third 
an d fourth agrees with these* Thus we find y* -7- 2zy* + 1 

= yy + V^2a+2 X y + 1 X yy — v^22+2 xy + 1. And these 
divisors may involve no imaginary quantity^ though zbe supposed 
negative^ and less than unit. By continuing the resolution till 
we have the simple divisors> and then compounding those di* 
visors together variously,quadraticdiviaorsmay be formed in this 
manner^ some of which will have all their coefficients real when 
z is greater than unit^ and others when z is less than unit ; and 
we are not to conclude that no real quadratic divisors can be 
assigned, because those of One combination are imaginary. The 
latter quadratic divisors are likewise found by resolving the 
equation y* — 2zy*+ 1 =0 in a manner somewhat different from 
the usual way of proceeding ; for since y* + l = 2zy% com- 
plete the square on the first side of the equation by adding the 
middle term "+ 2y*, and y* "+* 2y* + 1 = -f- ery* "+ 2y* ; 
consequently by extracting the square root, y* "+! 1 = "If 
'•Sz^ ^ y > *^^ the quadratic divisors are y* — \/22^ Xy +1, 
and y*+ \/2^ xy + 1, as before. By the same method the 

divisors of y*» — 2zy« + 1 arey»» "^ i/^^qps xy^ + 1, which 
may be again resolved in the same manner into divisors of infe- 
rior dimensions; and by a continual bisection of theexpoqent. 
when n is any power of the number % w^e may at length 
find the quadratic divisors. But this last method is ppt appli- 
cable when n is any other number, 

769. Supposing therefore y*»«~ 2zy» + 1 = 0, as before ; 
and consequently y« =: ;? + VilHI or z — -v/zi^i ; then by 

P 4/ evolu- 
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evolution y = l/x+v/»— i or •»— -/S^i; consequently 

n 

two of the simple divisors are y — 4/,^ -v/rs^l and y 



*^i— Vxx— 1 ; and, the quadratic divi sor arising from their mul- 

tipUcation by each other being yy — v^i+V^^ + V^x— •S^i 
^ y + 1> suppose the coefficient of the middle term to be 2Xj 
or this quadratic divisor to be yy — 2xy +1, and 2x = 



^x+^/tt^ + ^z— •n^. By comparing, this equation 
yith that which was deduced in art. 759, it will appe^ that, 
when z is less than 1, if z be the cosine of a circular ark A, 

then X will be the cosine of an ark equal to -, Or if we ^up« 

pose z + v'rx— I = p and z — • w^i = j, and consequently 

9.Z z=: p + q, X zz £-—2!, ^/'J^jpoi zz (because pg == 1) 

J. 1. 
£!!Z12!!, x+ \^Z!^ = i?" and x — v^2Ji^=: J*'; so that 2a =s 

_ n m 

x+^xx i +x — •iJHi, the same equation that we found 
in art. 759, for the cosines ; which, expanded as above, wilj[ 
be found always to agree with those by which the relations of 
the cosines are determined by the common methods. But 
let us now proceed to show, how fluents, or areas, are measured 
by circular arks and logarithms ; and, first, when the ordinates 
are expressed by rational quantities. 

770. Let it be required to assign the fluent of '^^— 2, n being 

any integer positive number. It was shown in art. 709, that if 
yi^— « + y*~"* u + y*—' a* . . . a»— * be multiplied by y — a^ 

the product will be y»» — a". Therefore i-i =: y*— */ + 

«y 
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ay y + (^ y y , . . + i» y —- ; consequent- 
ly the fluent of ^(by art. 737 and 740) is i:!! + SCZ? 



manner^ -r-y a+y^<$* . . , • q:.a = ■ -<» 

Therefore' the fluent of Z£ is £. ^^iUlL + ^^^f . . . 

> 

:f ^ X log.y+«. 

77 1 . Any integer number being represented by n, the fluent 
gf -y 7 . is expressed by a circular ark^ or logarithm (with 

4i]gebraic quantities)^ according as n is an even or odd mim- 
l)er. For it appears^ as in the last article^ that when n is an even 
positive number^ if y*"^ — «*y*-* + o*^— ^ — ay""^ 
.+ &c. be multiplied by y* + a% the product will be y* -r- 
(f*, Ory^ + €^, according as Its is an even or odd number. 

• 

Therefore -^^ ^y^^'^y — ^^jT^y + «V*"^y • • • • 



«.. 



T -Af-5 consequently if A represent the ark whose tangent 
}St equal to y, the radius being equal to a (so that A = 

' ^ -> by art. 744), the fluent of -»tJL. will be equal to 

^^^^.t^ml ...zpo— XA. Wben»isan 

odd aflirmative number^ suppose it equal to i» + 1 ; 9xA, by what 

has 



L 
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has been shown, ^^£ = y'^^'y — jT^^y + Jt^a'^y . . . 

• 
^ —7^ ; the fluent of which (because the fluent of -~- 

is '°g- tl^^) i8^_f^^... + £: X log. •^s^^ 

By supposing y = - , ^jq;;^ is transformed into — jj:^^ x 

-Tjj the fluent of which (by what has been shown) is express- 
ed by a circular ark or logarithm, according as n is an even 
or odd number. By supposing z^a X ^^y the fluxion -—^ 

is transformed into — , by art. 728; consequently the fluent is 

— X loff. a X ^^; and the fluent of -^^ being equal to 

g. vjy-; ^^ -^ easily follows that when n is any integer num* 

ber, the fluent of -~r i* expressed by logarithms and alge- 
braic quantities. 

772. Let ^rr-\ — = Q, and let it be required to find . 

the fluent of 4 . By supposing y + bzz z, and consequently 

y^z,yy + Qiy+aa zzzz^aa — 5i, Q = ^ ^^^^^^ > and the 

fluent Q is expressed by a circular ark, or logarithm, accord- 
ing as a is greater or less than 6, by the last article ; and if 

a zzb the fluent is •!• K, by art. 737. ' The fluxion 

. ^^ . — is transformed into — r-~n> ^Y the same substitu* 

tion ; 
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tion; andthefluentmaybefoundby thelastarticle. Orsupposing 

VZT^Fi^ = «> ^^^^"^^2A^ ^^ ^"1"^^ to ^ , by art 
728, it follows that the fluent of ^^^g^^^^ is ^^ — 6 Q = 



^^g' "^""^t^'^^^^ — fcQ. The fluent of J/. is found ' 

(when « is any integer positive number) by dividing ^» by y^ + 
fifty + aa, and continuing the operation till the remainder beof the 
form Jy + B (where A and B represent invariable coefficients), , 

multiplying each term of the quotient by y, finding the fluent 
jof each product by art. 737, and determining the fluent of 

*A ' + B' V V 

— r bl i ^ 9 by this article. The fluxion ifoA Jl . " *s trans* 

1 . — s?*2* 

/ormed, by supposing y = -, into •yrg^jr^j ^^^d the fluent 

18 fouQd as before. It appears, therefore, that, the ordinate be- 
ing expressed by a fraction, if the denominator be any quadra* 
tic trinomial 1 + 2by + yy, and the numerator consist of term* 
that involve any powers ol y and invariablequantities; and the 
exponents of those powers of y be integers; the fluent may be 
assigned by circular arks or logarithms with algebraic quanti« 
ties. And any flu^^ion Py being proposed, if P can be resolved 

into any number of fractions of this form, the fluent of Py can 

be assigned in like manner. • 

773. What was demonstrated in art. 715 and 7 17, or in 728 

wd 729i is often of use for resolving an brdjnate into such firac- 

tions. For example, as when p = xj/zu X 8lc. it follows, that 
• . • • 

^ = j + «^+^ + &c. so if we resolve 1 + y» (sup- 

posing n to be an even number) into its quadratic divisors 
J — 2ay + yy, 1— 26y +yy, 1 — ^cy + yy, 8cc. according to 

«t. 765, itfpUows, that "^pL = J^H^ + Mp3& 

j + y» 1 — Q>ay+yy l-^oy+yy 



I 
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+ . . ■^~ ^ + &c. aod coDsequeatly "^ . = . ' J^ T ^ 

-04. _!3=:d_) a 4. s^y-g , %-g g-y-g 

+ &c. so that the fluent of , . ^ is equal to v added to the 

1+./'* ^ 

fluents of the several fluxions . ■ ?; — x -. -t — ^~— »r 

^, &c. which are found by the last article. 

774. The same method serves for investigating brietiy th^ 
first four propositions of Mr. De Moivre's MhceL Analyt. lib.l. 
Suppose, flrst^ n to be an even number^ and since 1 4-y*=? 

1— ayr+^y X l~2Ay+yy X \^9cy+s^j X &C. it foUoWS, 

dividing 1 +y^ by y^y and each quadratic divisor by^^ th^ 
i^ = 1— 2fly-" +jr-* X 1—2%-*+ y-* X &c. There- 

fore, as when - = xuzu x &c. ^ — 2.=:*^, Iju 

•• • 

* + &c. (by art. 728), so in this case ?^^ — 2 (= 



or (dividing both sides by-j,;--)^ = --^X— 41 

jl "" + 1 J-g" X > which is the first of those propositions. 

When n is an odd number^ then, besides the quadratic divisors 
of 1 +/» (which, according to art. 766 0ig. 304), are PB% PC*. 

PIM 
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PD*, &c.), there is a simple divisor Pa = 1 +y ; and it appears 

that inthis case j^ =" H^; ^ T^^^^Ts '*' i-%+jy 
+ &c. When n is an even number, the rectangle APa, or. 
l*--^y> is one of the. divisors of 1—^' (by art. 766), and the 
other qiiadratic divisors PB*, PC% PD% &c. being expressedx 
I^ l^^.%iyi^ y^j, Xfr^2by + 53(>.&c- as before> it appears, in 

the sapem^mjpr, that m this case ^^=-^55-+ i^s^^+^y + 

7 ^IT^^ ^ +&C.: and when « is anodd number,PAorl--y being, 
one of the divisors of 1— y (by art. 766), we shall find in the 
same manner that-j-^= ^ + yi^^ + TZSJ;^ "^^ 
&t5. The ordinate — ^ — beine: resolved in this manner into 
fractions with quadratic denominators,^ the area or the fluent of 
-^^^j(andconsequen%o£'^^ when m i^ any integer' 
number) js reduced to ch-cular asks or logarithms with alge^ 

braic quantities, by art. 772/ The ordinate ^e-hfy^+g!^ ^' 
resolved into fractions of *the same kind by this method, when 
jQfis greater than 4egi Iha* is, when the roots of the quadratic 

equation y^» + -^ ,+ L == are real. For supposing those 

ipots to be.-R» and -f»y ore +fj/^+ gy^"* = g x y» + R» 
X y^ + r^, lety^ + R» and y» + r^ be resolved into their 
r^pectiye divisors (art. 766) JRR — 2Ay -fc yy, &c. and rr — 

* n n 

«fly +yy,&c.; and, by what has been shown, Ti^^ — ^nj^y^ 

or 
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^- '^""^ - X n«r = -1. X — + &c. — — X 

22!!i±^ - &C. 

775. When % is less than 1, lety^ii — ^j^yi + i be reeved 
(by art. 766) into its divisors I — 2ay +^, 1 — 26y +yy, &cr» . 
Then (2 being supposed invariable) it follows, as in art.72B, that 

2?^ — """'-^ = ; Q^". — + , •^ . ' +8ce.or(mpItiplYing 

^li— I + &c. Because^ ^ = i ._.^y~« + y — * K- 

l — '^bif-' +y-^ X 8cc. it follovirs (as in art. 728), that 
^s^'—siy+i "■ i~2^y+jjy * r~233r+jr>" + 8cc. The sum of 
tiiose equations give? ^n'T^^ — _ ;i::7 x gy"^+^ 4> i — gj r 

•I* J^J X zy '^^ M 4* 1 — *y 

— i^23y+yy * ^^^ ^'^^ it follows, from art. 

• ••..- ■ • ■ » 

772, that the fluent of ^^^^ is assignable . by cir- 

cular arks and logarithms with algebraic qtkantities. 

776. By a similar application of what was shown in art..728j 
if we suppose a:j7 -r- Aar ± B =: ^JZS X iZJ, the fraction 

«gw— Ajc-fB ^^ resolved into fractions that shall have the simple 
divisors x — a, x — b for their respective denominators with in- 
variable coefficients; For since xx — ^Aadb B = XIJ X 7^, i% 

follows 
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follows (art. 728), that ';^!^;;jf:^ = '^ + ;;:ij; and be- 



cause 1 — Ar-' + Bjr^rr: 1 — ar— * x 1 — ir—*, itfol- 
lows that ' ^**T^^^ ' = — -'+ -£t. . From these two equa^ 



-. i_ * jA— fl * |A«<-^ 

tions we have — x;^ = st^xX ^ :;i= + 5E=iAA 



= (because A = a + 6 and B = ab, by the known pro- 

perties of equations) — j x -^ + y— - >< ^j;^. Hence 
* * >c -i- + r^ X -r^. Therefore if ^r'—Ax* 



ATX*— AaT+B tf— * '^ X"-^ ~ i—^ X^ 

+Baf — C=3J^'X S3* X ;^, it follows, that 



*3— Ajt^+Bx— c 

==r x-^;:-=(by whathasbeen shown); 



4- ■ zz (by resolving each of these last fractions 

A-^x*-^x — "^ ^ 



iu the same manner) .== — : : — + -=. + 



■ » > = + 



XA— <?XJ^--^ i— « X o-^ X **-<? o-^Xfl— ^X 



=. + — -ui — „ ^ The continuation of those 



theorems is manifest, the coefficient of ;r -r- &, for example, 

being always the product of the differences ft — a, b — c, &c. by 

which the root ft exceeds the other roots of the equation IfZ^ 

X 1!^ X 7^ X &c. = o. This subject is considered by Mr. 

Leibnitz, Act. Lipt. 1702, and Mr. I)e Moivre, Phil. Trans* 

N.373, &c. . : 

777» But these fractions are briefly discovered in the follow^ 

ing manner. Suppose jp» — A j«— * + Rr"— * — Cj:'*-^ + &c* 

=: 1^ X 'j;Zi X 71^ xIZ5 X 8cc. and let this product be 

represented by P; let Q represent the product of all the simple 

divisorsj the first ;r'«-a excepted; that is, let Q = 1^ x 

X 
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X 1H3 X 8cCi Suppose a, b, c, d, &c. tobe unequal^ and r be* 



xf 



ing any integer positive number less than n, suppose ^ ^^ 

^ L M ■ N ^ 

+ r +- n — + &e. 



ji^-Ajr'*— *+B«»— * — &c. ^ x^— a ar^-6 x — c 
where I^ M^ N^ &c. represent the invsiriable coefficients that 
arc to be detenniaed. Bj reducingtbose fractions to a com- 
mon denominator^ and multiplying by P or •« — a X x^k X 

IZ7 X fccwehave aT r= LQ + MQ X ^ + NQ x ^^ 

+ &c. Then by supposing j^. = a, or x-^^ =o, we find that 
;k<^ (f. e. in this case o*^) is equal to LQ|.or tbaia^::: L X^I? X l^IZir 

X 8cc. and L = „,:,: ' ,:— j, — .ju- ■ ; ; ■ • ' In- the same 

'Xa-&« Xi»:^X&C. 



manner bysupposing xr:;^/ w^ findM ::£ 



xE^Txi-^xfcc. 



The tether coefficients of the fractiom into which -^ is to be re- 

solved^ are'expressed by similar values. 

77». Because P= Q x 7^, it follows, that p =: d X lUS 
^ xQ^; and when a? ^a, p =r ;JQy orQ <which in this case is 

equal to 7^ x T^x 7=7 x &c.> s Z rs nii«^*— l^-T x 



Aa««-* + ^=3 X Ba»-^ — 8cc. Therefore L =3 3- ss- 



a* 

««r-'-^ixA«'^'+'^ X Ba«-3_^c/ > the same 

and the valoes of the df her coefficients are similar* The rule 

for 
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for findid'g the coefficient in any of those firacCions^as in 

^) into, which ^A^^^.^^e'. '^•^}^^^''r 

ed^ is^ substitute c for x in the numerator ar^ find ; the iiuxion 
of the denominator :r*i — Ax^^^^ + &c. which being divid- 

'Cd by X, and c being substituted for ^ in the jqiiotient, you Jiave 
the denominator of the vaKie of N. -^ - 

779.I^titbereqairedtore9olve .^^As^T^^^ ,^^; 

into fractions that shall have quadratic denominators^ wber^ 
T is supposed to be any integer and positive number less than 2n; 
and the deaominator (P) to be the product of the quadratic 
divisors xx — 2tf x + gg, xx — 9,bx + hh,xx — 2cx + kk, &c. ; 

aT . L— i/;r . M— «* . N— «» 

suppose Y^ xi^as.-^^^ + xx^^ix+hk + xx^^x^kk + 

&c. Let Q represent the product of all the quadratic divisors^ 

th^first xdT— -2aj:+ggexcepted;thatis,letP=xx-2a;c+gg xQ. 
Then by reducing the fractions to a common denominator, 

i:=SxQ+s:=;xQx :^±f + nt;;: X Q X -^^ 

+ &c, = 0^.' Let e and/be the roots of the equation xx — 
fi«* + gg = 0^ Let M be th6 value of Q when x :=: e, and N 
its value wbenta:::^*. Then substituting e for x, xx — ^ax+gg, 
and all the terms that are multiplied by it^ vanish; consequently 
f^Zm X M = e**. In the same manner^ by substituting/ for 

X, i^ X Hsiff. Hence L = ^^ ^ — --silf — -. /ije- 

cause tf±. gg)-^ X ^^-ill-. Because P=;S;is;h^ 
X Q, it follows (by taking the fluxions), that p =: ^TS^ 

X Q X + Q X ««»^S0jr+^^; and by substituting e for x, r (which in 
VOL^n. Q ' this 



= S«— Sa X M = (becaiuee+/= Sa, and e — /* = 8«-r-&^. 




9^U^-lBAAe-^ + ic. ABdiaUkc mamier ire 



'■^ :: JSLHJ ^ ^^— ^^ AA:,Lli;V ' ft/ ' ^J*^ ^^'^^^ of ttie ooef* 

licienU M iQAd i9> N and n, &c. a^e Miailar. 

760* L^t gg, AA, A:A:^ &c. Uie la&t jtenns of tlie qu^^tic 
divisorS; 1>e all equal to eacb other^ and to unit. Then M = 

pic + I St 0, a^ 4€ + I ZZ S<|«)8^^SAr X; ^-^Sc^ X 

SJTZ^ X ^c. :?: e«-^' x 'S^;:^ X 5Z5 X gZg X &q^ 
In the swie manner, Nr/"— ' x 57=1? x S^]^ x $^^ 
X 8&C* Therefore if I represent th^ product of the differencei 
ky which 9,a the middle coeffioient of the fir^t dhri^of e^ceedi 
9lb, %c, ^, fcc. die middle ooefficiemaof the otiber divifoi* ; 
Hien M =5 e«^ I and N =/>^ 1. Hieiiefore^by fittetitnting 
tiiosle ex[Hres8io]]t for M and N in the values of L and / in the last 

article L =; -TTr^T* when n is greater than r; or Xr as 



^ when n is less than r ; that is^ the difeiHuce of s| 



I xyw 
andr being ^preseijtted by 22i> L rr ^jp^^'ta where thes^n 



J 
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f^i is pQsitive or negative, JEUH^ording a3 n is ^^aUer or }^i6 tha^ 



T 1*1 1 -n— r — « ^_Y« — r — » 

r. la like manner / =: ^ — .jL.^ - ' when n —1 i^ greaV 



e^-^+» 



ix;!/ 



er than r, or / = ^ > "H^ . ■ — when « — 1 is less than 

r ; that is, / r: — - — ,Z_ — in the former case, and I =: 



-/ 



Equation xx~2ax + Izro, e n a + ^/Z:il,f:=in—i/Aa^i, 

■■ ■ ^^ i. I i ft — ' '' • " > ■ ■ ■ .*» 
and ^~f - £v^;sr7,- «iid L = ?t^^^^ "^^— /^-.Ail 

^ — ^ v^-^i- Hence if Bbj thp 

cosine of the ark.ABi (fig. 302) be «qtial t<l> -a, the MUiiu6 OA 
being unit, the ark AQ be to the ask AB asm to 1, and Qy be 
the cosine of AQ, then 06 being e^ual to Vrz:^, itfoUo^ 
(by comparing the value of S deternained in urt. 760), that L=: 

|i^. Let the ark QZ be made equal to AB, so that AZ may 
be equal to iTT k AB, or S+T X AB/according as n — i 
IS gteeter or le^ tbaji r, and Zz be the cosine of the ark AZ ; 

*h?*i f = ^^» Therefore the fraction ^^^ - 



■H-Ogx>» 



i^2ax-^xi^ "^^ v^^u^s of the Other frac- 
tions are dmilar. And thus it appears how the fluent of 



^^ 






j^n^Ax^ti-^' ^ B^^*— * -&c . ^^ ^^g°»We by circular arks and 

logarithms when the denominator is the product of any qua- 
dr^ic divisor^. 

781 . If the values of L and / are to be expressed, algdbraical- 
ly, then raises + 1 to thepower of the exponent m, thedifFer- 

Q 2 ence 
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tnoe off! and «» by art. 748 ; multiply the 2d^ 4thj 6ih, &c. 

* 3 

Conns of thi* power by I, atf—- 1, aa — I ,aa — 1 , &c. re- 
ipeetively ; and the sum of the products divided by £ZS 
xSaSi >^ i«^^ X See. will be equal to + L or — L, ac- 
cording as It is greater or less than r. The other coefficient / 

of th^ fraction ij^^ ^^ is found by multiplying tjhe like terms 

of thel power of a + 1 of the exponent «-r-l or r — n + 1 
(according as n — 1 is greater or less than r) by 1, aa-^ I, 

aa-l , au"! , 8cc. respectively, dividing the sum of the pro- 
ducts by ZHISi X S^ x Sa^u x &c^ The quotient will be 
equal to + / in the former case, but to -;— / in the latt^. 
The coefficients M and m, N and n, &c. are found in like man- 
ner. But when n^r, the coefficients L, M, N, kc. vanbh ; 
and when it-1 =:r, the other coefficients I, m, n, &c. vanish. 
782. Whe^ the fraction that is to be resolved in this manner 

is of the form^ — r-, where the denominator is a tii- 

nomial, the coefficients of the fractions ^^^^^ ■ &c. into 

which it is to be resolved, may be more briefly determined from 
art. 779j by which (substituting in this case o for r)h:=:^ 

^ * — Tr^==:5 where, P being supposed, equal to 

«ar— Sa;r+l X Q> M is the valuc of Q when x = e, and N its 
value when x zzf. By taking the fluxions, as in that article, 

p r: dux x — ^nzx op zz 2;ri— 2«* x Q + 4 X 

Mx^2ax-^il and substituting e for x, and M for Q, 2iic"»— * 

. — 2w;tt5»— * =s 5;^^ X M =: Jly X M ; consequently i^Z^ 

X M r: Sne**-^ X e» — z. In the same manner ^^ x N rr 

a«/«— • x/^t. But e*« — Qze"^ + I zz o and ^ + ^(or 
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^+/«) =: fit and f» -^/» = 2e» — 2/ or 2/ — 2/« ; so that 
X M =: fie*-' X ?^ and I^X N = itf»— ^ X 7^. 



Therefore L = ^ , ^-i— ; ^ ^ = -# By 



^+•0^1 _a_^„^i Therefore, by comparing 



=« .i- a==a» 



fl+ \/«^ — a — \/a»— 1 
the value of S in art. 760, it appears that if B6 the cosine of 
the ark AB be equal to a, AK =n x AB, AZ =: ;=T X ABy 

Kk and Zz be the cosines of AK and AZ ; then 7 s= -- x 

.fi 

I 0« 

g; and the fraction . tt =^=rT^. wliicbco^ 

incides with Mr. Dc Moivre^s fifth proposition, lib. 1 • MisccL 
Analyt. as it is concisely expressed, p. 42, of that treatise. 

783. When the fraction proposed is of this form * ■' 

f being any integer positive number less than Sn, let the differ* 
ence of n and r be represented by m, as above ; and L = (art* 

780) ~^ = (because le"— ' s= M = ««»-*» x ~3u 
by what was proved in the last article) - x ■ ^- • There- 



foreif theark AQbe to ABasinto l,and Q; be tht cosine 

Q3 «^f 
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of AO L = --2-: and Z =: ■■■ v^L,- or ^ — =4= — 
acaordipg as 9^ is. gieater or less than r ; tbtit ii^ 2 3; - X 
-^« - - ^^ « X ^^ ^ or, supposing AZ :=: ^5:1 
^ ABj and Zt to be the cosine of AZ, / =: — gr. There- 

fore the fraction .-4=^ = ^^^^^* , . When 

f a: 'h^or to n — 1, the numerators of those fractions consist of 
one term only. 
' 'T^i. It appears, as in art. T73, that the fraction 

iiT. ti , ^ .1^9 ^s equal to ---• + —-7 + 



+ —3 + &c. If a> ft, c, df, the roots of the equation ac» 



^ ^to»-« ^ Bir5-* ~ &c. =.0 be all unequal, the ip4w of x 
in the pui{iei;ator 1 -f p^ + jo^ + &c. be less than n, and we 
suppose tlie coefficients K, L, M, N, &c, respectively equal to 
the quantities that result when we substitute successively a^ft. 



r X A**^* + S=5 X B**-^ - &c. 
This theorem serves for reducing briefly the fluent of 

" ^^^^I ' ih-* ; ^ i *o logarithms or circuJw arks, 

^fM. Suppose now that some of the factors of the ilenomina- 
to^ of the ft^ction, by which the ordinate is c;xpres^, ai9^ 
equal to eadi other ; and let it be required to find the fluent or 
asrea. foi example^ lei it be recjuured to find the fluent of 



— « n 
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H K L k ^ 




/ 

5^"^^ + 8tc. wlmre H, X L, A, /:, ?, Sc. are the iii-c 

variable coefEcients that are to he determined*^ tod the fractions 
of ei^uch sort are to be continued til! their nmnber be equal ttf 
m and n respectively. By reducing the equation to a common 
denominator, H x ^« + K X Z^ x Tp" + L x ^^^i* 
X Jp» • . . + A X 7+> + * X 7^ X 7+S^ + / X 
rn* X ;rp* + &c. = 1 + jia? + yx* + r J* + &ew B^ 
supposing j: '^a :±:o»orx=: — a, all the terms of this equa^^ 
tiim tibat inv^ve a:+«^ vaniA, and vredni'Br X J^r>=:l-^^ 

■»» 1 — Ai + M**— arc. .^ 

+ fa>— rrf + %c. ctHs: ' ■ ^- y ^» % 



Ae ftixlon of the equation, diviiCag each tenh by x, and 
then supposing x = — a, vre have nH X St::??—' + K x rij' 
^l^*^?^*^^'^ — ^^' % taldfig the fluxions icgain, dtyid» 
ing by i, and supposing x = — a, we find n x "SHi X H >C 
Tr>-» + 2itK X nr>-* 4^ 2L X yir:» = fiy-^ era ifr 
ftc. Thus the vslkes of H, K, L, fcc. are easily* coxhpntecF |p 
smd by proceeding in likefmatiHier, and snppofliiig x^h^H, the 
values of h, ky I, tit. are determined. If the fraction proposed 

be ■■■■'■^ 1 ■■ ' ', that is^ iffr^ ^» ^cc be supposed to ^misi^ 

*+«x«+* 

then H=:JL,l£-J==L-.,L=s«x2ii x ^ 



rr-i-^ Jta: .^^ . u / rr »i X. + ix -i — — ,&o.wltt<& 

-5 fl— A * 



cpincides with Mr. IdbnitT^k theorem^ Act. Jtips. 1709. I^ 
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the fraction ijroposed be ^ ^.^- ^ v, and we sup- 

poseitequal to -^ Hh i~4*==i;3 * ^^- ^' ^^^ *PP^*^ "* 

*+tf 4r4.a x'^ii 

the same manner, that H = i— -, K = f^S.^ *^ 



^ — x^^ — <* 



7 ^^ • * ' — ' " ■ • ■ g ^ — « c — a. 

X'K/&c. • ^ '• 

,^78^. The ordinate or fraction !:z:^r^=i^*> being 

resblVed in this manner, the fluent will be found (by art.- 
737) equal to - """ ^ ^ . ^^ ^ ^. . . --* 



W— lX4r + tf M-£Xjp + tf «-,lX* + 3 

^ "^j &c. If the last coefficient of each sort vanish j^ 

fi^X«4-,^ 

the fluent wiU be assignable in algebraic terms : in other ca^s, 
the fluent is assigned by logarithms with algebraic quantities. 

7a7- If we suppose the fraction ^-^f^^f^+J ^ =; 

x^-a Xar + ^ 

^^ •!• — £ 1:2...: — i M , .. , ,,, that it may be resolved 

afte|^ Mr. De ffoivr^s method, Misccl. Analyt p. 59 ; then 
K X jT+a"* >!> Aft •!• AHhB6 x or + WfCb xx* +'C+D6 
X ;7^ z= 1 4* /'^ 4* ff-^* + 8lc. By supposing x •!• ft =: o, or 
X 55 — ft, K X T^^/^ = 1 — pb 4^ jft* — &c. The supposi- 
tion of ^ := gives Ka*^ •!• Aft = 1 . By taking the fluxioni^ 
of th^ equation, dividing by ^, apd supposmg x = o, »Kfl*— * 



Cbi^.in. to others of a more nny>k Tofm. 4S$i 

4« A •{• B/( =p ; and by proceeding in this manMr the coefli* 
cients K, A, B, C, &c. may be detennined. If the fractioa 

be J ,the coefficient of any tenn in the nttmeratof of the 

second fraction, as of Fa:% is found by raising a— J to the power 
of the exponent t», rejecting as many of the terms of thispower 
fl«», iwa«— » b, &c. as there are miits in r ■!• 1 ; and dividing 

the smn of these that remain by i X a — b ; for the quo- 
tient will give •!• F or —- F, according as r is an even or odd 

number. The fraction ^ i» resolved in like 

K 

manner by a similar rule, and supposing it equal to ^^^^-jjj 




I — ax 



■ ' tn ■■■■"•■■ - 

^68. The fluxion ^ ^^ is transformed into 



*«Mhi*aB« 



by supposing J? =iz; because a? ^ • = z , ar^'arrrrz z 
^nd x'* ^ ^i^'*- In like maii'iier the fluxion is transformed, so 
as to become rational, when the denominator is a trinomial; 
and the^uent may be found by the preceding articles. 

789- Sir Isaac Newton has give^ some excellent theorems 
for reducing fluents to others of a more simple form, in the 7th, 
8th, and.l lth/)ro|p. of his treatise DeQuadrat.Curvar. JLet R 
= ^ +^5^ + g^*" + *^" + ^^' *°^> consequendy, b =: 
^fif^tx + ?;^x*»— »i + S«A^'*-'J? + &c. Let A ss 



«S4 Of redaeimg Ftuenii Bqt^U. 

jr«^"i1l', ifsAJ:*, c=:BJf«, 0=Jftj:«, kc. sad Ai 4^ n 
ttr />. Then iwf A + ^+;r x /B + i^ * X gC 4- 5?Sr 
X AI> -f ^c. = OP* R'+'. This theorem will i^pear by tak« 
ing the fluxion of a:*» R'+% which (by art. 725) is j:^'* E^ x 

Wr; + T+7 x«R =rj«-»; R* X mc -«- «/r* + «igf«^ + &c* 



4* 7+T X nfsf^ X 7+T x ewgjp*" + &c. = wwA + p^k^nt k 

f S + 2p + w X ffc + 3/? + w X Ad + 8tc. Let the num-» 
ber of leriBS in e + fs^ + gx^ + &€• the value of R be re« 
preseot^ by f ; and if as many of the successive areas A, B, C^ 
J), &.C. be known as there are units in qi — 1^ the rest can be 
computed from these^ by this theorem. Thus if R be a bino- 
iMMnial € + fx^, any one of the areas. A, B, C, D, &c. being 
^CD, the re^ mtiy be computed from it ; and when R k a tri- 
nomial t + fsf^ + ga^, any two of those areas^ as A and B^ 
suflicient for detefminihg the rest. 



790. Let H = ;r«*-"; R«+« = f^^i R« x e+/^ + 



g x*»+ &rc. rzek */b + gt + A& 4- &c.; and it fcfc 
lows that H = eA +/B 4* gC 4< AD + &c. Hence it ap- 
pears that m and / being any numbers whatsoever, if r and s be 
any integer Munbers^ and aa many of the areaa A» B, C, D, fcc. 
be known as there are units in q — 1, the fluent of x -T" " ' '^ 

X e ^fi"^ may be computed from them. 
79^- Ift like manner it appears, that if R :i e ^ft^ + gtr*» 

,+ &C. S = E + Fj« + Gx*» + &C. A = 3t^'' R' S^ 

B = A X", c = B jr», &c. and /» + nzzp, knt^n^q, then 

B + meG -faagE+wi^+ii/F +5/T +2pgE + %eG x C 
.+ 8lc. . 

79R* From 
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79^'From these^ particular theorems are eaply deduced that 
may be of use in the resolution of problems. Let R be the bi« 
nomial e—fx^; and, as in art. 789> let a =:«**~*i K*, b =:a a*, 
C = B «1», D = *ai», 8c»c. ; and M :=:ln +n + »». Let m and 
I + I be any positive numbers whatsoever, that ir« R'^f' tnay 
vanish either when x =i o, or c — yi^ = o ; and lei r be any 
integer positive number ; then if A represent the fluent of a?**— ■ 

^ X e — fx^ that iff generated while x flows, and from being o 
becomesequaltojr ,theftuentofi«»-f **'»r-»; X «— /os^ generated 

in the lifame time will betoA)^'^^~fX "^^ x *"'*' * 

X ^33, X 8ct:. to 1-t where the fractions ^^ &^. are to be 
continued Ull their number be equal tq r. For in the present 
case meA^M/B-o, by art. 789, and B= S x j, 0= j±^ 

X ^qr^i; ^ }t> ^^ ^o on. The «wie theoreai serves wheu 

• , ' ~~ 

A := X 



X7 = 






793. For example/let A =» -J^^zs-r, and consequently A 
equal to the fourth part of the circumference of the circle 



whose radius is I, and the fluent of 



genierated while 



S floWs, and from being o becomes equal to 1, will be to A as 

Sx^x ' fexs ' x&c' *° * ' '**'® *® fractions axe to be conti- 
uj^d tiQ their number be e^al to n Because in this case jc 
or**-'* }« «— jfW = «'-'* X 1~J»""*, sothat»i=:'l. 
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* 

rs:«-*i>n = 2>M =2,e = l,and/=: 1. The fluxion ■—= 

" VI- 



2r* 



ktransfonued into fqp;j>by supposing xr: ^^rr ^ y and ~= 



— >»af 



• 8r 



VkU> "^ r t I > ^ fluent of which is, therefore, to A the 

fluent of YX? (or the quadrantal ark of the circle of the rcu 

diml) a> i^^ 4 j^ 5 ^ J x &c. to l. If we suppose a = 

M \/i~»jr, in which case A is the fourth part of the area of the 
drcle whose radius is 1, then the fluent of jt^^ Vu^ will be 

«oA*BlJg|2j5>«8cc.tol. By supposing *= -^, 

the corresponding fluent of will be to the fluent of 

i-f » 

> in the same ratio. In like manner other theorema of 

this kind may be deduced from those in art. 789^ &c. 

794. The fluxion jf»— *x X c+faf^ being transformed^^ as 

in art. 742, by supposing t ^ f^ = ;?, the fluent will be 

•• » 

xneasured by the areas of conic sections when ^ is any in«* 



-s 



« w 



teger number positive or negative, by art. 789. When ^ + i 
is any integer number, the same will appear by suppos- 

ing 2J = — j-^ Or if / be equal to the fraction 7 we 

mey suppose z = elii^in the former case, mdz = ^ 
in thfc latter. The fluxion i^T"— • x fi^Tl is transformed, 

bj 



Ck9fi HI* io oikers of a mdre-iimpk Form, ^*89 

by supposing j^ rr z (and consequently a:** =: r ^_ a 

„d S;=: _^-:fL. x;) into S^x*»i ^^^K- 

By supposing z = gj?»» + 1 /i the flu xion jfw —' i^ k 
«+yi-+g*^^ is transformed into| ^^^^\^ >^ 
c-r^+z^ . 3^j ^jj^ fl^jj^i jmty be^fimnd m both those 
cases by the preceding articles^ when r is any integer number. 

If we suppose y = "^ lo *"*^ transform 

the last fluxion from x to y^ its expression will become rational^ 
as is shown^ Miscel. Analyf. p. 65. When any of those fluxions 
is multiplied or divided by a rational binomial E + Fa*, or tri- 
ac^nial E + Fa« + Gx***, or by any quantity that can be re- 
solved into such bincxnial or trinomial factors^ the fluent may 
be measured by the areas of cookie sections (that is, either by 
algebraic quantities, or by circular arks, or logarithms, or these 
compounded together), by the preceding articles. 

795. When a fluxion is proposed that involves an irrational 
quantity, the fluent is sometimes obtained in finite terms, or 
compared with a circular ark or logarithm, by supposing the 
quantity that is under the radical sign equal to a new flowing 



yiuantiUr. Thus if a = ^ — l."" — j- - x 5±^ -, and wc 
appose z = j^^, then - = |=r^^^: x ,. and 

o = s — 57? consequently the fluent Q = — _ :r 

— — === X : .. ir* But this is often more easily obtain« 
m X F^w-E/ «+/^r • 

ed 
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cd by thmsforOteg the fluxion from the ftixle'<ir cosine of an 
ark to the tangent or secant^ or to flie tarn ot difference of the 

secttikt and tangent, or by the converse oj^atiDns. If we sup-* 

■ • ^ . . . . • -_ 

po6e r s: ■ {z being the tangent that tornssponds to the 

• • • * 

•be s), tbcn-~— =: t~-. Hence if d = ■ ■ "^l^ 

then a :p —^ •iid Q ?: ^ « ^~^* And if d = 

_ =r ■ ■' ■ w ujL th^n Q is ^ual to the 

ark of a circle described wtth the radius -7==: that has its 



equal to g or ■■ 'aJLul If we feu[lpaae 



^«>then— e^ = .?, If ^esuppoke ?t^^^A^f s ;j, 
then ■ ^^v\ =: ^: so fiiM the fluent is the logarithm of 

•■^ It . • • • 4 



.; . . _^ 



2f, the modulus being 1 . Arid by supposing "" ' "^ - ■ !r' r, 
.-Z^L-im is transformed into -i-: 1^6 that the fluent is 

~ y I6g. z, the modnlui bebgunit. 

796. Supposing, as in art. 789# R zz e+fa^, A = «**-^I 
« R*, and B = JLx* we found mcA + M/B =: a«» RH-l ; 
from which it follows^ that if neither i»s:o^ nor M=o, A and 
B depend mutually upon each .odier ; but if m = o^ B is as* 
•ignable in finite algebraic terms; and if M =: o. Ah assignable 

in such tenns. If neither -^ nor - be equal to 0, or to an in- 
teger nuinber, the fluents of all the fluxions in the series 
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Aj?^, Ajr», A> Ar-*, Ajr-*», 8c^. (which, may be.contir 
nued either way) depend upon the fluent of any on^ fluxioa 

in the seri^ ; but when either ^or- is '-an integer^ or wheit 

either of them vanishes^ this cannot be said of the whole series. 

JLet A zs ' JH , where M:=: o,m = ^l, mnd A CJ 

— ^2zzfE but the fluent of Ajj^ f ~ . f^.. ) is the circular 
ark whose sine is j:^ the radius being « : the fluents of 
hpr^, Ajrr^ &c* dqpendr^ upon the formet> and ave iisftigiiablQ 

in finite algebraic terms ; but the fluents of A^> As^^ &o. de- 
pend upon the latter^ and are assignable by that circular ark 

with algebrsuic quantities. If A = - ZffLj m =: o, M = I, 

A =: t/aa-^xx, and the fluents of A^% A^> &;c. are assignable 

by algebraic quantities ; but the fluent of Aa?-* (=: — ** \ 

. , , Xy aa-^x9cj 

is tk^loganthm of ^ '^ ^ ^J^^^^> th^ *«brftt/«4^ being uhiti afid 
Ihe fluents of Kx — *, kxr^^x &c, depend upon this logarithm. 
Iq like manner, if a a' r^mi^ A is the loganthfii of or 4- 

V**^l, andthe fluents. ofAjr%Ax*j,&9- depend upon it; 
but th(( fl^ent^.of Ajr^^ Ax^S . &c» are assignable in finite 

algebraic terms. If A = ■■■ ^* ^ A = •SJ^ITS, and the flu- 

▼ XX* I • V 

CXtff of \x'*', Tijs^i bck. air^ assignable in finite algebraic terms ; 
bifct the fluent of Aa^^(2:> ■■■ .^j gaVis the >arig whose secant; 

is x^ the radius being unity and the fluents of Ktr^,k^, &c. 

depend 
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'i 



flu0iita of all the ftudons ia the series ax=P% kx^, Ai+% 
&e« depend upon A. 

797. Ut R zzfj^^ck = Jt«»-*;R', B = Ax-», c = 
fcr-* ^ AJT-^, D == cr-« 5= Aar-'», fcc. and M s /» + » + 

m^ as formerly ; then whenyx" .= €,B = ^^ x ^, C =; 
li:^ X-2., D = ^ X 5i&c. Therefore r being any in- 

teger podUve number^ if d =: Ax-*», Q : -7- : : -j~ x 
**""*■ X ir-^ X &c. (where these fractions are to be con- 



_. -at 

tinned till their number be equal to r) : 1. For example^ let 

• * 

A = * d = u . * , then Q : A : : ^ x | x 

i X r x&c.:l.the8eflaeata are generated while -(rom being 

o becomes equal to 1. 

798. After thefluenttthat canbe aecur«tely assigned in finite 
terms by common algebraic expressions, and thosewhichcan be 
reduced to circular arks and logarithms, the fluents that deserve 
the next place aresuchas areass^nedby hjrperbolicand elliptic 
arks; which with the former are all comprehended under these 
which are measured'by the lines that bound the conic sections 
(the triangle and circle being figures of this kind), as the first 
two are measured by the areas of conic sections* The fluent of 

■ JL-. is of the first dasa; that of •— =r— 7== or rf -7=0=^ 

• 1^ •*Xv'l^ VVfwi 

is of the second; but the.fluenta of . ;Ll„ i .-.^^^ * ig 5 



j=^4 and =^\i' are of the third class^ and (as far aa. has 
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af^ared hitherto) cannot be reduced to the former.. The 
fluents of this class are sometimes required in the resolution of 
usefiil problems^ and our design obliges us to give some account 

of them likewise. 

799. Let AEH(/?g.305)beanequilateralhyperbola, thathasits 
ceHttre in S and vertex in A> AD a right line perpendicular to S A, 
suppose SA=:1, SN=:a:, and let a circle described with the 
radius SN from the centre S meet AD in M, let SE bisect the 
angle ASM, and meet the hyperbola in E; then the hyperbolic 

ark AE shall be equal to the fluent of - - , %■ > For let the 

»k AE == 5, SEr: r, and SP be perpendicular on EP the tan- 
gent of the hyperbola in P; then the triangles SMA and SEP 
will be similar, by art. 181, and Sir : : SE : EP : : SM = 
AM : : r : VTi^ ; but SA, SE, and SM, are in continued pro- 
portion, or r = y^ so that ; : ; : : 1 : 2\/7; conse- 

quently i = ■ * ^ \ and supposing the fluent of r -. vf 

, *i y^ Xftf ■■■ Jl r XK • 

to begin to be generated when x=l, and thereafter to in- 
crease whOe X increasied, it will be always equal to 2AE. If 

Am be perpendicular to SM in tn, and we now suppbse Sm=x, 

• 

then the hyperbolic ark AE will be the fluent of '^^ j,x-: g& 

(as will appear by substituting in the former fluxion sr*^ tot x)\ 
and EP — A£ the excess of the tangent above the hyperbolic 

""* ^; because EP will then 



— XXX 



ark AE will be the fluent of ^ , , 

9.Vi^x' 

be equal to ^ — xy and its fluxion to ^ ^-^ ,, 

800. Let AB be perpendicular from A the vertex of the fay- 
j)erbola to the asymptote SB in B. Suppose now SB =1 1, up<* 
on BA take BL=:a:, join SL, and let it m6et the hyperbola in 
E; from the centre S describe the ark AQ, intersecting SE in 
Q; and the hyperbolic ark AE shall be equal to the fluent 

VOL. II. Jl of 
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of \. ■ jt ^ ^ ' J because if Ai, LZ, and UK, be perpendicalar 

io the other offmptoke ia k, Z^miK, rei|pftetively, S6 . 9K : : 
EK : A6(= LZ) : : SK : SZ, SZ =BL = x,^K m VUlTSi 

= i/r, SE*r=SK*+EK*=: » + i ; md the fluxion of ABbe- 
jng to the fluxion of SK aa S£ to S&, it is therefore equal to 

£l X •;r;ior *^!?H > The fluxion of SE or of QE is 
jrj-2S~^p=r5by adding which to the fluxion of AE, it appears 



«• 



that A£ + £Q is the fluent of ■ ulu*j which begins to be 

generated when xtz 1 (or when &L r: BA)^ and thereafter ia- 
creases while x increases. In the same manner AE— «EQ ia the 

fluent of ' "* 1. that begins to be generated when x =: 1^ and 

l/l-hxv « , « 

thereafter increases while x decreases^ 
801. Suppose SA = 1^ AM =: x, and tAE will be the 

fluent of — ^ ■■ ^ ■- that vanishes with x ; sa appears by sobstitutr 

ing in the first value of 's, in art. 799> \/iT^in the place 
0f jT. Stti^pose SA S5 h Amxzx, and Q£P--&A£wiU be 



tne nuem 01 a&saesn inai^ iM^msto Degenerazea woen x zs. i, 

andthereaflerincreases while a? decreases. Ifwe suppose SB =r 1^ 

SL = X, then AE 7 £Q wiU be the fluent of^ aJLr - 

that begins to be generated when xx ss £• 

80SI. As for the fluent of -' m ■ ^ ■ .uu. aa or of ss^r^ it 

does not appear that it is possible to represent it by any byper^- 
bolic arch and algebraic q[uantities. But by assuming an elliptic 
ark, likewise, it may be assigned by the folbwing construction. 
The rest remaining a^ in art. 799- Let an ellipse ARD be de- 
scribed haying its centre in S, SF the distance of the focus F 

from 



Chap. IIL to 4itA«it of a nu^rt mmplt Form. 245 

from the centre S equal to the shorter semi-axis SA^ and con- 
sequently the semi-transveme axisSD : SA : : ^/T": 1. Sap- 
pose SA = \,Bm rr X, take SX upon SA equal to SP(or toa 
mean proportional betwixt SA and Sm)^ let the ordinate XR 

meet the ellipse in R ; and the fluent of ^-"^ — ^hat 



«•* 



begins to be generated when or = Ij and thereafter increases 
while x^ decreases^ will be equal to AR + AE — EP, the dif- 
ference by which the sum of the elliptic and hyperbolic arks 
AR and AE exceeds EP the tangent of the latter. For SX = 
VH, and if RT the tangent of the ellipse at R meet SA in T, 

STrr-i—^XT =ST— SX = i:::^, XR* = 2 x — 

RT> = XT* + XR» = 1=2: 

liptic ark AR will be to the fluxion of SX as RT to XT, that 
is, as */\^xx to 1 — ^,.opa8 1 + j: to */ \^xx \ consequently 

(the fluxion of SX being -^ ) the fluxion of the ark AR is 

X i/T". 



t and the fluxion of the el- 




\ and the fluent 

X X V'l-^Jr* ^^V^xx 

of . xVi-^ ^^ *^^ latter part of art. 799) equal to 
AR + AE — EP. If wesui^^KMe Am =: 7, AR + AE— EP 



will be the fluent of 



■■■ ■ '* : as will appear by substitut- 

ing \/iZ:^for X in the former fluxidn*. By supposing BL = z, 
and SB = 1, the same diflerence AR + AE — EP gives 

the fluent of —;t= — ^ ^ . . ; because if S» = $, then ar = 

• « X </l^«s' 

^" It is likewise the fluent of =a==r7?> if we sup- 

»s»— 1 f 



pose SL=:;?, and SB =: 1, or of 
•zz z, andSA zz 1. 



2XT+^ll* 
R2 



if weeupposcAM 



803. Tlie 
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803, Tbevflueot of v, ' .J^ ' - juu^ (which we found equal 

to AR + AE — EP, art. 802) is equal to AP the ark of the 
curve that is the locus of P (where the perpendiculars from the 
centreSintersect the tangents of the equilateral hyperbola) which 
is called the lemniscata. For (art. 212) theHuxion of the curve 
AP is to the fluxion of SP as SE to EP, or as SA to Am, that 
is (supposing SA = 1, and Sm :sz j;), as 1 to y/i^xxy but SP : 

SA : : SA : SE, and SE = — =; consequently SP = \/~ the 



fluxion of SPis-r-^ and the fluxion ofAP=-— 7= 



— * 



2v~ ^\^irx\^i^xx 

IfFbethefocusof thehyperbola, FH (fig.SOG) perpendicular to 
the tangent EP in H, thenitisknownthatHwillbe'always found 
in a circle described from the centre S with the radius SA ; 
and if FH produced meet this 43ircle in h, SP will be equal 
to I HA. From which it appears^ that the lemniscaia may be 
constructed in the following easy manner. Bisect SF (Jig.307) 
inf, from the centre^ describe a <*ircle with a radius equal to 
I SA, let any right Une SX meet this circle in X and x, set off 
SP from S on the same right line always equal to tlie chord Xx, 
and the point P shall be in the Icmniscata :' and the fluents that 
were described in art. 802 may either be represented by AR+ , 
AE — EP, or by the ark AP of this curve, which is so easily con* 
stnicted. 

804. Let AEH be any other hyperbola, SA the semi-trans* 
verse and SD the semi-conjugate axis, SA == a, SD = b,ezz 

22=±, SE= r, SP = |7, AE = 5, and x = ^; then the hyper- 

X ^ xa 



Ibolic ark AE shall be equal to the fluent of- , 

Tor let SH be the semidiameter conjugate to SE,then SE'— . 
jSH* zzaa—bbzz 2m, or SH* zzrr — 2ea ; and SH x SP 

■r: SA X SB =; at, and rr — Qea = 21^ 2= ax. But i : ; : : 

SE : 



TlateXncyi'n.g^.rotJI 




I 



I 

-•4 
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SE : EP : : f: VT^^p, and ; = Jl_ =' r-7=^=r* 



Because EP = v^^;::^ = /^f^i^^inJ*^ the fluxion of 
EP is ^"L, X ^^^"'"^^^ y and EP-^ AE (the excess of 

the tangent above the hyperbolic ark) is the fluent of 

bbx^T ., . ^ 4>P ^ ^\ r.f 

- — -= ^ ' ■ ' :> or (supposing 2; = -7 = — y ot 

QX^/ X X V xx-^.^^X'-bb V i-f b a X. 

It appears likewise that the arkAE is the 



■i*-. • 



fluent of -"<^V - , and that EP— AE is the fluent of 

■ 7"^ - ^ /Tnltkp manner it appears that if AEB 0?g. 309) 

l)e an ellipsis>S the centre,SA=:a, SBnft, aa+bb:=:Q^a^ SPbe 

abb 

perpendicular on the tangent EP in P, and SP = j?, a? = — , 
then the ark AE will be the fluent of ~=^=^=s=., or of 

"^, ^ ■ ' that beG:ins to be generated when p = «• 

. 805. 16 order to represent the fluent of --7=: f _ 

or of ^. we must have recourse to both the hytfer- 

bolic and elliptic arks. The rest remaining as in the last article, 
join AD, and let AF (fig. 308) perpendicular to AD meet DS 
produced in F, describe an ellipse AR6 that has its focus in 
F, centre in S, and SA for the second semiaxis ; upon SA take 

SQ equal to SP, let QR the ordinate at Q meet the ellipse in R, 

• 

andixAR+AE— EPshallbeithefluentof - JI^l ' . 



V'flfl— // X Vbb'^'Pp 

R3 or 
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or (sU|pp6$ing pp ^ az, and 2e«r zn bb — aa, as above) of 

— ^i — I For if RT the tangent of the ellipse at 

R meet SA in T, AR =: /, SQ (= S P) = p , and SF == t, then 

~ i : : RT : QT, and/ = :^ X /+*y/ . . = 
(because,A6=aa,bythesupposition^ x ^^^^^M_^^ 
But the fluxion of EP— AE was found (art. 802) equal to 
,_ri^ '• Therefore - X AR+AE— EP is the 

fluent of—=^^ — ol^of ^ y-^'y^ =-^that 

begins'fo be generSited whfeup andaiareeqtiJtl to tt; and that the 
iuent i<s finite Which is gen Aated while x decffeases till it v»* 
nish, appeals from art. 327 . 

^ 806. The values o^ tho^e. fluents^ as of ^^^^^^ (the 

fluxioaof the elliptic ark BR), may be compsted «ther by re-, 
aolving ^ "^Jp into a sericB, multiplying each term by 

1 1 and finding the fluents of the several products by art. 737, 
which *ill form a series of algebraic quantities. Or we may 
compare it with the fluent of J^ <the circular ark of the 
radio* a arid sine j>), by resolving v'^+1»?onlyjntoa^serie8, by 
art. 793. Tho» / = -^—r x 1+*^ — ^+ ^''i 
coliseqnently the elliptic quadrant ARE is to the quadrant of 

|» SI* Bi^ o^ 

the circle of the radius a as 1 + j-; — jjy + j^^ — «^^- 



to 



Ghaprltl. to •ribw •/ a wore timple Form* «B4y 

to 1. The 8ME«e elliptic quadrant b to the quadrant of the 
circle of a radius equal to SB the semi-transverse axis, suppos- 

I* SI* 5|* o. 

iiigSB=«, Bl— I? — m7 — lis? "•"=■*" • 

and« by art. 793^ the fluent Q that is generated betwixt the 
terms> when p :=zo and p ^ a, is (N b^ng supposed to repre- 
seBt the ratio of the semi-circumference of a circle to its dia- 

meter) N* x l— jjj + jjj^ — ^j^jj- + &c. where the nu- 
merical coefficients 1, |, {^^ &c. are the squares of the several 
uncia of a binomial raised to the power of the exponent— |. If 

fwe nppose 9 sz a -^^f ^^ B == ^ -f ^^ then q sz 

]^t A first denote the .ark of a circle described upon the dia- 
meter a, whose versed sine is equal to x, and A ^ ^ ^ ^ ■■ ; 

sz^axs X ^i — X ;Whence«» — 1 r= — i,mi=:i,n:sl, 
Izz — I, c = a,f = 1, M=/ii + ?»+972 = l; and, by art. 
Jga, when r is any integer positive number, the fluent of 



*^ 



A X _ » that is generated while x increases from o till it be^ 



oT 



come equal toa, isAx^X |x |X|.X 8cc. these fractions 
being continued till their number be equal to r, and Abeingsup* 
posed now to represent the semi-circumference on the diameter 






! a. Therefore, since 6 = — :7==xi + SE+8EE+i6i»+ ^' 



it follows, thai Q = ^^p= X 1 + -jg + g^ + ijggy + &c. 

R4 la 



ab aa 
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In like manner, Q =— Xr~ x 1 — 4^* WhenceQ 

may be compared with an ark of a circle upon the diameter E 
that has its verse4 sine equal to ir. 

868.Letd - .\x^y T ^=^ and A = "%— , , then d 

= S ^^*— ^ +534— &c. There^ 
fore the fluent Q generated betwixt the terms when/? = o and 

J? _ a, IS — X J -^ jg^^ + j2g^4 ~ g X 9563« ^ ^^" 

This fluent is the ultipiate excess of the tangent £P above the 
hyperbolic ark AlE, that is, the limit of this excess while the 
figure is produced, or (according to the usual manner of expres* 
sion)the excess ofthe asymptote abovethe curve AE, when both 
are supposed to be infinitely produced. By^upposing €ui — ^ 

rr <zx, o = ^ ^ M -' ^ ^<^ ^^ same fluent willbe found 

. ■ ^ . . 

(by art. 792) equal to ^ x ^ -^ + jj^ + j~g + 
^^ + 51^ "^ ^^* ^^^^^ A denotes in the usual manner 

the first term -y x ^ -g-, B the second term ~, C th^ 

third terra, and so on. 

809. It follows, from what was shown above, art. 792jj 
799^ &c. that yvhen r is any integer number, the fluent of 



m 



4 wmm' 

> ^^ is assignable by the ark? of conic sections; that is, by 

Tight lines, when r is equal to 4, or to any multiple of 4 ; by cir- 
cular and parabolic arks (which may be reduced to loga- 
rithms) with right lines, when r is any other even number ; by 
jWrks pf an equilateral hyperbola with right lines, when r is any 
number of th^ ^ries 3; 1> H; l^^ 8cc.; and by arks of the 

sam^ 



^ L-v^ 
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same hyperbola and right h^nes; with arks of an ellipsis that baS 
its excentricity equal to the second axis, Xyhen r is any of the 
numbers 1, 5, 9, 13, &c. For if we suppose s^ = xs, the pror 

' .r . 

posed fluxion will be ti-atisformed into — - ^ when r =£ s. 

ny/e^fxx ^ ^ 

§• — 1 =i> and the fluent is found by art. 799 or 800 ; but whea 

^ =..I> g--r 1 = — I, and the fluent is jfounaby art. 802. -h- 

> 810. Letfi(^^.3i0^be^nyfractiQni^hatfipeTer,andth^flueiit 
^f ^ ^ or *r b^' required. ' For this end let ALbe one 

of the figures constructed in art. 392^ where the point S, and 
right Ime ^Ej, were supposed to be given in position, SA was 
perpendicular to AE in A, M any point upon AE ; and the ra- 
tio of the angle ASL to ASM, and that of the logarithm of 
the ray SL to the logarithm of SM, was'always the same inya» 
riable ratio of n to 1 ; that is^, ASL : ASM : : n : 1, and SL to 
SAasSM^toSAHF«. LetSA= 1,SM.= a:,SL= r,andihc 
ark AL = « ,• consequently rzzx ^», r =? ^ waHP— *i,and (by 
art. 392) «* : T- r : : SM : AM : : sr : V'JS^^ or** =: 

—-=;= . Therefore the fluent of - is - X 5 = r- X 



AL. If Am be perpendicular to SM in t», then Sm == 
- ; consequently, if we suppose Sm =:*«, then the fluent of 

■ • "* will be equal to j- X AL.' By supposing z = 



— 2fn_V 



\/T 



• i— jy and 7ir:2-^2A, '"^" r . is transformed into 

and the fluent is - x AL. By supposing ^zizz^, . = ■* 

is transformed into — t-t — , and the fluent is — x AL. 

These 
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TbcielMeibefigiirfiB which me foand toraiolve the most tii^pk 
CMesofpioUemsof vadouskiiicU in the first book^ art. 43^ 

81 !• heiAI^p,AL,AP(fig.3l I), &c«besachaseriesof figtuea 
as was clescaibed io art. 212^ where each curve is supposed to 
he always defixied by the intersections of the tangents of the 
yrooediag carve with the veapective perpenchcalars on <tho8e 
tangents drawn from the given point S. Let AL be a figate 
of the kind described in the last article; that is^ let the angle 
ASLbeto ASM^ and kg. SL to hg. SM always m the same 
invariable ratio. Then Al, Ap, APj and all the other fignxea 
in the series, shall be likewise of this kind. Bf art. £12» the 

angle ASZ = ASL^4ASM,Sf nx ^*^^, and thefcurionof 
A/ to the fluxion of AL as the fluxion of S/ to the Saxion of 

SLf ex as 13^ K jf^ to n; consequently the fluxion of AI« 

y^^Sl Kiit*^ and the ark A/ is assignable by s and ai- 

^gebraic quantities, by art. 792. The same is tobe i^aiAof aUtke 
t)tfaer arks in the selJes taken alternately^ lihat is, of the fi^ Sth, 
<Jth, 8cc. from AL. Hie <*ther carves in the series Ap, AP, fee. 
-me^aH assignable by AP and ri^ lines; hot the arks of any 
4wo%gares that immediately succeed each other in the series, as 
of AP and ALy cannot be compared with each other by an al- 
^brarc eqtcatieto. WhenAj»S()ig.Sll,Ar.2)issappo6edtobease- 
niciit3letiponthediasieterSA,/coincideswithA,andA/vanisbes, 
ALand th^subsequent arks in the series taken alterDately(whicfa 
liave afl a cuspid in S) are aasignable by right lines; but the 
other arks in the series are measured by the circular ark Ap and 
tight lines. When AL(N.3)is8upposedtocmncide with the right 
line AM itself (or n ^ 1 ), P coincides with A, and AP vanishes, Ap 
i&a common parabolathathasits focus inS, A/and the arks in the 
8«ries.continued backwards, taken aItemateIyfromA/,admitof a 
perfect rectification ; but the other arks in the same series are mea* 
su redby parabolic arks and righ t lines. Of idl the figures wherein 
the angle ASL is to the angle ASM and log. SL to log. SM in 
the same invariable ratio,there are none besides these that seem to 

admit 
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cdarnkorlogMithi&t. WlienALutefeq0]hBbBr«ih7peibo^ 
la that has fts t^ntre in S (ar hi::|),ldie'oiin^«8hakettalterfcia^ 
fy ftou AL aitfier way in the watka^ eit meoMHcd By AL and 
lif^t fines ;bitt the odher cmrves ill the sei^ flire faieasmiedb]^ 
AL with aa efli^ytic ark Xde6cribed ubo^ ait. Wt) and iright 
imes. By saqpfKmng n^^, %, f» 8cc. other aeries of ^mnres 
vili be Faittied. And every teries of suicfa cmviss gives tmi 
distiftct sofets of ^eats, tvhich eanncA be compared with<each 
other^ or with lliose ^t any different series of diik kiad! 



CHAP, IV. . 

Of the Jlrea, when tJie Ordinate anS Sdse are CTpresstd by TPlu^ 
ents ; of computing fluents from the Sims of Progressions, or 
the Sums of Progressions from "Fluents, and other branches 
of this Method. 

812. H HE base being i^preis^nved by ^, and «be ordi^Me of 

the figure by y, the fluxion of the area is z^. If y arid z be 
both assigned by quantities compojanded incoirimon algebraic 
terms from the powers of the same * variable quantity X, the 
fluxion of the area wSl be expressed l)y StiCh quantities mtd- 

tiplied by r. Having insisted on the fluents of such expres* 
sions in the preceding chapters, we now proceed to enquire 
into the area or fluent when the ordinate is itself assigned Igr 
an area or fluent, or when the ordinate and base are both ex- 
pressed by fluents : and in this case it will be suiBScient if we 
can reduce the area of the figure to the fluents of the former 
kind ; as to circular arks and logarithnis, or to elliptic and hyper- 
bolic arks, or, m general, to the fluents of expressions that in- 
volve one variable quantity only in algebraic terms with its 
fluxion. In thisxase we shall find that the total area (or that 
which insists upon a certain given base) may be sometimes mea* 
sured by circular arks or logarithms, though it may not appear 

that 
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that in the same instances thepartof the area can he assigned 
in this manner which stands upon any segment of .the base that 
may beproposed.For example^ let ADa^ BE6^g;'dl£),becon^ 
oentriccirclesdescribed from thesame centre^ CBfoeinglosSi jthan 
CA; let AG be the tangent at A> and T any polntupon AG; join 
CT intersecting the circle BEb in V and v. Now^ let the figum 
CHKR be constmcted so tbiit tiie base CR may be always 
equal to the logarithm of the ratio of CT -f AT to CA^ and 
the ordinate RK always equal to the logarillnn of the ratio of 
Tv to TV, the modulus being CA. Then the whole area 
CHKLLRC generated by the ordinate RK^ while the point V 
describes the quadrant BVE, shall be equal to the rectangle eon*- 
tained by the quadrant AFD and the ark DF whose sine is CB ; 
but it does not appear that the part of this area CHKR, that 
stands upon any given base CR,canbe measured in this manner. 
The fluents of this kind are sometimes required in the resolution 
of useful problems, and the mensuration 'of the whole area is 
commonly what is most valuable. But 'before we treat of the 
area, when the ordinate and base are both expressed by fluents, 
some theorems are to be premised concerning the area, Vhen 
the ordinate only is expressed in this manner. . 

813. Let A represent any area on the b,ase x, suppose Ai =; 
K, Ki rzL^hx ~ M, Mi = N, &c. where K represents the 
area when the ordinate is A^ L the area when the ordinate is 
K, M the area when the ordinate is L, and so on. Let jta* =; 
B, ari = c, xc = i), ^d ~ e, &c. ; and suppose Bx ^ i, fti = 
/, /* = m, wi = », &c. Then shall K = rA — B, 2L = xK 
— ft, SM = a?L — /, 4N = I'M — m, and so on. For since 
Ai 4 J^A = k •+ B*, it follows, by finding the fluents (art. 
738), that Aa; = K + B, dnd K = Ax — B. Because K; 
+ XK — i = L + Ax; — B; = l + aTITb X ; = i 
+ Ki = 2i, by taking the fluents xK — A: = 2L. In like 
manner, Iax -¥ xt — / = m + Kx^ — k*' = m + SLi = 
3m, and 3M =: xL — l;Mi + xm — m = N + Lx* — Vx 
=: N + sMx = 4n, and 4N = xM — m, and so on. 

814. In 



r 
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814. In the same maimer that KzzxA — B^ it i» manifest that 
k =: xB — C ; consequently OL zz xK — fc = x^A -r- jpB — 
:rB + C = x*A — 2xB + C, and 2/ = ap*B — arC + D. 
Hence 6M = (by the last art.) QxL — 0,1 zzx x j^aIISJb+c 
*— «»B— 2jrC + D = xi^A — 3ar*B + SxC — D, and fm 15: 
a^B — 3x*C + SxD — E; 24N = ftrM — 6m = x X 
*3a— 3**B+s*c— D — *3B— 3;r»c + 3jcD--E = a:*A — 4a:'B 
+ fix*C — 4«'D + E. 'And in this manner it is mani« 
fest, that if r denote the place of any fluent Z in the series 

a^A— rj;*-— ' B + r X ^^ x a?'^-*C-&c. 

K, L, M, N, &C. Z = IX2X3X4X ...Xr 

which is the first part of prop. II, De Quadrat. Curvar. When 

^ ^ a'-A— ra^-'B + r x ^ a'--*C-&c. 
X zz a, then Z = 



1 X2X3..- Xr 

815. Let » =: TZLj^ X A = a^A — ra*— "xA +rx ^ X 
«»•— *x*A ~&c. = ark — ra^-'B + r X ^ x a»--»c — 
&c. ; consequently z = a'A — ro^^^ B + r x ^^~- x a**— *C 
— &c. and when r = a, Z = . ^. , ^ / — • which is 

» X2X3X . . . X^* 

the second part of the same proposition. 

816. Let xk = p. Pa = q, Qa = r, Ra = s, &c. and 
the fluent of AV will be equal to xA« — « A«— * P + » x 
ITT X.A«-^Q — n X "i^irr X H::^ x A«-^R — &c. For, 
by art. 738, the fluent of AV is xA« — F, wA"— ' xk (where F 
is prefixed to denote the fluent of the expression that imme- 
diately follows) = xA^ — F, wA»— * p = xA^ — « A'*— * P + F, 
n X ^^ZT X A**—* a = ^rA" — wA"— * P + w x nlir x A^— * 
Q — F, n X ^^ X Z^ X A'*— 'a, and so on. 

817. For example, let a = ■ „ and K the fluent of 

a; will be o-A — . B =r (because b = tA = -^ ^ ■ - . and B 

• i^fw 
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22 T v^TpS) «A ± i/i^?; antJ^ because Ac floentd B, C, 
t), &c. are expressed by circular arks or logarithms with alge- 
braic quantitiesy according as A is itself a circuliur ark or loga* 

litfam^ the same b to be said of the fluents K^ L^ M^ N, fcc« 

• 

by art. 814. Let •lES ^ a; i then A =:= 1-, p ;r^ jta = 

f^ = :F% and P = T «; o = Pa = T«; and Q = qp 
*;i =Qa = ^^ = i, and R = z; s = Ra = ;, aad S 



= jp. Therefore the fluent of A", is xA^ ± «A»»— '2 4:^ n x 
;;ZT X A«— *a: — 9 X JH^ X 11^3 x A«— '« + n x "IS x 
;C3' X 1^ X A»-^ap + 8ig. 

818. Suppo3ing a =: ^x, 9 =: J? A = yj^;^. l(y can be ex- 
pressed by X, B may be expressed by a fluxion that involves aa 
invariable quantity only (viz. x) with its fluxion ; and if A and 
B can be reduced to algebraio quantities^ or to circular arics or 
logarithms, by the preceding articles, the same is to be said of 
K, the fluent of Ax; because K=:xA«-B. It is obvious that if A 
andapbe assignable by each other, A^ orxmaybeeasilyexpress*- 
ed by a fluxion that involves one variable quantity only (viz. 
X or A) with its fluxion ; and the fluent of Ax may, in many 
cases, be assigned ia algebraic quaatities, or compared with 
circular arks or logarithms, by the preceding articles. , But be« 
sides these more obvious oases, tliere are others wherein the 
fluent of » X F,yx ( or of Ai ) can be reduced to suchas have 
been considered above. 

819. The base of a figure being represented by z, and the 

ordinate byy, let ;r == 'jrJC'*-" x E + Fx«l^*, and ^ = 'xJ^ 
X e+f3^9 and let ar =: rf when E +- Fjr» = (that is, let 

<>^= -pj ; then if r + s + / + A == 0, the area of the figure 

<or the fluent of \y) that is generated while x by flowing 
from becomes equal to d, shall be equal ^ the simultaneous 

fluents 
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flaenis of 3r»+«»-»; x E+FJJ^-'and j:««-»; x e+/i^^ 
multiplied by -j^J that is, let Q, G, aud P, represent the se- 
veral fluents of xa?''"— I X E+Fi*^"^ x F. ij:«*— » x e+J^f 
jj-jm+fi*— I y E+F?*^'^ and xj*"— « X e+foP^, that aie 
generated while a* by flowing from o becomes equal to d ; and 

Q = "PSSi* ^^^ ^y *^ suppositiott, -^ 55 i«*»-^ X 

1 + ~j = (by the binomial theorem) a«^*; + ^ x 
«*»+»-^; + ft x izl X f x x»«+»«-i; + &c. and (A) 

ft • 

consequently yi is equal to the product of -^ x :r^n+*»— t 

X E + Fjc»^* multiplied by this series. Therefore, by art. 792, 
if in this series you substitute d for «•, and multiply the terms 

• retpcctively by 1, -^^ -I±i- Xp:^±J±L., fcc. or (because 
r+«= — i — A:, andr + s + / = --*) by l,iU., db x 
•j &c, axjid suppose the series thence arising, viz. 1 + 

L, we shall have Q = ^ x GL. But by substituting in the 
equation A, by which the ralue of y was determined, P 
fory, ft +/ for ft, and d for x, it is manifest that L =: jrrnr* 

consequently Q = "7^» This theorem is founded on art. 

792, and is to be understood with similar limitations, particu- 
larly 
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krly with those described in art. 796. We have supposed r 4*« 
«|- / -f- ik =: 0^ ors = — r — / — A;butitiseasy toseethatif 
s be increased ot diminished by any integer number^ this theo- 
rem will be of use for discovering the Buent of j^^^' when xzz d, 
or for reducing it to common fluents, Uiat is, to such as involve 
the powers of one variable quantity compounded together in 
common algebraic terms with the fluxion of that quandty. Sup* 
pose, for example, that d = « X F, '^x^, and let e+fi!^ =r R, 

theno = ^ - . 1 — '7TT==z,^ 

ll/X,4.|+l /Xi+i + i 

820. Let X = D when e + fx^ = o ; and, the values of « 
and ^ remaining the same as in the last article, let Y, Z, and q, 
he the respective fluents of y, «, and ^, when e + fx^ = o. 
Let g and p be the simultaneous fluents of iar»^+»»— » x 

7+J^^ and ia^-^-i X £ + !>'■*■*. Then if r + s + / + Ar 

=:a, as formerly, q == YZ — vkftiyrn * ^^^^ theorem follows 

from the last, because F, y» =: yz — F, Zy . 

821. Let » = — ;;jj«-*— * X E^mTF^-^; =— ;»« 

X ex^ +/ ^ x = rf when E + Tx* = o, and the area or fluent 
of ys which is generated while r flows till from being equal to 
d it becomes infinitely great (or the limit to which this area 
approximates while x iqpreases continually),istheproductof the 

fluents of— ;,xM-««^' X E^+F^' and - ;j;»»-^ xei«+/*+* 
multiplied by each other and by ^ , ^^^^ * as will appear 

by substituting x—^ for j: in art. 81 9^ and supposing m = rn -t 
In — 1 . The fluent of y«' when e +fx^ = o is the excess of 
the product of the corresponding values of y and z above the 

product of the simultaneous fluents of — irar«^— » x ea^-irf^ 

and — xx — *-^i— 2 X Ei« + F'+* multiplied by each other 

j^nd by ^ — J by the last article. 

822. From 



822. from these theorems tables might bei computed of 
iliients of this kind that may be reduced to circular arks and lo- 
garithms ; b|Ut we shall only give a few examples of their .us^. 
Suppose that it is required to find this area or fluent pf y z, when,. 



* , . . a?"»— ' ' 



any positive number. *z== unA ' ir — =i.— * 



that is, let it be required to find the fluent of— ^-==: X F. 



jrwi-^ 



,!• 
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when X :sz b» In this case, by comparing the expo-- 
ntots witfi those in art. 8ld> nr=z2, r= ^, / = K s=:—^ 
arid ft = — 1, so that r + l + s + k = ^"^'"t ^"*"'^ — l=Q.a8 
the theorem requires. Because in this case g ±: ** , and #. 

^ ^-^ ; it follows, that if N denote the ratio of the cir- 
€^mf«:ence of a circle to its diameter, the fluent rfeqmted is 
^— X F._^^, if 4 be substituted for dk in the value of tl^i* 

lastfluent aflerit is determined* Thusif 5;=:log. ^^"^^^^^^ ' 

and y =: log. a x t/^Zf , ahd H represent the ark described 
ivith l^e radms a that has its sine equal to b], then the area re- 
quirea will be equal to -^ x H ; whence the ptopositioa tha* 
•was advanced in art* 812 follows: for in this example i si 

liv^^' - ^5=3;?'" = i ''"dp = F, ^. If, th^ 

<ame value of z YpniMning, we suppose y to be always equal to 
the ark described with the radius a that has its tangent equal to 

'"' °'' - ^7+7*' ^^''^ = ;^,5 aad in this e««npl^ 
VOL.11. S ^ th. 



258 i)fihe AtUy when the Ordikm^ Biok it 

the fluent required is X log. "*"*". , . ; sq that the flu-* 

ent, which in the former case was Che pnxikiet of two cxrcolar 
arks^ is now the product of a ckcular ark l^ a iogaritbm. If 
m be any integer number^ the fluent required noiay he measured 
by the areas of conic sections, and if m be equal to any of the 
fractions ^, i, ^, &c. it may be measured by their arks. 

823. It is obvious that in other cased the fluents niay b^ com- 
puted from the theorem besides those wherein r + $ + i ^^ 

• • 

=0. Suppose, forexample,» = — fL--—- and y =z £l , 



= X 



Because^ = i — * ^ '^ , %y =: ., — -, 

% V, Z^JL. Tlie fluent of the ISormer vart is a^sifriiahle ixt 
e+fxx ^ '^ 

algebraic terms, and the fluent of the latter (by. the tfaeevem 

ill art. 819) by circular arks and right lines. 

. 8d4. In like maniier it follow^ from art, BiZ, that if % ss 

5 And y £= ^y then the nieaj or fluent of y» 



diat is generated while jr flows till from being equal to ( it 
become infinite, is —^ X F, — ===• 

825. The theorems in art. 819^ &c. are chiefly of use for 
deducing fluents to circular arks or logarithms, or to others of 
a moresimpliiib}:nn(and consequently for rendering ontsolution^ 
of proUeiBs more simple and elegant tfa^n when we bscve im^- 
mediatdy recourse to an infinite series), when neither y nor z 
can be expressed by x in algebraic terms. But they may be of 
^me iifle> likewise, for finding th^ fluent of ^i«' when^ is aai- 

'ingned by x. Thus, to find the fluent of r~= 






when jp =: ft, suppose » =s — *^ *y:s — , and coBse« 

quentiy 



(Jbap. IV. ' md Base are expressed hy Fluenig^ €59 

qifeaStly ^ ±t ^ ^*f * By Comparing these vdueis of L and 

^ WMi their genefral values m art. 819i » b* 2, f =i |, / 2:: |^ 
^ ^ \jk ±1 — ^, and r + / + s + /: = o, as the.theorem re* 

quires; G the fluent 6f ^ is — -^j and P the fluent of 

» is — r===: whence^ by the theorem in €irt. 8 19, the 

if we were not obliged to hasten towards a conclusion, thisTrea* 
tis^ having already grown to a far greater bulk.^an was at first 
{intended. 

B9Q. If W£J a^umd ati Equation as T^Tp^ x T^rsj^* si E> 
Where m^ h, A^, B, E/are supposed invariable, theiv (by art. 728) 

^* + mA+»B X x^. 4- S3^ M ABjry =s o. If we had a** 
wmed 7^^ x y« 2= E>then wiyi rf nxy + ^7+^ x Ay^ =0, 
where the term j?i is wantiag; Wheto a fluxional equation i^ 
proposed that canb^ reduced to a form of thfis kind, then, by 
comparing its cbefflcient* with tbiftG ©f Ihfe eqiia^n of the 
same form, the values of m, h. A, &€. ittay be determined, and 
the equation i^ thcf fluents discovered ; as ia «b©wn l&ore fully^ 
Comment. PetropoL torn. 1, &c. 

827. When an area or fluent is reduced to a series fey the 
methods described in aft. 745> &c. the series, iri some caseacon- 
ver'ges at so slow a rate as to (>e of little use for finding the area. 
Suppose VMf (fig. si 3) to be an eqiiilateralhyperbola that hasi t^ 
ceptre in O arid Oa foj^one of its asymptotes ; let OA = i, AP= x, 

PM i= if, andy ±^ |-— zr l_—x + j;* r^ j?3^ jjr^^ whenof 

the area APMF =: V,yisz x — f + J +^ + &c j an^ 

S2 tf 



.« 



IBQD O/cmputing ike Sums ofProgHmmis Book II; 

ifAB = 1, the area ABEF = 1— 5-.+ \—x + 3 — 

g- + 8tc. =: J + -jj + gJT ■*■ ^^* whidti is the series 
mentioned fbr the quadrature of the. hyperbola (or for finding 
Jthe hyperbolic logarithm of 2) in art. 56 1 . But this series con- 
verges so slowly, that the sum of the -first 1000 terms* of it is 
found deficient. from the true value of the area in the fifth deci- 
Inal; and other examples similar to this -might be brought^ 
wherein the aren may be mpre easily computed from the in- 
tcribed polygons theh frorii the series. Some further artifice is 
therefore necessaiy in aeAex to compute the area in such cases^ 
instances of which i¥^e described iq art. 36 1> and others are to 
be met with in several authors, particularly those who have 
treated pf tlie^^ompntatiqn of logarithms and piepsuration of the 
f5ircle\ The following theorems^ derived from the method of 
fluxions^ may be of use for this purpose; and serve for the reso- 
lution of many prbblems that are usually referred to What is oall- 
ed^i' Isaac Ncwtm't differential met h0d. 
^. 80,8. Supposeth^ base APzzz (fig. 3 14), th^ ordinate PM =y, 
itn^, the base being supposedrto flow uniformly^ let »=: 1 . Let the 
firstordinateAFbarepresientedbya^ABr: 1^ and theareaABER- 
=: A, As A is tbe«rea generated by the ordinate y, so letB,C,D, 
|E,F, &c. representthe areas upon the same base ABgenerated by 

fiit respective ordinates^,^, y,]?, &c. Then AF =s: a =. A — 
? + 12 ~ 720 + 50240' ~ ^^' -P®^' ^y ^^^' 752, A;=:a + 
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• •• 
terequations, if we exterminates, a, a, a, &c. from the va-^ 

B C 

lue of a in the equation Q, we shall find that a.::^A~-^ + •f?' 
-^ JL J- &,c. The coefficients are continued thus; let ft, /, m, 

720 ■ 

w,&c. denote the respective coefficients of a, a, a, &c. in the 
equation^Q ; that is; let ft = j, / = g > ^ = 2?> ^ ^ Tso' 
&c.; stippose K = ftr=^, L = ftK — ( = -125 M = ftL — . 

IK + m =0, N = AM — IL + mK — n = — tj^, and soon; 

then fl = A — KB + LC — MD + NE — &e. where the 
coefficients of the alternate areas D, F, H, &c. vanish^ 
8S9. As A is the fluent of yi, so B is the fluent of ^%, C 

ot'yz, E of yZy &c. Therefore, since z =; 1, and these 
areas are generated while the ordinate PM moves from AF 
to BE, the area B will be expressed by the excess of the last 
ordinate BE above the first AF, C by the difference of the 
fluxions of the ordinates (having due regard to the signs of 
these fluxions), E by the difference of their third fluxions, and 
the other areas G, I,,&c. by the respective diflerences of their 
fluxions of the corresponding higher orders. Therefore if a 
represent BE-^AF the difference of the ordinates, and /3, 5, 
2^, &c, the diffierences of their fluxions of the first, third, fifth 

drders,&c.thena = A-|+ l-ij +-X. + &c. 

830. Supposing now the base Aa to be divided into the equal 
successive parts AB, BC, CD, &c. and each part equal to unit, 
let the sum of the equidistant ordinates AF, BE, CK, &c. ex- 
clusive of the last ordinate af, be represented by S, the total area 
AF/fl upon the base Aa by A, the excess of «/above AF by «, the 
respective excesses of their first, third, fifth fluxions, &c. by fi, 
i, (, See. the fluxion of the base being supposed equal to 1^ 

tb^a it follow?, from the last article, that S = A — jr + -rv 

S3 - 



6St^ Ofcompuiing the Sun^ of PrQgi^eisiims Book II; 

-4 + i- + &c.apdA = S+ |~^+4-w 

-? — h 8cc. which give two of the theorems mentioned in arU. 

352 and 353, where we had hyperbolic figures chieffy in yiiew, 
Xhb proposition more generally expressed, wilhovt supposing z 

or ; eqij*l to unit, is that S = rj- — | + ^ ^ ^|— - + 
JL. !!i- + &c. 

90240zS lS0960(h^ 

83 U The ordinate AF being still represented by a, kt AR 
and Ar be taken on ppposite sides qf the point A equ£^ U^eacl^ 
other, RV aaod rv the ordinates at R and r teri^xiaate the are% 
BVt?r; let y represent any ordinate as PM of the figare^ and, 
the base being supposed to flow uniformly^ let A, C, E, &c. 
represent the areas upon the base I^r that are generated by the 

respective ordinates y,y,^, &c. ; then, supposing ARr=2, the 

Aur . A tC , 7z'E 3U'G 
piiddle ordinate AF ( = a) _ -- j^, + ^^^ - ^^^^ 

:+ 8tc. ; for, by art. 752, -^ = 5; =«+ —--j- t 

• • • • , • 

^^ +&C. or a = — ^T--^ :- -^ &c. Ii^ 

2X3X4X5;* 22 6x» ISOs,* 

Jikc manner, « = -- ^^-^ — °^c. a — ;-- — occ. j 

whence, by exterminating a, a, &c. from the value of a, the 
theorem will appear. The cpefficients of C, E, G, &c. ai^e 

• • • • 

continued thus : let the several coefficients of a, a, &c. in the 

value of -5- (derived from art. 752) be represented by A, /, 

z^ z^k zH 

,m, n, &c. that is, let A:=; - — —-, I =? -r—T^^ ^ = ^ ■ . -> ^ 

2x3z* 4X5z» 6x7»» 

~ ^*'^^,&c.; then let K = *- = ^, L = AK — 



8x9z* ' . Qz - l2zV 

"2^ 



r 



r 

Ch;pfcp.IV. tmd Are^gM f rem each oihsr^ efijl 

~ MrsftL — flC + i.jN = ftM — /L+mK — ^,fcc. 

And the vialues of the coefficients K, L, M, N, &c. being thus 

wmputed, then i» = -^ — KC + LE — MG + NI — &c. Be- 

diuse the areas. C> E, kc. are the respective iikents of y<^ 
];» , &c. if the respective difEsrences of the first, tbird^ fiftl^ 
fiev^nth^ and higher aUernaie fluxions of the ordmates rv and 

RV, be expressed by 0, S>.^, fl. Sec. then a zz — -^ — r + 

— ; r- + r — — r- — &C. 

780k3 30240i5 1209600»7 

S32. From thisitfollows,that;ifAF,BE,GK(j%.3 15)&c.bcase- 
ries of eq«idislant ordinfates upon the base Aa, of which AF is 
.the first and a/*the last; AB their conkmon distance be equal to 
Q,z; AR be taken backwards from A equal to z or i AB, and 
-or be taken forwards from a diso equal to 4 AB; ^eordinates 
. RV and rv terminate the area RVvr ; and this area being repre- 
sented -by A, the differences by whidi the first, third, fifth, 
seventh, and higher alternate fluxions of rv exceed the same 
fluxions. of RV, be expressed by /), 1, 1^, 0, &c. and the sum of 
the ordinat€s AF, BE, GK, &c. (including ii/^ by S, th^ 
e A zfi 7z'J 3U'? I27z'i 



QiZ 12» 720«3 90240«5 ' 1509600»7 * 

■ -r d- &c. A rz 2zS + r-^ + ——. ?- 

4T900160»» , 6» S60»3 l5l2Cte* 

•|. J . «- ^ &c. if we suppose AB = l, 

and » :=: 1, then z zz i and S =: A — rr 4* r;;^:: — ■* .. 



• 164828800 "*^' ""^ ''* ^ ^ 24 5760 ^ 967680 

&c. which are the two other theorems mentioned in art, 
352 and 353, only, in order to include the term af, or is 
here taken forwards from a, whereas af\i*eA there excluded, 
and ar taken the contrary way. 

S 4 833. The 
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933. The use of these tbeornns willbeBt appear by examples. 
First, let m, in+f, m+^, m-f Se, , . . n, be a series of num- 
bers in arithmetical progression, where r(i denotes the first termj, 
c the common difference, and n the last term^, and r being an^ 
number positive or negative (^-1 excepted) S the sum of tlo^ 
powers of these numbers pf the exponent r, that . i^, m^ + 

«+;*•+ S+S' + JfST*^ +..•. + n'^ = =Y*7 ^ IFT^ 

n^ + wi** T6 ' ' \ ^*- r.r-^l.r — 21. e' 

^ 2^ 12 720 ^ 



n*"— ^ — m**— ' + &c. For,supposingOP=x,PM=y,let(%.314,N. 
1 &2) FM/*be the paitabolaor hyperbola whoseequatioaisy =2% 
OA =? w> Oa=» ,- consequently A/* =!»% <j^ =.»r, F. yi 3;, 

F. x^:r = and the area Arret zz. A r:^ ^J 

IW+ 1 wi+1 

^— AF = « r= «»• — J mt; ^ = r:r'*-?"'i , and, supposing j^ =s: 

i = 1, the difference of the fluxions of af and AF is rnT-^^ 

* - 

— rmP^^zz j8; y a: rXr— T >C 7^ X jr^— ' ;r, and XssrxPZZT 

X r— § X n^-^ — ^''■^- 1*1 "iJ^c manner, f, 0, &c. are corn- 
er 4-1 f7|r+i 

puted, and it follows, from firt. pSOi tliat S-r-^^ =: 



r + lXC 



fir — ffix re 



+ ~. X fi^— >— rm''— « — &c, therefore S = 

2 12 

- — + ■^— + — .X w'--'— m*--' — &c. By 

r + lXC 2 12 -^ 

apposing e =: 1 and m =: 0, i( follows, that the sum of tlxe 
powers of the numbers 0, 1,2,3,4, • • . w of any integer and posi- 

tive exponent r is -t-t— + — + ■ ' ■ — ■ ■ ■ 

i* H V r 4.1 ^ 2 12 720 

s 

-)- &c. thi^ series being continued to as many terms as.thei:e 
are units in 2 + —^ only, when r is aa odd nunaber. : be* 
cause when r = 1, the fluxions of AF and of are equal, and 



1 
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fi:^o; ivben r ^S,i =^ o; when r =z5, ^= o, &c. Thus if 
r=:l, S =»^ + l;if r = 2, S =J + J + 1; and 

if rr: 3, S ::^ ^ + 5 "'^ ?• This is the theorem given 

by Mr. James Serneuitth Ars. Corijectfindiy p. 97. When r 
is a fraction or negative number, the sum of the powers of the 

7i^+* -1 W''4"* 

vame numbers (by supposing »} = 1) is r- j- -j. 

' --*: X w^—^ -1 + &c. 

12 720 

^ 834. The sum S (fig. 315) of the same powers o{m+e,m+ 3f , 
ffi+5ey.m^+7e,, . .n-r-c,where2eistbecommondifFerenceofthe 
terms, con^iputed by the theorem in aft. 832, by supposing OR 
5= m, RA = e = ar, Or = /I (and computing the area RVcr 
with the differences of the first, third, and higher alternate &\ix^ 



re 



ions of. rtj and RV), is •=—= — r- ^ !»*'+» -W+« — tt X 

^' r+iX2e 12 

i'V . 7rx>^x7Z5xe 



,3 



/^ 720 

'3if x7:;rrxn3 xr^ xTnj 



• • 



By supposing m r: e = |, the numbers are 1, 2, 3, 4, 5, • . 

I 1 r. w^'*'* rn^— » 7rx~Tx73l2xn»^-^ 

w ^— f , and S =r + -r^^r 

; r+1 24 5760 

3irx;^zTx;^x;35xr^ . « i 

X «'•— 5 + &c. — =3=r 



967680 -r -V . -— .^g^^j 

r . 7rx7irrx7I3 



+ &c. 



24 X 2»*— » 5760 X 2''-^ 

835. When r is negative, let r = — s; and if 9 be 

greater than unit, then, by what we have shown in article 

**^ <♦ 1 1 

833, the mm of the progr^s^'^ ij +==,,+ ==, 

+ ."^ + &c- (by supposing^ ^i = ;rrx«;»i»-.+2^ 

+ 
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se ^xTfTxrfgXf^ gXi^fi xTfTg X 7+3x7+ 4 

"*" 12i»»+' ~ 720w»+^ "^ S0240m<+5 

X e' — &c. This series was deduced firom different principles 
hj Mr. X>e Moivre. In like manner it follows^ from the lasi 

article, that =5. +==.+= + ^; + &c, 



se 7«x,+T X »+'2Xc 



3 



&c. For example^ i^ ' = 2 and « = i then S z: - •— -jj^- 

7 SI 

"^ 440,5 — Tsiim' '*" ^^' "^^ compute the suia of the 

1111 
progression l + y+g+Tg+oT + &c, find the sum of 

1 
the terms at the beginnmg of the series as far as ;jx|» ^^^te* 

sively, then compute the sum of the subsequent terms by this 
theorem. Thus if we add the three first only 1 + ^ + ^ « 

]• 361 1 1 &c. suppose m + | :?: 4^ or m £: ^^ and the sma of 

2 n — — — I 

the following terms will be y x 1 — 5^55- + 15^^43 - &c» 

three terms of which series only collected and added to the 
former number 1. 36111 Ac. give 1.64493 &c. for the sum qf 
the series r^quired^ true to the fifth decimal. If s = |, and e=|, 

^^enS = ^^^xQ-j~ + SOTS?- - ggxiogW + ^^• 

836. These theorems may serve likewise, in many cases, for 
computing the area when the series that arises in the common 
method (described ibove, art. 745, &c.) convergesat too slow a 
rate. For example, let Vmr be a common hyperbola, O the 
centre, OR z= m. Or =z n, and Rr be divided into any even 
number of equal parts of which RA is the first and ar the last ; 
let RA = e, and S denote the sum of the ordinates AF, BE, 
• . .afy that insist upon the base at the distance ^t from each 

other. 



Chap. IV. and Areas from tack other. iOf 

other. Then the areaRVt^r = ^^S + -ji . X — — — — 

2X2X3X7^ ^ ~ 1 . Sx2x3x4x5x8Ir> J_ _ 1 

-^--5^ ^ "^ *" "^^ "*" 30240 '^ ..e «« 

,~ &G. because in this casey = -> ^ == — p» y = — — | ' 

&c. Hence, }f OR = m = 1, Or = w = 2, and RA z= c = 

1 8 88 Bj^o^.2 

i,theng=| + TT + T? + 75:'^^^^'^ = 9 + IT + 

2 2 2^« . 1 ij _ J^ , 2x2x3x7g* 1 l^ 

Tf + TTJ 12" ^ ST «« "■ 612^ 720 ^ "S^ ^ 

-^ _2 • and by so few sub-divisions of the base Rr 

and terms of the series, the area Rrt;V, or the hyperbolic lo* 
jgarithm of 2, is 0. 693 146 &Cr which differs from the trulh by 
"kn unit only in the sixth decimal. 

837. The logarithm of m being given, the logarithm of 
;n + ;; is assigned by this theorem, log. SI+S — log. m = 

-^ multiplied by the series 1 — -^ x ■;^^—~ + 

^x=i— 4-^>^=^ -r;T+8^c.Forletr^^.3i6)EA 

— w, A«ic:2,FM/the logarithmic curve having its asymptoteEZ 
perpendicular to EA, Ep ==^, PM =?^, the modulus or ordinate 

]7^ -- I . then by the nature of the figure (art. 178),^ = ^^ 

or xy = ir ; consequently, MN being perpendicular to the 
asymptote in N, the area Ee FMN -x—l, <jMP=EP x PM 
T— Ee FMN = ^ X log, x—x+ 1, and the area AFfa = 
;^::S X log. ^+1 — m X log. m — z = A. And because a = 
^_ AF = log. S+S — log. m (supposing » = 1), AF = a = 

.A a Zg Z'^ Z^^ 

log.ffi = (art. 829) -;; j + ^ 720 + 30240 " ^^- ^ 

^ i . m 1 z0 z^^ z5f 

i" + §■ X log.i»+» -£-? ^ log. Wl- 1 + TT - 720 + 3^15 

— 8cc. Therefore - + g x log. S+J — log. »i = l — • 

I zB 

12 



868 Of computing the Sunis of Progressions Book Ili 

-- + — J, — -—3- + 8cc. = (because V ^ - and = . — -^ 

12 ^ 720 30240 * ^ -^ * n^s 

3 'i = — and J = =-=3 jj &c.) 1 — _. X 



1 1 Z' 1 1 ^ 1 ^ ' TT 

— — +-^;:><=-r,— r:??— TTnrrXsrr:, - — • Hence, 



w + z w> 360 ;;+V w^. . 1260 ni+V m5 

if we suppose m =: l^and^: = 1, because log. 1 = o, it follows^ 
. 5 ' 1 .7 ' SI 

that J X log. 2 = 1 + 753^— SSoSTs + 1260x32 — ^^• 
And by supposing z = ii X log.f =1+^ — 3603^8x27 

31 1 

+ 1260x32x348 ~ ^^' ^^ * wmilar computation, it appears 
that if z denote the excess of the logarithm of a + d above 
the logarithm of a, or measure the ratio of a + d toa, then d 
the difference of the numbers may be found by dividing az by 

the series 1 — | + -^— ^ + §&— 8^^' Other the- 

oremsbf this kind may be derived from art. 832. 
. 838. Let it be required to find the sum of the logarithms of 
a series of numbers m + e^m + 3e, m -i- 5e,m + 7e . . . . 
n — e, in arithmetical progression, wJiere w + e denotes the least 
term, n — e the greatest, and 2c the common difference of the 
ternas ; or, to find the logarithm of the product m^e X m+3r X 
m^be X fn-\-ie X ... X "7!^, wheu all thcsc numbers are 
supposed to be multiplied continually by one another. For this 
end, the figure being the same as in the last article, let EA^be 
Xiow equal to m -f f , Ea = «— e, take AR frorp A towards E 
equal to f, and ar the comtr^ry way equal to AR, and still sup- 
pose the fluxion of the base equal to 1 ^ then ER = wz, Erzrw, 
the area RVt?r — 7i X log. n — m X log. m — n -^ m = A, 
the difference of the fluxions of the ordinates rv and RV, is 

7> &c. Therefore (by art. 832), S — •- -rz + 

.. 3}K . <. n xIqs. n yr- m ^ loG^, m i» — m c. 

30240 ^ '2c 2c 13 

X 
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i — 8tc. Aiid this is the same solution which Mr* 

Stirling derives from his method, ftoy. £8, De InterpoL 
Serierum. 

839. The terms In arithmetical progression being represent-- 
ed by mym + e,m + 9ie, m + 3e,m+4!e, .... n — e, wherfe wi de- 
notes the least term, e the common difference, and n — e the great- 
est term ; the sum of the logairithms computed by the theorem f<# 



•*--r- 



r 



S^art.830,isequaltoVheexcessoftheserie8 - — _. x Ipg. • 



-— -^ +, =^ — s-- — + — i &c. above X 

e IQn SeOnS 1260rtS ' -^ • S 

W; m -^ ^ + -^ fi- + —f! &c. Far if 

we now suppose EA.=:my and Eamn, AF will be the ^rst or- 
dinate, the airea AVfa :=znx log. ri—m X log. m, a=^af—AFi=: 
log. n — ^log. m, the difference of the fluxions of o/and AF, or fi 

=: • 5 = -, — -^^ &c. : and the theorem appears 

by substituting theise values for A, /5, 5, ^. in the equation for 
S, in art. 830. This coincides with the. value of S derived by 
Mr. Dt Moivrt in a different manner, SuppL ad MisceL 
Analyt, " ., ^ 

84(0, The sum of the logarithms of the odd numbers, 3, 5, 
7, 9,:11, ...w — ^^ lis obtained expeditiously, when « is a 

krge number, by computing I X log.«— ^ — -j^; +-^ 

T- iski + iSt — 8cc. and thereafter adding' ^^ ^^ 
the constant logarithm .346573590 &c. Because^if we suppose, 
in art. 838, e = 1, and m r: 2, then ^^ ^^' "" — ^ — -j^ 

^ 36o;;j ~ iseo;;^ + &c- = log- a— i — isb""*" si^ 

*' + &c. = (by art. 837) log. S — | x log. 2 = 



1260x32 • *~~' '^ J " ' """•' '"O" ■" • S 
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--^ ^ X log. 2 ; and this quantity is to be substraeted from 

5 X log. II -^g- — j^ + &c^. in ordar to obtain the sum of 

tke logarithms of Si 5, 7, ... « — 1> by artw 838. 

841. The slim of a series^ of which the terms are alternalely 
positive and negative^ is found by computing separately the sum? 
of such as are affected with the same sign by either of the theo- 
lems in art. 830 or 83^, and then taking the differelnce of these 
sums* But when the tcrms^ which are added and substracted al- 
ternately^ may be considered as the successive drdinates of tin; 
4Bme figure^ the coibpufeation of the area may be! ttvoided^ and 
the stmrof the series more elegantly obtained by the following 
theorem, tet AF represent the first positive term^ o/'the t«mi 
which, when the progression is continued succeeds after the last 
negative term^f the common distance ofthe ordinates^ Sthesum 
of the terms that precede af, and let /}, 5, |, &c. denote thef 
differences by which the alternate fluxions of a/* exceed there- 

spective fluxions of AF, as formerly* Then S =s ■ ^ ■ + 

zL — £? + £^ — &c. for the gum of the positive terms 
(by art. 830, the common distance of the otdinates trhich ife- 

jresent them being Se) is ^^ - 1 + ^ — ^ + &c. 

A ^6 
tpxd th^ sum of the negative terms is (art. 832) — — -^ •!" 

2l|»-^ fcc. the diflfereace of which (a being eqoal to of— AF) 

Is A^~^/ + ll — l!* + &c. If the first, third; and bifirhw 

2 4 48 ' ' & 

^r alternate fluxions of o^ vanish, dnd j^, J, ^, &c. represent 
the firsts third, and highef altern&Ce fluxions of AF> witbotit 

^hangiog thdr signs, then S =» » "^r - ^— ^ + L. — 1 

80640 

842. Hence if EA == 2, AF = log. 2, Ea = n, afzn log. w^ 
and 0, i, ^ &c. denote the several fluxions of AF, the loga- 
rithm 



ctti Areas from taehviheri 871 

tiibm of theultimate value of the product f x^ Xfx|x \^ 

?< . . . X ^ X 2 i/-wiU be equal ta l2£ilr±I::i -.| 

+ ^ - Jo + *^'^- + ^g- * + 2 = § X log. a— I 
+ ^ _ A + &c. = (because, by art. 837, 5 X log. 2 = r 



-f- &c.r:(becau8e 0==i J=:|, ?=||, &c.) i— — + ggo ~ 1551 

* T?S5 "^^^ ^^* ^"* ^"^y ^** ^** ^^^ *hoWn by Dr. ^4»2/m> 
if c denote tbe circtiHifer&ace of the radius unit, c = 8 X 

s" X Trr X Tjr X -rr X &c. which product continued till the 

57 Z9 4i^ 01 ■ , 

"denominator of the last fraction be 5Il4% may be expressed by 

4 X - X — X -7: X ^ X .... X =?* X»; consequ^tlf 

-, , -2468 n-— 2 ^ 

V^ is the ultimate value of jXjXyXg-X ..•.>< ^^^^ X 

2v/«; and log. ^7= -|i-V=: 1 ---5^ + }^^^^ 

1^ — 8cc, This (which was first observed by Mr. StirUn^ 

serves for abridging the computatioa ia finding the sum 
of fhe logarithpis of tbe numbers 1, 2, 3,4,5, . . .n — 1. For 
suppose, in art. 839, m^sersl, then the latter series iq that ar* 

_ticle^_l xlog.m— 7 + ~;^~555;;3-+.&G. = -^l 



+ -fe ^ STo + Tsb ^ 8^<^- == ^^5 consequently S == 

^^ xiog.w— » + jg;; — 36o;j + i26o;3 — 8cc. +-^; 

or if ?i- jdenote the greatest number ift the progression, then (sub- 
stituting 
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stitalidg i fot'ein art. 838) S =n x log. n — ""^sj; "i* 

SSo;?- 4^ + ^''- + ^*y *^^*=" "« *^*^ rufes- given 

for this case in the treatises aboveTineatiooed. But if it is re- 

• • 

3 24 48 
quired to find the value/of SX^-x-gj-x^x &c. by the 

theorem in art. 841 (that is, to compute c from Dr. TVallis^s 
propo9ttion)>then, becaose:the series £ov the logarithm of ^/T* 
converges s\t too slow a rate^ when E A is supposed equal to 2, 

let r he any i^reater eveti number; find the number whose logi^ 

111 
tiihm is -^ *— "jj^ + ^^ — &c* call this number N, and 

V"r = 2x txtxixi... X — rx— sr-' Irr=IO, then 
let N be the number whose logarithm is equal to tt- — ^ 
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't Soooooo — *^-'»"^ v^ ^ .= .3ir ^ ir* 

843. In like manner the logarithni of the ultimate vahie of 

ether products of this kind may be fou nd • as of 3 x -gj- k -gy- X 

165 285 A ', 1^1 • 

leT ^ l89" ^ ^^' ^"^"^ *"^ denominators ai'e the squares of 

^feodd ncunbers 5, 0, 1'3, 17,2t, &c. whose common diflference 
IS 4, and each numieraiiior in less than its denominator by 4. 
Let the ultimate Tahie of this product be ctHedp, and v'/'witt' 

be theuWmate valueof I X J x ^x-|f x . . . . ^x v^T". 
Let r be any nttmber in the progiession, 8,7, 1 1, 1*, 21, 25, &d, 

and N the number whosie logarithm is eqiial to.-i — + 

8 



^— &c.then-/7'::p.£jLx£x£xiix'^ x '^-^ 

844. The problem, tjonceming the ratio of the sum of att 
the uncia of the power of a binomial to the mcia of the middle 
term, may be resolved by article 838 or 839, with arUcle 842, 
or rather by the following theorem. Let r be the exponent 

of 



Chap. TV. and Area^ front each othet. ^7^. 

of the power ta which the binomial is to be rscised when the 
exponent is an even number, or equal to this exponent diminish- 
ed by unit when it is an odd number; and c denote the cir- 
cumference of the circle when the radius, is unit; let N de- 
note the number whose logarithm is equal to ^^^^rf "^ 

24x7^* "*■ iokT+T^ "^ *^^' ^^^ '^^ ^^*^^ required will be 

that of gj^ ■■■> to unit : for this ratio is equal to 1 X 3 ^ 

5" X y >^ 5" X . i . i ^ ^j- X r, which (by art. 842) is 

/"" r+i r+3 r-^-'B 

equal to the ultimate value of _L X ;^ X j;^ X -^ X 

... X vT+l, where s is supposed to represent a number that 
continually increases by the increment 2 ; and the logarithnl 
6f this ultimate value is (by art. 841, supposing'~AF=log. P+i^ 

anda/ = log.rT7)i2^- ^^^ + ^-t^ - 
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::=: log. li— . These are always supposed to be hyperbo- 
lic logarithms, but are converted into tabular logarithms by 
multiplying by 0.4342944819 &*c. The resolution of this 
pl-oblem derived from oth^r principles may be found in Mr. De 
Moivre's SuppL Miscel. Analyt. p. 17, anid Mr. Stirling^B 
Tract, de iSummdt. Serier, p. 1 19. Because the other coeffici- 
ents of the terms of a binomial (when the exponent r is 
an even number) are found by multiplying the coefficient of 

the middle term by ^ X —-, X ~ x &c. these may be 

likewise found by art. 838, &c. For the use of the properties 

of the terms of a binomial, when raised to a high power, see Mr. 

VOL. 11. ** T James 
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Jamei BernouitK's^ An. Conject. jKirt 4, chap. 4reMA Mr. Dr 
Moivrt's Doctrine of Chances. 

845. The sum of the series "r; — ==> + 



I 1 



— . &c. is (by art. 841, because of with all 



I reA. 

Us fluxions ultimately vanish ia this case) -^^ + — 
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X ecD + &c. where A in the usual manner denotes the first term, 
— ^, B the second, C the third, not including its sign, &c. If 

r = 1, then S = -r- + 7-—- — t— r + t-t — ZZJ "*" 8c<^* 
^ 2w 4»w» 8w^ 4m° 8fyr 

And hence the sum of the series 1 — 4 +t — 4 + -5^ — i* +^ 

&c. (which is equal to the hyperbolic logarithm of 2) may be 

easily computed to a great mimber of decimal places, by first 

collecting the sum of the terms at the Begittiiiitg of the series 

(by common aritlimetic) ^Mr preeede -,. so^ a* that m may^ 

be a pretty large number (equal to 25 or 27, for example)^ and 
then computing the suitt of the otbef term? by thi« senes^ If 

1 1 I S- 

r — (? then S = + — : ^ + — ^ — &c« whence 

the sum of the series 1 — ^4- it — i^ + -/^ — -jfj + &c. 
may be computed in like manner. By supposing r = 1 and 
e= 2, the sura of the series 1 — i +|- — f + f — rr+ tt 
^ + &c. may be computed by first collecting the sum of 

the terms at the beginning of the seriea^ that precede -^ via. 1 

i -j- I — |. . . . -J, by common arithmetic; and thent 

1.1 1 . « 34 



addine — + — r + — s ? + 8cc. This series i% 

equal 16 ^of the circumference of the circle, the radius beio^ 
equal to 1, by art. 746^ and hence the ratio of the circumfe- 

x«Plce 
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^e^nce to the diameter liiay be computed to mafiy decimd^places 
with little labour^ 

846. The theorems iti art. iB30 and 832 may be applied for 
approximating to the sum of the series that is formed by substi-^ 
luting successively any numbers in ilrithmetical progression in 

the place of x in the fraction — r~ ^ — ■ ^ ^ o, (where 

(a, bs c, &c. represent any given numbers)^ by what was shown in 
the last chapter concerning the area, when the ordinate is equal 
to such a fraction^ &c. And in some cases this sum may be as- 
isign^d accurately by aft. SSh 

847 . If N represent the niiniber whose hyp^bolic logarithm is 

t, the sum of the series 1+|"+ ^-^4 +3ofer-^ 
+ 8cc. = -jj^i and th6 sum of the series j — "^ + 

723 -^ 55540' + 1555653 ~ *^- - nn^T* ^^^^ ^PP^^^ 
by supposing) in art. 830 and ^32^ the Curve Ffti/" to be the lo- 
garithmic, Aa its asymptote, AF or RV equal tothe morfti/tts, and * 
finding the dilioi of the ordinates by the common rule for a geo- 
metrical progression^ and putting this suni equal to the Value of 
is iii those articles. 

848. The base Aflt b^ing divided into any number of equal 
J^arts represented by n, let the area AF/inQ^ the sum of th^ 
lextrenie ordinates AF + «/" = A, the sum of all the intermedi- 
ate ordinates 6E + CK + Ssc. n B, the bafe A© =: R, and thd 
same quantities be represented by 0^ X, ^, &c. as formerly; then 

the area AVfa = Q = ^ + J!^ ^ » — .5^ + ^ 

K — ^ji !• &c. Forsupposingf m art. 830, «^=^, S+ ^ * 

:^ B 4- -7^ = —7- + --1 •— a — T- H — — oCc. and sup* 

^ it T ^ 12« ?20^ ^ S0240»5 . *^ 

bcyring e =!^ R ill the same theorem, ^^^^ = ^ m § A 

IF *"" "tso" * Imw ~ ^''" *®°' *^ ^® extenninate 

Ts by 
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J>y these two equations, the proposition will appear. I£ 
we neglect J, f, 6, &c. AYfa = ^^-^ + ^^:^: Sup- \ 

pose /i = fi, or that there are three ordinates only (in which 
case B denotes the middle ordinate), then the area AF/a :rr 

_LZ X R — -~ + — --?-- — &c. If we suppose «=i 3, 

6 4x720 16x30240 ^^ ^ 

or that there are four ordinates only, B will represent the sum of 
the second and third, and the area AP/a = "*" „, x R— ^lL. 

•^ 8 9x720 

, R«f 



— &c. By neglecting 5, f, fl, &c. we shall 

81x3024 JO o ^ ^> ^ 

have two of the theorems given by Sir Isaac Newton and 
others for computing the area from equidistant ordinates, the 

latter of which (viz. AF/a = -— — x R) is much, recom- 
mended by Mr. Cotes, 

849. By exterminating J, f, fl, &c. successively, other the- 
orems will be found by which the area will be mcare and more 
• accufately determined from the ordinates. Let there be five, 
ordinates, A the sum of the first and last, B the sum of the se- 
cond and fourth, and C the middle ordinate ; then the area. 
AF/a = 7A + .S2B4-1^C ^iR-g 

-^ , 90 ^ ^^ 6x16x16x30240 ^ * 

for by the rule for three ordinates g iz -— — X R — - 

JOS 5R'f 

+ ;rr--^« By dividing the base into two equal 

4x720 16x30240 '^ ^ ^ ^ 

parts, and computing from the same rule the area that stands up- 
on each part, and adding these areas together, -^ = 7-i-?Jt2£ 

R^J 5R^f 

■^ 527720 + 2x16x16x30240 " ^^^ ^^^"' ^^ exterminating 

J by these two equations, the proposition appears. These the- 
orems niay be continued in like manner, iand some judc^ment 
fprmed of the accuracy of the several rules, by comparing the 
quantities that are neglected in them. 

950. The 
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Chap. IV. the intermediate Terms of a Series. ^1l 

.• S50. The theorems in art. 830 and 832, from which we have 
drawn so many conclusions, may be of use for interpolating the 
terms of a series likewise, or for finding the intermediate ordi- 
nates of a figure when the equidistant primary ordinates are 
given. When the equation of the figure VMf is known, the in- 
termediate ordinates are found without any difficulty, by sub- 
stituting the intermediate valdes of the base in theequatiori; but 
it is not so obvious how we are to interpolate the values of S 
ox thesums of those ordinates. Suppose FNz (fig-SlJ) to be the 
figure whose successive ordinates at the points A,B,C,D,&c. are al 
ways equal to the successive sums of the ordiriatfes of the figure 
^Mf&t the same points beginning with AF; that is, let AF=' 
AF, Be - AF + BE, Ch = B« + CK, Dx = Ch + DL, 
&c. and let it be required to determine any intermediate or-' 
^inate PN of the figure 'FNz. Let this ordinate PN meet the 
curve FM/in M, A*F = a, PM =y, the common distance of 

• 

theordinatps AB = €,the area AFMP = Qi y — a = /S, ^. 

move suecessively into the places of the ordinates of the! 
figure FNj? at A, B^ C, D^ &c. its successive \^lues will be 
rightly deterrnined by this theorem, by-art. 830. Or if we 
would avoid the area Q in the theorem for PN, let x\P z:/w, and, 

§ince ^ Z . = -^ + •- -rr- — 1 4- _ 1, .^- &c. It follows, 

2 m 12 ' 720 30240 - 

that PN =t±l K '4= + f^* K ^ ^fi;-* X J +, 

g^4Q^ ^ ? — &c. A similar theorein follows from art. B3^2 : let 

AR be taken backwards from A, and Vr forwards from P, each 
equal to|AB, KV and ru meet FM/mV and v; let Qnow denote 
the area RYvr, and fi, J, ^, &c. denote the differences by which 
the first, third, fifth, and higher alternate iluxions of the ordi- 
l^ate rv, exceed the respective fluxions of liV, and AB = e, a^ 

T 3 foiH. 
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formerly ; then any ordinate PN cz -i — J[_ + 2lA ~ 

•^ ' '^ e 2x12 8x720 

.£if!£. + &c. The ordinatesf al the pobts A, B, C, D^ 

32x90240 *^ ^ ^ ^ -»<* 

&c. are called the primary ordiQates of the figures FNsr or 
TMf. If Tp ^ AB, pn meet FN2; in n and FM/*in m, then p^ 
= PN + /wi or PN— put, according as Pp is tak^n forward^ 
or backwards from P : and hence any intermediate ordinate 
PN beipg knowi)^ all other ordinates of the figure FNz that are 
at a di$t^nc^fromit equal to AB^orany inultipleofAB^ are easily 
found by adding or substracting the intermediate ordinates pf 
the figure FftJ/? 

851. LetTX ^ud T X'be the primary pr^inates of the 
figure FM/ adjoining to the intermediate ordinate PN; bisect 
TT in X, let the ordinate ^^ njeet FM^iny, the area jpyvrzzq, 
the ordinate at T of the figure fNz, viz. Tt = yj ^ ?= ^^ tv 






— &p. For if RY ;= a, the area RVvr 5: Q, then WVg:( =; 



7*« 



Q_g, and PN s - — 5^^ x „ -i+a^^^B ^ • — «— 5tc, 

I 

Xl2 



by the last article ; and T^ q: / =5 -^ — • -aA- X j j ^ 



7tf' 



3^7gQ ^ J— i* — &c. by art. 830 ; conseauently PN — /=; 

^ -sT >^^s + sSo ^ in^-&c. andPN=/+ -f 
.— . ^ X ^Z^ + &c. This series will cqnverge very fast iq 

many cases, when PN U at a great distance from AF. 

952. This leads us to some easy and simple theoreai9 for 
finding ^he intermediate terms of a series by interpolating the 
difierenc^s of the terms. Firsts suppose the differences of the 
terms to decrease continually, so that by continuing the series^ 
these difierences may become less than^ny given quantity^, but 
never vanish; or that the terms of the series being represented 
by the ordinates of the figure FN2;, and their differences by the 
ordinatesof FM/i thislatter figure has the baseF/'for its asymp- 
tote. 
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toite. In thi^ ^s^ qrv ^e Urm of the series that i)recedes the 
first prvpa^y tenai AF^ at any distance At less tliaii AB^ is 
equii to the excess of the s&m of the primary diiSerences AF-f 
BE + CK + &c. above the sum of the intefpolaJted differ- 
ences be + ck-^dl + &c. the distances Bb, Cc, Dd^ &c. being 
each «qual to Atj and taken the same way from B^ C, J), 
&c. For in this case PN is ultimately equal to Tt; that is 
(supposing FT = tA), xf + 6^ +cA 4^ rf/ + &c* is ultimately 
equ^ t9 AP 4* BE 4* CK 4* ^c*; consequently %y zz AF — 
^ 4- Bg — c/i: 4- CK — /i/ 4- &c. 

: 853. For example suppose AF=:l, BE = |, CK = J, Uh 
H= h ^^' ^^^ ^^ successive primary ordinates of the figure 
FN^ wiH be 1, 1, il, 2|^ ^^ Jg^ &c. Let At = i AB, 

ajid because the intermediate differences be = ^, cA = f , d/zz 
f.', &c. it follows, that Tvn 1 — i+y — l + i — f + i 
— i + &c. = 2 >< i — i + J — i + i — f 4- &c. = (be- 
cause log. 2 = 1 — | + | — J4"i — i + &c.)2 x i — log. 2. 
And the other iat(^in^iate terms are fbond by adding success 
Mveiy the int^rmiediate differences f, |, f > &c.* 

854i In iibe manner, if we suppose AF = 1, BE'^h CK zt 
f, DL — jV* ^c. or the successive primary ordinates of FM/* 
lo be the squares of 1, -J-, \, ^, |-, &c. and we suppose At = 
I AB, then 1^ i^tCEmediate differences be, ck, dl, kc. will be 
ff T^f TW9 ^^- ^^^ ordinates AF, B^ Cx, Da, &c. will be 

• The intermediate tenn< of this series are determined by the learned Mr. Muler^ 
Comment, PetrQpol, torn, 5, /. 93, by finding a fluent that expresses the terms of the 

^ries io a general manner, vbich in this case is F, , X-^y supposing n to denote 

^he fXtct of the term in the leriet (that is, 1 for the fiwt term, 2 for the second, tc 
«n4 } fof the term ©•»)> «nd 1 to be substituted for * after the fluent is determined* 

whence iry » Fj |_' " K » *s 3-* 2 x log. 2. I take this opportunity to 

snentien, that, haring oocuionalty shown, in 1737, the 292 and 293d pages of this 
Treatise (after they weae printed) to Mr. StirHng^ he took notice that a theorem 
ffmilar to the fiist ^ t](es« descril^ed in art« 362 had been oooununicated to him by 
Mr. EuUr, 

T4 J^ 
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1, 1 + J, 1 + i + 4, 1 + J + i + ,V^ &c. and the or- 
dinate TTV that stands before the first prin^ary ordinate 
AF, at half the common distance of the ordinates^ will be 

equal to 1 — i + i — i + i _ i + &c. = 4 X 



4 25 ^ 9 49 



4 — 9 ■*■ 16 — sl"*" ^^' Therefore, if the sum of the 

series 1 — 4+9 — Te "^ Sb'^ & "*" ^^' (^b'^h may be 
computed casjly firpm art. 845) be denoted by N, then tv == 
4 _ 4N. If AF = 1, BE :;: |, CK = f , DL 3 ^^V &c. 
and At =4 AB, then tv=1 — i+T — t + &c. which 
is equal to the eighth part of the circumference of the radian 
unit. 

835ri%»318)- When the termsmaybe continued withoutend, 
and their second differences decrease so as ultimately to Vanish^ 
let K denote the ultimate value of the first differences of the 

terms; and flrvwillbeequallo—-,-; — X K added to the excess 

AB 

of the sum of the primarydifferences AF+ BE + CK, &c. above 
the sum of the intermediate differences dr + ck +rf/ + Sec- 
because in this case the fluxions of n? and o:^ ultimately vanish, 

PN is ultimately equal to/ + j-, g to K )< arr =; K X ab— A*- 
and consequently qrv = -^ — - — X K + AF — be + BE — ck 

Au 

+ &c. A like theorem may be applied, when the second 
differences of the terms continually approach to a certain 
limit, 

. 856. The series 1, 1 X 1, 1 X 2, 1 X 2 X 3> 1 X 2 X 3 X 4, 
1 X2X3X4X5, &c, being proposed, let it be required to 
find the term that is betwixt the two first primary terms at 
^qual distances from each. Thedifferences qfthe logarithmsof 
the terms are log. 1, log. 2, log. 3> log. 4, log. 5, &c. and 
tjie ordinates of the figure FM/ being supposed to represent 
these logarithms, the inlermediate ordinates will be log. -|, 
log. I, log. 1^, log. f, 8cc. Therefore the logarithm of the 

t^rm required is -5 + log. 1 — log. | + log. 2 — log. -| + 
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log, 3 — log, I + &c* which is eqtial to the logarithm of the 
ultimate value of ^ X 3- X y X g-. . . X ^-"y x •«+! =: 

(by what was shown in art. 842, from Dr. Wallu) log. — -;coii- 

sequently the term required is equal to half the square root of 
the circumference of the radius 1 ; which is agreeable to what 
bas been discovered by other methods. This subject might be^ 
prosecuted rurtber, and other instances given of the use of tl« 
method of fluxions in finding the sum of a series, or interpo- 
lating its terms ;^ but we proceed to what is more necessary Air 
l^riniging this Treatise to a proper conclusion* 



CHAP. y. 

Of the general Rules for the Resolution of ProhUmi. 

657 (Fig^ 319). AT remains that we describe briefly thege- 
neralrules that are derived from this method for the resolution of 
problems,and illustrate them by examples. The base AP being 
reprpsentcd hv r. and the ordinate PM by y, the subtangent 
Pr (which is the right line intercepted upon the base betwixt 

« 

the ordinate and tangent) is found by computing^^. When y 

If 
iiicreases while a:increases, this^ value of PT is positive, and PT 

is on the same side of P with PA; but when^ decreases while 

X increases, this value of PT is negative, and PT is on the other 

side of P. If X vanish in respect of ^, PT vanishes, and the 

ordinate is the tangent ; but if ^ vanish in respect of x^ the 

taiigent is parallel to the base. If the curve FM be repre- 

tented liy ^, then the tangent MT = -^ = ^^ '^^^ ^"^ . If 

MN perpendicular to the tangent MT meet the base in N,PN 
(which is sometimes called the subnormal) zz. M. These fol- 

low 
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low from art. 188^ &e. by which i^ y, and », are iq the same 
proportion as the right lines PT, PM, and MT; or as PM,PN> 



andMN. For example, ify» = a«—'j:, then (art.728|/ig.320) HHi 

if 

=: % and PT = ^ :s ?nj: =z m X AP. Let the ray SE 

revolve about a given centre S, and meet the curve AEB ii^ E, 
the ark /E be described from the centre S, SE = r, the ark of 
the curve AE = «, the fluxion of the circular arkyiE be repre- 
sented by i, and SP be perpendicular from S on the tangent 

• • 

EPinPjthenSP -^,wiV^^ =^ by wt. 208. There 

s s 

are other theorems relating to the tangents which are of use 
in particular enquiries^ of which some were given in book I, 
ckap. 8. 

838. When the first fluxion of the ordinate vanishes^ if at 
the same time its second fluxion is positive^ the ordiaaeite is theq 
a minimum, but is a maximum if its second fluxion is then ne-i 
gative; that is^ it is less in the formerji and greater in thelat-* 
ter case than the ordinates from the ac^oining parts of that 
branch of the curve on either side. This follows from what 
was shown at great length in chap, 9, b. I., or may appear 
thus. Let the ordinate AF = E, AP = T0Jg.319),and,thebase 

being supposed to flow uniformly, the orcjinate PM =(art. 7^1) 

■ • • • 

E V lid JT* V x^ 

E + -r* + — rp + — rj- + &c.;letAphetakenontheother 

X six 6x 

side of A equal to AP, then the ordinate j7»> = E — • ^ ^ 

X 

• • • ,, 

EjT* Er' 2x* 

___ ,-- + & c. Supi>ose now e =o,then PM = E^^,, -f — — » 

• • 

Et* 
&c. andpwi = E # + -7^ fcc. Therefore if the distances 

9x 

AP and Ap be small enough, PM and pm will both exceed 
the ordinate AF when e is positive; but will be both less than 

AF 
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^F if £ be negative. Bjut if £ vanish as well as e^ and e 
idoesnot vanish^ one of the i^djoining ordinates PM or pm shall 
)be grefiter than AF, and the other less than it; ^o that in this 
case the ordinate is neither a maximum nor minimum. We al"* 
ways suppose the expression of the ordinate to be positive. 

859. Ip gwieral, if the first fluxion of the ordinate, with its 
^uxio4S of several subsequent orders, vanish^ the ordinate is a 
minimum or maximtim, when the number of ail those fluxions 
that vanish is 1, 3i 5, or any odd number. The ordinate is a 
fninimum when the fluxion next to those that vanish is positive; 
but a n^a^mum when this fluxion is negative. This appears 
from art. 26\, or by comparing the values of PM and pm in the 
last article. But if the number of all the fluxions of the ordi- 
nate of the flrst and subsequent successive orders that vanish be 
an even number^ the ordinate is then neither a maximum nor 
mip^imujii, 

S60f When the fluxion of the ordinatey is supposed equal to 
nothin^^ and an eqiiation is thence derived for determining x, 
if the roots of this equation are all unequal^ each gives a value 
of 9 that may correspond to a greatest or least ordinate. But if 
twd^or any even number of these roots be equal, the ordinate 
that corr^ponds tp them is neither a maximum nor minimum* 
If ^n od4 npmber of these roots be equal, there is one maximum 
or wimtwiMwi that corresponds to these roots, andoneonly. Thus if 

^ :=:x^ ^ ax^ + IfX^ + ex + d, then, supposing all the roots 

of the equation x^ + a^ -^ bx* + ca: + rf = o to be real, if 
the four roots are equal, there is no ordinate that is a maximum 
or minimum; if two or three of the roots only are equal, there 
are two ordinates that are maxima or minima ; and if all the 
^oots are unequal, there are four such ordinates. 

86 1 • To give a few examples of the most simple cases. Let 
y = a*x — x^, then j^ = a^i — Sx^x and jr* = — 6xx\ Sup- 
pose jj = 0, and 3j* =; o* or a: = "77^9 in which case ^ =: 
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6/* 



— — Tr» Therefore, ^ being negative, y is a maximum when 

V 3 



X = "7=j ^^^ its greatest value is TTT==^ If y = aa + Sftx 

— XX, then ^ = 2i* — 2xx , and y r:z — 2;^«; consequently 
y is a maximum when 2 J — 2j: = o, or j:r:6. Ify zz aa — 
six + xx, theuy = — %bx +2rj^,and j; =2;^*; consequent'- 
ly y is now a minimum when i:=6, if a be greater than b. 

862. TherighthnesBFandGH O^gf. 321) being perpendicular 
tothegiveurightlineBGinthesamepiane,Hagivenpoint,Cany 
point upon BF, and the figure being supposed to revolve aboqt 
tJic axis BG, let it be required to determine the position of the 
right line HC when the conical surface described by it is a 
minimum, lict DE bisect BG perpendicularly in D^ and meet 
HC in £, and (by art. 2 1 6) the surface described by HC about 
the axis BG will be as DE x EH = (supposing GH = a, DG 
= 6, DE = x, and consequently EH* = 66 + a—» ) 
X •/ bb-{'aa—^ax + xx> Supposc, therefore, ^ = b^x^ + a*x* — » 
fiax^ + JX^y theny = ^x^i — Qax^x + 2a*xi + 9.b^x'xy and 
y = 12'ir'^i*"'^^^ I2tfxi» + 2a*;i? + 26***. By supposing. 
^ 3c 0, we have ^xx—(>ax i^Saa + ^6b X x = o ,* the re- 
solution of which equation gives (besides x z:z o) x :^ 

J orx = -^ 5 . IfGH= i/Tx BG, 

then aa =: 866, and these two values of x become equal to 

each other and to-. In this caser =12 X - ^ """ 



x^ 4 



aa 



•f Q,aa + r- = o, and y is neither a maximum nor minimum ; 

but while we suppose the point C to move from B along the 
right line BF, the conical surface described by the right line 
HC about the axis BG continually increases, though its fluxion 

vanisheswhen DE = —^, IfGH be greater than \/2 xBG, 

thenaa> 866, the former value of j: gives ^ positive, andy amini^ 

mum $ 
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mtim; but the lattervalue ofx gives}" negative, and y B.maximum} 

' that is, the value of y is greater when x — — IZ.i_lL-than 

its adjoining values on either side. But this is not to be under- 
stood as if the value of y was then the greatest possible; for it 
is obvious that, by supposing the point C to proceed in the right 
line BF, DE x EH may exceed.any given rectangle. See art. 
239. When GH is less than v^'s' X BG, aa is less than Sbb, 
and the values of ^ are imaginary. Examples of tliis kind may 
frequently occur; and what has been shown of ordinates is 
transferred to the rays that are drawn from a given point to a 
curve, by art. ^77. 

863. When y = o, if y be at the same time infinite in re- 
spect of ;^ (which is supposed constant), we cannot conclude 
that y is then a maximum or minimum without some further 
enquiry; for the ordinate may then pass through a point of con- 

trary flexure or a cuspid. Let ^ — — ax—xx ^^^^ j^ _, 

i a > 

"■ . = . The supposition of y = o gives ax — xx = o, 

and j:= a, or x = o; in both cases y is infinite ; and it is ob- 
vious that the curve is reflected from the ordinate, because 
when X is supposed greater than a, or negative, the values of ^ 

are imaginary. In like manner, if ^*, y, and y, vanish, and y be 
infinite in respect of i, we cannot thence conclude y to be a 
maximum or minimum. But it may be admitted as a rule, that 
when yzzo, and, i^ being constant,]; is real and finite ; or when 
any odd number of fluxions ofy of-the successive orders^, y* 

y^ &c. vanish together, and the fluxion of the next order to 
these is real and finite in respect of ;i, we may safely conclude 
(without any further enquiry) that y is then a maximum or wj- 
nimum, according as this last fluxion is negative or positive. 
However^ when, after supposing^ zz o, x is determined by a 

simple 
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winptefequatioo> we may conclude^ to be a indximum or wim- 
mwn without farther trouble. 

864. It was observed in art. 244, that when any quantity 

K is expressed by a fraction g^ if P and Q vanish at the same 
time, we are not thence to conclude that N =: o. Thus, sup- 
pose N = ;""^> a^d when x = a, this numerator imd de* 

nominator of N vanish together ; but if we reduce the value 
of N to a more simple form, by dividing the humerct- 
tor and denominator by their common divisor VT— V^"JI 

we shall find N=:/i X V'~+^~^ (when x=ia)d>^ i?2 
ts 2a. In such cases the value of N is found by computin|( 
y } because when P and decrease till they vanish, the ulti«* 
mate ratio of P to Q is that of p to d. If P and Q vanish 

P 

at the same time, then N — —• This rule was given in thd 

^naL des Infiniment Petits,p. 145, and is sometimes of usil hi pre- 
venting mistakes concerning the greatest and least ofdinates 
( as are described Mem. de TAcai. des Sciences, 1706), as well 
as on other Occasions. The computations in enquiries of this 
kind are sometimes abridged by art. 730. Thus if mjrjr =r ny^ 

+«i— I X yx^ then^-f.i»» X *— »y — o, and^ +mx X i — n^ 

SZ 0. 

665. The greatest and least ordinates are likewise discover-* 
ed, in some cases, by supposing^ to be infinite' in respect of « ^ 
but it is obvious that there are severed ^xceptioni^ to this rule> 
siiice the curve may then form a continued arch that is reflected 
from the ordinate after touching it> or may be continued oil 
the other side with a contrary flexure^ See art^ 262!. By com- 
paring the signs of ^ on the different sides of the ordinate 
(which in this case is a tangent to the curve), the latter of these 
cases may be distinguished from that wherein the ordinate is a 
maximum or minimum; and when the curve is reflected ironi 

tfat 
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the 6f dinate, some of the values of ^ become rmagiftary on one' 
side of that ordmate. As for tJie maxima and minima^ which 
were said to be of the second, kind in art 240, see art. 276. 

866. The points of contrary flexure and reflexion are usa-« 
ally determined by supposing ^ = o or infinite. But this rule 
being liable to several exceptions, it was shown, in art. 9i6S, 
that the ordinate y passes through a point of contrary flexure, 
when, the curve being continued on both sides of the ordinate, 
^ is a maximum or minimum ; which (by what has been shown) 
does not always happen when ^ zzo or inflnite. Hence, if y. 

±1 0, and y be real and finite, then y passes through a point of 
<iontraTy flexure (Jig, 3 19). Thisappears likewise by comparing 
fhevaliiesofPMandpm in art. 859. Let PMmeetthetangentaft 

Ex 
F in V, sjkdpm meet it in v; then PV =s E + t— , and pv =r 

• • • 

Ex •• Ex E*»^ 

E — -;-; but when E =o, PM = E + -r-* + -77— + &c* 

Ex 'v x' •*• ' 

and^m = E r- # rj- + &c. ; consequentlj', ifE be 

X X 

positive, and the distances AP and Ap small enough, PM will 

be greater than PV, and j^m less ihBXipv; and whether e be 
positive or negative, the arks FM and Fm shall be on differ- 
ent sides of the tangent TFf ; consequently F will be a point 

of contrary flexure : but if E likewise vanish, an d E be of a real 
value, PM andpwi will be both greater or both less than the re- 
spective perpendiculars PV diVkApv intercepted by the tangent^ 
and there will be no point af contrary flexure at F. In gene*- 

ral, if iff y, y, 8cc, vanish, the number of these fluxions be- 
ing odd, and the fluxion of the next order to them have a real 
and finite value, theny passes through a point of contrary flex- 
ure; but if the number of these fluxions that vanish be eVen^ 
it cannot be said to pass through such a point, unless it should 
be allowed that a double infinitely small flexure can be formed 

at 
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at one pomt4 To give one of the most simple examples^ sup-' 

• •• • • • 

posey = 1 — j:^, then y zr — 4x^r, y= — I2x x^, y = — 
• • • • •• 

£4J^J^, and y zr — 24x^* If we suppose y = o, then x = o; 

hat, because y i* then likewise nothing, and y real and finite, 
jr does not pass through a point of contrary flexure, but is in- 
deed a maximum; the truth of which miglit easily be shown 
otherwise. 

867. The curve being supposed to be continued front the 
•cdfnatePM,ory,on both sides, if/ be infinite, M is not there- 
fcre always a point of contrary flexure, as^ is not in this-' 
case always a maximum or minimum , by art. 865, and the curve 
may have its concavity turned the same way on both sides of 
M. But these cases may be likewise distinguished by comparing^ 
the signs of/ on .the different sides of PM, for, when thesd 
signs are different, M isa point of contrary flexure: for example, 

let V =^ 1 — x^y then y = — — f^, which becomesinfinitc? 

whenxsro ory = 1, and is affected with contrarysigns on differ-* 
ent sides of y; consequently the ordinate passes through 
a point of contrary flexure when x = o. The suppositions of 
^ = o or infinity^ and of/ =n o or infinity, serve tovdirectus* 
where we are to search for the maxima or mimimaf and for 
points of contrary flexure, but where we are not always sure 
to find them; for though an ordinate or a fluxion that is posi- 
tive never becomies negative at once, but by decreasing or in- 
<p:easing gradually (as was shown in art. 262), yet, after it has 
decreased till it vanish, it may thereafter increase, con tinning stiir 
positive; or> after increasing till it becomes infinite, it may 
thereafter decrease, without changing its sign. 

868. The points of reflexion, or cuspids, were distinguished 
into two kinds in art. 258* When the curve is reflected front 
the ordinate PM or y, it always forms a cuspid, unless whea 
y is infinite in respect of i, iti which case likewise M is some-" 

times a cuspid of the second kind ; and wheti y or y is real 
and finite, M is always a cuspid of the second kind. If/ =0, 

the 
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the cuspid may be of either kind. But the most simple kind 
of tfie cuspids of the first sort (such as are in sonle 6f the lines 
of the third order) are formed when ^' is infinitey as the most 
simple kind of points of contrary flexure are formed where ^ 
t^o: see art. 270 and 379. Wh^n^ is jJuch ^ maisifnum oi 
minimum as was described in art. 865^ y passes through a cus« 
pid of the first kind. Other observations may be derived from 
art. 269. 

869. Suppose(asin art. 857) ST (fig. 342) peilpendidute fr6iit 
the given point Son the tangent FT in T, SP = r, thefluxion of 
the oarve equal io ;, the Kuxion of the ark/P described fiotfll 

the centre S equal to lis consequently ST i*s Jl ; and (by ^ 

art. ^81) P is a point of contrary dexure^ when the angle 
SPT is oblique^ and ST is a maximum or minimum; whence 
rules may be deduced analogous to the former for determin* 

ing those points* Suppose » constant, and^ the fluxion of St! 

• . . •» • 

being equal to •-LlriJ:iiLl, the p6iflts erf oofitraiy £textfl« 

ire found by supposmg ri ^r i\ or (because \ i = / / ^ 
i i atid / '9 a= ; V) •/ -^ r ;,' equal to nothirtg of infitiity % 
but with exceptions similar to those described in art. 866 and 
$6t. 

870. I^tC0^.319)hethecentreofthecurvatureatM,Ciper- 
pendicular to PM ih b, APr:^, PMsry, the ai-k FM=s, ^4 

(by art. 382), supposing x constant, M6 ~ 4I — illil, or 
(because ; V = y J^) MJ = 4?-, and the ray of curvature 

s 

Cm = —• For example, if ay = xx, then al = 2^;. al 

Vol. II. , u ' ■ » 
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T^ = 2y + {tf. If the ray of curvature be expressed by R^lhe 
variation ofpurvature (according to Sir Isaac Newton*a ex- 

R 

plication) will be as -p. But we have insisted on this sub- 

Ject at length in chap. 11^ b. I. ' 
' 871. Resumingthesuppositionsinart.869,let(/ig.32^)ST=:/i, 

then the ray of curvature at P^ viz. PC =: ^ ; and^ ifCIbeper* 

pendicular to SP in I, IP = 4"* ^^^^ ^^ demonstrated in 

art. 3845 and may be briefly shown. thus. Let S^ be per- 
pendicular to p^ the tangent at j9^ and the arks tn, pu, de- 
scribed from the centre S, meet ST and SP in n and t/. 
Then the angles VCp, TSt, being equal, PC will be to ST 
in the ultimate ratio of Pp to tn ; but IP is to PC in the 
ultimate ratio of jpw to Pp; consequently IP is to ST in 
the nltimate ratio of jne to in, or (because the angles SI^, 
ST^, are ultimately equal) of Fu to Tn, that is^ of r to 

i/thercforelP =-^,andPC = IP x -=i— . And by sub- 

# P P 

• 

siltuting for p the fluxion of ^, or (supposing the circle AJJf 

9 

to be described with the given radius SA from the centre S, SP 
to meet this circle always in D, SA=a, AD =: c, and conse- 

quently » = —J of ~-, and supposing <?, j^ /, or r, constant, 

various forms may be derived for expressing the ray of curva^ 
tore CP, or IP half the chord of the circle of curvature that 
passes through S. To give one of the most simple examples, 
let f ; s . : : a" : r'*, as in the figures constructed in art. 393 ; 

tbenp = — = — — , ^ == n+l X _, IP = ^ == ~— ., 

9 a^ p T p « + l 

«bdPC::s ^ ' ''" 



«+l 

872. Tbe 
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872. Tho^rest remaining as in the last article, suppose S tobe 
A radiating point, SP any ray incident upon the curve AP, and 
reflected by it so as to toach th^ caustic at m. Then the angle 
CPot = CPS; and the reflected ray Pwi will be to the incident 

2r i — 

ray SP (or r) as 1 is to — x ?^ -♦" Ij where this unit is ta be 

added or substraoted according as the ark at P has its conrexitj 
or concavity towards the radiating point S. For if CR be 
perpendicular to Pm in R, PR bisected in q, and Vf be* 
taken on the reflected ray equal to the incident ray PS ; then 

(art. 410) qfiqRiiq^: qm, and Fq being equal to^^ it 
follows, that Pm : SP :: ^ : f + ^. For example, if ; s ; :< 

n**: f», then - x 4 = « + I, and P»» : SP : ;^1 : Sit + 1, 

P r 

873. Suppose the curve AP 0ig. 322, N, 2) to refract the ray 
SPj let PM be the refracted ray, imd touch tke caUstit iH this 
case at M. l^he rest of the construction remaining the same as 
before, let Cr be perpendicular to PM in r, PR =i e, Vr ^fi 
JPM = Xf and let the constant ratio df the sine of incidence to 
the sine of refraction (or of CR to Cr) be that of if to 1 ; then 
(by art. 413) PM : rM : : a: : x—f: : CR X SP X Pr : 
Cr X SR X PR : : nfr : 7^ X e ; consequently x is 

-— ^— , e being equal to ^ and /= -^ X /JJi xrr+jy. 

874. Suppose the curve AP 0?g.322,N.l)iobe described by any 
centripetal forces, and the force that acts at any point P will be 
directly as the square of the velocity at P, and inversely as half 
the chord of the circle of curvature that is in the directien of 
the force: when it is directed towards a given centre S, the 
area descnbedby the ray SP about S flows uniformly ; the ve- 
locity at any point P is inversely as ST the perpendicular fironoi 
S on the tangent, and is to the velocity by which a drcle could 
be described about S at the same distance SP by the lOuxie cen« 

U 2 tripetai 
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WpetiJ force as ^^ to ^^ ; and the force at P Is as 4?-, 
tjccause the vetocity b as -^ and PI = ^* The san&e force 19 



• •• 



asi-^ ,or«r^ ± ?, the fluxion of tAe afrea (or fi J being 
— r r *^ 

itippo^eA constMf. Thirs if i : ^ : : of : f«^ th^ eeirlripetel 

force dir^ct^d towards S wiH be inversely as the potrer of SP 

^ihe enponent 2» + 3 (because p =t -— and~ =0+1 






and the velocity at P to the vclocHy m a cfrcfe ^t 



the same distance as ^ -I! to ^ ^ 5 that is. as 1 to -/T+i. The 

demdnstr^rfioii that was pvomisedl io art, 451 may be dedueCMl 
4P the following manner. 

875.LetAMB(y?g.323)beat!yfigiirethatcanbedescribedby a 
centxipetal force directed towards S that is always as the powelf 
of the distance. SM of the exponent m. Constitute the angle 

ASL : ASM : : w+3 : a ; and, supposing SA ±: I, SM i± x, 

f t . « . ^ 

SL 7^ r,.lei^ zs. a? ^^; that is^ lei the angle ASL be to tbt 

iiig^e ASTMTi and the logarithni of the ray SL to the logaoritlnii 
of SM atfwayir in tire sdme^ invariatble futia of 911 -f 3 io H ; them 
the i^nrvc ALI> ma^ be described by a centripetal force direct- 
ed towards S that always valries as the power of the diatarce 

^t whose exponent is -^^r^r^ ^' ^^"^ ^^^^ SQ and I^P be pet- 
pendkaiUu: to, the respecbive bangents>of AM and AL in Qand 

P; SQ^ ±iy, and SP zzp. Then, by the suppOMttdil> ^ sar, 

^, wfhere t represents em invariable (jaautUjf. By finding; 

fte flnents -^ =: ^H -^ -' ■ , ■> where K d^ilMes ad k^* 

variables 
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▼ftriable quantity, according to art. 735. Tht triangles SMQ, 

SLP, being similar (art. 394), it follows^ that ~ — -j-j = 
(beca^se r* =: x^^H . n ^ i -. as — ~ ■■^^■>«. ss 

m + 3 w+l' ^Ir w + 3 J» + 3' 

4 

or as the power of r of the exponent jjrj- — 3« If ttorsgrs froo^S 

be perpendicular to the curve AMB in A and B, and to the curvft 
ALD in A and D, the a»g]e ASD : ASB : : m tf 3 : 2, by 
the construction. 

S76(Fig.S^2). Suppose the centripetal force to be always the 
same atequaldistancesfromthecentreS. Jjet^andV denote the 
forces at the respective distances SA and SP, A a,ndu the veloci- 
ties at A and P, let SA :;= a, and SP i: r ,• then uu = F. — 
SVr (by art. 435) ; in determining which fluent, care must be 
taken that u become equal to h when r s: a. When V is td 
« as f to A , or a9 aa to rr, the trajectory is a conic «ection, by 
art. 445 and 446 ; and when V : ^ : : a' : r', the trajectory 
may be constructed by the areas of conic sections, as heA 
been already shown by several authors. Wbeu V : e s : a' : f'l 
the trajectory is constructed, in some particular ca$es oply, by 
the aieas of conic sections (or circular arks and logarithms), 
but is constructed in general by the arks of conic sections. In 
this case abody may continually descend in a spiral line towards 
the centre, and yet never descend so far as to enter within a 
circle of a certain radius ; and a body may recede for ever from 
the centre, so as never to arise to a cett^in finite altitude, but 
irevolve in a spiral that is always within a certain circle, l^is 
remarkable circumstance could not take place in the trajectories 
that are described in the former cases, which have been already 
constructed by others ; and therefore we have chosen the con- 
struction of this case for^n jexample of the method of determifi- 
ing th($ trajectory from the law of the cwtripetal fores. : 

U 3 877- Let 
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8.77. Let h denote the velocity^ and AG or G A be the direc^ 
tioQ of the body at any given point A. Let A be to the velocw 
ty with which the body would describe a circle at the same 
distance by the same centripetal force as ^/i+mm to v^~; that 
18^ let (fig. 324) hh:ae::\ +mm: 2. Let SG be perpendicular to 
AG in G^ and any ray SP from S meet the trajectory in P^ 
and the circle AX described from the centre S in X> 
SA =: a, SG = ft, SP = r, ST (the pependicular on the 
tangent at P) = p^ the ark AX ^ c ; and the same flux*> 
ions be represented by s and », as before* Then uu =: V, 

^ /^ - ±; ^ + K =: (because when r zz a, then uu = hh 
*s ^ + K 3= -^ X ae, 80 that K = -^) ■ ^^ ■ 

X ae = Aa X — =s —-7— X — r-l consequently *• n; I,* 

pp Q rr»* ' 

x: a^ + mmr^ : T+SS X ftftr*, and i^ :»•(::=: — ) t .: 
d* + wmr^ — TT^ X ftftr* 5 TPSI X ftftr* ; therefore 

c = ' ^ , ^ ,.^ , \ » The ratio of •ifiw. to 

1 is that of the velocity at A in the trajectory to the velocity 
that would be acquired by an infinite descent to A. If wi = Oj, 

; tz — — ==-5andtbetrajectoryisanarkofacirclethatpassQa 

through S, described upon a diameter equal to ~J which 13 

agreeable to art. 437* 

878. The trajectory is constructed by circular arks and loga- 
rithms (and is of that kind of spiral lines which were mention^- 
ed at the latter end of art 343)^ when the body sets out from 
A in the trajectory with a velocity that is to the velocity in a 

circle at the same distance S A as S A is to y^SiA* + v^sA*— so*. 
In this case (supposing SA* : SG* ::n: 1, or aa =nbb), 1 + mm : 
8 ; : a* ; a* ^ ^l^Zi^ : : n \ ^ hF ••S^ m •:z. n 
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± y/^:;:^, and 1+;;;^ x tb = ^°^ = ^maa ; conse*- 

quently l = ^» Suppose, I, that the velocity at A 

in the trajectory is to the velocity in a circle at the distance 

SA as •" to v^/i+ \^~ii^^ (in which case m = n — ^/tm'^iT» 
upon SA produced take SA : SA : : 1 : V"!^ describe the 
circle kxK from the centre S, take the ark AK (on the same side 

1 1 — '\/« 

of A that AG is of A) equal to „l, x loe. -- — -=j the modulus 

being SA, join SK, and it shall be the tangent of the trajectory 
at the point S. To find any other point of the trajectory, as 

P J let SK = d, take the ark Kx = — = X log. -j-r- jjoin Sx, 

and upon the right line S^ take SP=r. For, suppose the ark 

jLx z:l y, then, by art, 731,^ = ^^ — =: (because aai 

ca : : 1 r^w) — :: — and c = -f = — '■ ^, asitonffht 

to be. Therefore describe an equilateral hyperbola Yinv hav- 
ing its centre in S and vertex in K ; let any right line Sm 
meet the hyperbola in n and the tangent at K in r, then let 
the circular sector SK x ; SK» : : *y~\ 1, and SP be taken upon 
Sjt equal to Kr, and P shall be a point in this trajectory. % 
Let the velocity at A in the trajectory be to the velocity in a 

circle at the distance SA (jig, ZOS) as »/n to V»~/^5^ 
then m = n + '/nn^x. SK is to be taken less than &A in the 
ratio of 1 to Vm, the sector SKr : SKw : : •? : 1 ; and SP is td 
be taken upon the ray St, so that Kr : SK : : SK : SP. 

879^ In the first case [when the velocity at A (fig^ 3^) in the 
trajectory is to the velocity in a circle at the same distance as a 

to \/fl* + v'a4w^4], if the body set out from A with the direction 
G A, . it will perform its revolutions in a spiral always withiii 
the circle Kjtz, and never can arise to the altitude SK from 
the centre S \ because Kr (to which the distance SP is always 

U 4 eqnal) 
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€ipiAl) PMAOt become equal to SK^ whUethe area 3K;i or 
ark Kx a^e finite. The.area described by the ray SP about the 
f^9lre S IB bIw^jb to the hyperbolic area generated by tl^ 
pght li^e rjt ia the invariable ratio of v^T" to 1 ; because » : ^ 

; : rv'V : «, 5- « ^ ^^ ■■ 3= '"sSSIIS^r'^ ^* theflu^tioa 

^ the 4re» |j^m (?: SK?» ^ SKr) is g^J^^ • Therefore 

if th^ body ^et out from A> with the directiop AG^ it will de* 
scend in the curve APS to the centre S in the time that, by 
proceeding in the tapgeot AO with its velocity at A, it would 
descnhe ajMNit S a triangle equal to ^/IT X KRN, KU being 
supposed equal tpSA. In this figure the ^ea SpPopK (termi? 
Bated by tl>e eurve SoP, the circular ark Kx, and right.lines SK 
and Pd^) admits of a perfect quadrature^ and is to the tiiang^ 
Sl^ras i/Tto 1. 

880.Inthesecondca8e^whentheyelocityatAC^g.325)istothe 
yelocity in a circle at the same di^t^nce as a to /a*-r-i/5^, 
ifthebodyjet outfrom A with the direction AG, it will re- 
volve in a spjral that always approaches to the circle Kj^f but 

SK*\ 

it nfy§f caA 4^1^69^ ^ cirplp ; bfcaus^ S>P (= f^J <^X|t 
not become equal to SK in any finite time. This spiral has an 
asymptote at a ^istanc^ from S equ^J t/Q~ x ^/Tl because, 

l*y »rt* 877, pp ;5 Jrl^ ^ *^»^j wd the ultimate yaluo 

91 pp W ^•^ ■ ■" X ^i& =; (la thi^ case) ^ ^^ ' " ^ 

88 1 (Hg. 820). In other cases, the trajectory may be constnieted 
by hypjorbolip ^od diiptie arks, from art. 805. If the vetocity at 
A he to the velocity in a circle at the distance SA a^ \^Y1^ 
tQ ^/T, wA fch^ di^e^ipft at A be perpeodicuJaV to SA 
(pr <!;=; *), tt« by sttilwtitwtipf , in Art, «77i ^ mm for mm. 
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6 «^ I .. i. >^> ■ w n I , II I I . C£ ' Vtjft: III M l 11 r ' irfticu 

may be Gompa,^d with ■ r , %y supposing i 

2= £■ widp=r. The fluent ofthjislast fluxion was found (art, 

805^ fig. 306) to be equal to j X AH + AE^^P. Tk€r€£bi«, 

t^hen the velocity at the distance SA is less than the velocity 
by which a circle would be describe^ at the sa^e distance li^ 
* the ratio of y iZ^ to ^/l, die trajectory may be constructec} 
in the following manner. Let SD : SA : : 1 : m, S6 : SA ; ; 
•i/iT^ ; 1 ; describe ap hyperbola AEZ having §A and SD 
for its two ttmi^axt^y and an ellipse AH^ having SA and S6 
for its semi-^ixes ; draw Ep a tangent to the hyperboljt at any 
point E, and Sp a perpendicular to E» ; upon SA take SQ =: 
Sp> and let the ordinate a^t Q m^et the ellipse in R ; tjien lip-^ 
on the circle As^z described fjrpm the centre S tjik^ the arl|; 

Air: - X AB + AE -^^p }; m t/u^ :l, upon the ray 

So? take $P 7Z Sp^ then P shall be a point; in the trajfictory, 
Jxk ibi9 case the velocity at A is such as could be acquiised by 
« body descending to A from some greater distance by the 
^aine centripetal force, 

88£t Wl>/ea the velocity at the distance SA U to the velo« 
city in a circle at the same distance as ^i:^mm to ^/l, then 

' = v^J^^Tx^^ = ^y ^^vfo^^^pp = «« ^ *T) 

■ ^ , r — ^ . ''' '■ ; and, by comparing this flux- 

ion with that in art. B05^ it appears that> when m is less tbaii 
1, we are to take SD : SA : : \^i-^m : m, S6 : SA : : 1 : 
V i-Hmm^ and to proceed in the construction as in the last 
article ; only, after Sp and Ax are deteraained, we are now to 
take SP upoa the ray S^ i^ual to V55SZ^, 

883. When 
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' 883. When m is greater than 1 ^ then, by supposing/) = — ■ '^T^ 

* i 

aDdconsequentlj.r = ■ , c = ^ jT ,Jl^ . =:s 



therefore^ in this case, we are to make SD ; SA : ; i/lS^ : I3 
Si : SA : : m : */mm^\, to determine Sp and Ax, as in art. 
881> and then we are to take SP (apob the ray Sjr) eqnal to a 
third proportional to \/sa*-^^» and SA. If upon &r you take 
SP a third proportional to Sp and SA, P will be a point in th^ 
trajectory which is described by a centrifugal force directed 
firom S that is inversely as the fifth power of the distance;. 
When the dii:^ction of the body at the distance SA is oblique 
to the ray drawn from the centre S^ the trajectories may be 
constructed in a similar manner* 

884. If the curve !FM (Jig. 319) be described by powers di- 
rected in any manner whatsoever, and the force at any point 
M; resulting from the composition of these powers, act in the 
direction MK, and be measured by MK ; let MK be resolved 
into the force MO in the direction of the ordinates MP(==y)^ 
snd the force OK parallel to the base AP ( = jr) ; then, the 
time being supposed to flow uniformly, or the velocity at M 
being represented by the fluxion of the curve FM, the force 
MO will be measured by y, and the force OK by i\ by art.. 
465 and 466 ; but we insisted on this, and its use, in book I, 
ebap. 11> article 465, &c. 

885^ Let a body descend along the curve PPA(/fg. 327) by its 
gravitation towards S, the time of the motion be represented byt, 
the velocity at any distance SP or r by u, the centripetal forcQ 
at the same distance by g, the ark FP by s ; then the motion (^ 

the body along the curve is accelerated by the force 131 ^^ 



s 



IL. zz (because / :;::, i-J 2L ; consequently ««# =: — ^^uuzz 

tut 

m 

F. ' — %r and / zz — * When the gravity is uni- 

•F. — ^ 

fbrmj 
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form^ and acts in parallel lines^ let z be the space described ia 
a vertical line from the beghining of the descent^ then uu zt 

s= F. £gi =3 2gz, i = — 1=;, and /= v — . The gravity be- 

v's^. g ^ "^ . 

ing still uniform^ let (fg, 238, N. 1) the body begin to descend 

along the curve DMS from D, MN be perpendicular to the 

horizontal lii^e DA in N, the ark SM =i s, MN = z, and t re^ 

present the time of descent from M to the lowermost point S; 

then } = ■■ * . If PMS be an ark of a semi-cycloid that has 

its axis perpendicular to the hprizon, the diameter of the gene* 
rating circle zza, AS =zb, then (by the second property of this 

figure in art. 805) s : — » : : \(7 : • JH^, and / = "~" " - 



"^sr^x^-* 



If N be to 1 as the semi-circumference of a circle to the dia^ 

meter, N shall represent the fluent of — - ^^ :. , that is gene* 

*^»x* — » 
rated while z beconies equal to 6 ; consequently the time of 
descent in the ark of the cycloid DMS is expressed by N x 

y — , and is to the time of descent in the axis a (viz. v — \ 
g gf 

^ N to 1^ as we found in art. 408. 

886. But when DMS is an ark of a circle, * is a^ fluent of ^ 

higher kind, and is not to be represented by the areas of conic 

8ections,butby their arks. Let C(jffg.238,N.2)be the cen tre of the 

circle, HCS the vertical diameter, MV perpendicular to HS in 

V, HS =; E, CA ?= F; then ; ;-^ : : CS : MV : : |E: 

Let this fluxion be compared with (q =) — — Jz£^!!L-s 



the fluent of which was determined in art. 805 ; and we have 
>6 = iEE — FF,or6=AD,8F = 2e=;~f, and a = 

IE 
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I E — P 25 8A. Tlberefore, kt S'be the centre^ A Ac Ycr- 
tex, and SD the asymptote of the hyperbola AE ; produce 
HP til) it meet SJ perpw4ic<>fer to SA ifl i, tojce Sb jz B*, 
and deicribe the ellipsis ARb ; let SQ or SP = ^/^ and the 

fluent Q win be represented by ^ x AR + AE — EP> by 

art. 90^ ; t^e^ t^ma of deseopt frppi M to S wiU he «icpre8s^ 

cd by Q X , ^ ! .> and is to the time of descent in the 
' AD* \/2/ 

vertical SA as Q to ^g— . 

jl87- It follow^, from art. 807* that if the senai-circumfereijce 
^ to the diameter as N to 1, and HA : AD : w : : 1, then the time 

|o the i¥hole ark DMS will be represented by — ■■ 

v^% X H^ 

^ ^ — ^km "*■ eC? — ^^' ^^ ultimate value of which, 

when SA is supposed to vanish, is v ~ X N. Therefore tlie 

tjin« 9f ^^si^ent in the ark DMS if to this ultimate value of t 
(which is ^aid to be the time in an evanescent ^x}i^ and^ by art. 
^A5, Is equal to the time in any ark of a cycloid that has the 

diameter of the generating circle equal to \ CS) as — 12^— x 

'~i + -S^-jh + %c. to J. By the sequel 
qi thQ s^me, art, 807> if SH : SA : : /» : I, thea the whole 
:time in the ark DMS will be expressed by N ^— x 

1 + -^ + 64^ + *^^- ^^^ ^^^^ ^^™^ ^" '^^^ ^'^'^ ^® *^^ ^'^^ 

time In an infinitely sms^U ark (or the ultimate value of ^& 

ft 

i& 
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h a qoadf ant^ the iitne of desceDt is measufed by tlie arks of 
the kfnni8cata,o{ which we gave an easy construction in article 
SOS (fig. 307). 

868. If a body deioeod os ascend ia the vertical line z'lXkSk 
meHumf and the leaistance be rept^aented by R^ its motion i» 

federated or retarded by g ± R =i S ±< diSIj cnkl ^li 

= |±R X «; For example^ if the resistance b^ as Ih^ sqiiaf^ 
of the velocity^ and £X denote the velocity when the resistance 
ii*^ 6qual to the gravity, otH,: g::uu : da, then T «i ii ^ 

^ l ' ^^ ; whence ;s and ^ may be compnted from u by loga- 
rithms or oii;c«lar aihau See art« 54^ When tiie body deiKrettdr 
almga^ciirveline^titbacGderaitedbythe exccab of the fome 

^~ above R, which is therefore equal to -r * 



above R, which is therefore equal to -^ ^ and if it ascendd. 



the sum of these forces \& equal to -c^— , When a* trajectoiy^ 

is desci'ibed in a medium, and the centripetaf force iii ^06fe4 
towards SO^,Sd@),let this force at any point P be to the centri* 
petal force atP by which the same trajectory would be described 

in « void as xU} n^aod (retaining the same ^ymbdls' as in art.8G^ 

■ 

the resistance at 1^ friH be as —-. or, if the area of the fiffure be 

supposed to flow uniformly, bs% i (by art. 452), and i^ to the 
o^ftlripetal force at P in the medium soipr itb^ s p. If the 
resistance R be' in the compound ratio of the density D and 

sqQflffe df the velocity u», then D is a« -^, or (becan^ tii^ is ad 
'^j otfAl and if tlie cnrve besuch as can be described in »• 
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iroid by a force directed towards S that is as any power of 

the distante^ D will be inversely as ?*. If the centripetal 

r 

Ibrce in the medinm be uniform^ and act in parallel lines, and 
^ be an ordinate in the direction of the force^ then the resistance 

will be to the gravity as j; i to 2y^ ^ and if R be as Duu, then 

J) will be as -i-« 

889. Suppose F*PA (fig. 327) to be the figure which is assumed by 
a chain that is perfectly flexible^ and gravitates towards thegiven 
{toint S. Then ST the perpendicular from S on PT the tangent 
at P shall be inversely as F. gr, and the tension of the chain at 
toy point P inversely as ST, by art. 567. If PPA be the line' 
of swiftest descent from F to the lowermost point A^ SA z: a, 
SP (z= r) meet the circle AD described from the centre S in D^ . 
the ark AD =: c, and ti be to a as the velocity at P to the ve- . 

locity acquired at A ; then I rr — -—=:, by art. 581 and 582; 

If the gravity act in parallel lines^ let PM (= y) be an ordinate 

in the direction of the force, FM=x^ FMisy, the atrk FP=«; 

• 

then if FPA be the caienaria, ^ will be as F. g^V ^7 article 

568. And if FPA be the line of swiftest descent, u denote the ve- 
locity acquired at P (or ti = ^F. 2^ ), and a the velocity ac 
quired at the lowermost point A, then « : iv : : a : ti, by art^ 
575 and 576. 

890. The base AP (fig, S 1 9) being represented by x, and theor^ 
dinate PM by y, if the F. y'x, be computed^ and the expression 
\^ made to vanish when xzzo, according to art* 735, it will give 
the area APMF. When the fluent is negative, it gives the area 
on the other side of PM, For example, let y zzx^, then F. 

yi «K F. x^x = "^nr^ which gives the area when m is any 

positive number, or is a negative number less than 1 . But when 

mi* 
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mis a negative number greater than unit^ this expression is ne<^- 
gatiye^and gives the area on the other side of PM (figS2,2).Th^ 
ar^a generated by the ray SP about S (according to the symbols 

in art. 809) is the fluent of ^ or of ^, We have had many ex- 
amples above of the computation of areas from those theorems. 
There are several general theorems for computing the area der 
scribed above^ as in ^rt. 752, 8I9> 830^ 832> &c. , 

89 1 . The solid generated by the area APMF (figSlQ) about 

the axis AP is found by computing F. sNy* x, where N denotes 
the ratio of the semi-circumference to the diameter. For exam- 
ple^ let the figure be any conic section^ AP the axis^ and the ge< 
neral equation of the figure being yyzzAxx +Bx+ C, the so- 
lid generated by APMF about AP will be equal to ?^~ + 

NBjt^ + Q'Hcx. Let Ap be taken on the other side of A 
equal to AP^ and pm be the ordinate at j9^ then pm*^:Axx --^ 
Bx+C; consequently the solid generated by the area ApmF 

about the axis Ap will b^ equal to — Nftr* + sNCx. 

Therefore the solid generated by the area VMrnp is equal to 

— j^ + 4NCap. When x tz o,yy izC; consequently th«i 

cylinder generated by the rectangle PHAp (HFA being parallel 
to l?p) is equal to4NCx; and the excess of the frustum gene« 

rated by the area PMwtp above this cylinder is -^ x Ax'^ zz 

(supposing Pj? = 2ar =: v) — j^; which (if PZ :Pp : : yX 

: 1) is J of the cone generated by the right-angled triangle 
PZjp about Pp, and is always of the same magnitude when v 
and A are the same. The frustum is greater or less than the 
cylinder according as A is positive or negative ; and they are 
equal when Azzo; that is^ when the figure is a parabola. In 
this manner the properties of these solids described above^ p. 

M, are briefly demonstrated. When the value of F . SNyyx 

is 
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it negaiive, it i«pMcnis the s^lid that b generated bj tbe area 
oil the mher ^de 6f tti« dydtnate PM^ Tbtii iSyia.ir^f th«n 

F. gNyyx = ^ ^ =: ^m ' \ ^ ^^*C" expression is 

negative when m is greater than |^ and represents the limit ta 
trtkifeh thft solid geiieratedbjr the hype!rholic area oft the othdb 
Side of PM continually approaches \rhilst that area Is t m ppoi ^ 
to be prodaced. Siee art. 3(ft, t(c. 

692. The ark FP is the fluent of s, or ot V'i»+^. For 
axamplej leii^ ss$ jr'i then y s^ ^, y ±^ ^fLf^ / it £ M 

i/fflii;!^ and by art. 727, sr i *- ^^^ + K, If we suppose «==> 

when x^o. then Kr: -^r- and s=: * ^^ ^ , ■ ■ . In like man- 

^' I27tf* 

liarj, if #e malte tfse of (h^ liofatiokb itt art. 809 (/f^. S9d, If. l>. 



^ =: 



^ :. Suppose, fot eisaftipte, dpp :± f', theft i £t 

rfi^jt^ as w^ X u— r|~* , and (art. HI) t s: da x 

» «</3E::^. If we sttpposrtf AP O^g". dSJg) to b^ a parabola, 
S the 'focos, and A the r^rte*, then 1* ^B be always fotind 
i» tk€f right line AE perpendicular to SA; and the pandbo^ 

lie ark AP =: PT + log. ST + TA, the modulm being SA. 
l^or let 8A = a, ST = p, SP = r, AP = $, and PT r: j, 

then pp z:z ar, szz ■■ ■■.gli; ■ . = ■■ "'"^ ■ i , -j (beoaose ff rt 



i/tf.^^ and i as ^--tzistB) '^^ + ■ yvf ,i„ BatiflistST 

+ TA 
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+ TA n \/7r+ \/7i::Z, then - ^z — ==; consequently 

* ' < « ' ; 

y ::^ ^ + -% and s =: J 4- log. u, the modulus being equal td a I 

See art. 746 and 845, for the mensuration of circular arks, ana 
art. 806, 807, 808, for hyperbolic and elliptic arks« ''J 

893. The surface generated by the ark s, when the figure re- 
volves about the base (the ordinate being representied by y and 

base by x), is F. 4Ny« or F. 4% \/>+/, by art. «29. Thustf 
the parabola AP CJg- 329) revolve about the axis ASM, PM being; 
perpendicular to AS in M, PM =y = 2 AT =: 2 /tfJ^^Sa, and 

.; = r^-^ J consequently ys=:2r v^S7thesurfiice generated^ 

by the ark AP is — x r^/TT + K = -j- X sFx st-Sas 

and (if SE be a mean proportional betwixt SP. and ST) this 
surface is to the circle of the radius AE as 8 to- 3. 

894. liCt C Cfig. 330) be the centre, CD half the transverse 
axis^andCAhalf thesecond axis of the ellipse ADB,F the focus,. 
PN perpendicular to CD, PM perpendicular to CA, and PK 
perpendicular to the curve meet CD in K, CA = a, CD 
= 6, CF = c, CN = X, PN =z y, and the, ark AP = s ; 

then NK : NC : : a» : i% or NK = ^, PN* = ^ x 
jrrr.: PK* - a- — ^4f> and PK = -1 X v^S^^Z' 



h^ * - -- ^ ^^ 



But six'.'- PK : PN = y, ys =: ^ — ^^ * = (sup- 



posing c; b : : b : d =2 CG) — "7j~— -• Therefore Jet CA 

and NP meet the circle GZE described from the centre C in E 
and Z, and when the figure is supposed to revolve about the 
axis CD, the surface generated by the elliptic ark AP will 
bo to the area CEZN as 4N X ac to bb ; and if DI perpen- 
dicular to CD meet GZE in I, the whole surface of the spheroid* 
VOL. II. X will 
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irill be to the surface of the sphere of the radius CA as — ^ x 

CEID to 4Natf, that \s, as EI + C A to 2CA. In like manner, 
if PK prodneed meet AC in k, Wc : MC (= y)* : : ft» : a», and 

^ft 15^ X V^TTTS letDP:;=/,and/;;::PA:PM,or 
PM x/ = y Xf A:; consequently the fluxion of the surface gC"- 

iei^ated by the ark DP about the axis CA is — - x ^/omT 



aa ^ 



m (if- c : IK. I s «i : e = Cg) — - X ^ VT^A^y the fluentof 



31U 



i|rhich is ^ X y ^^^4^?. + ^^N6 x log.y+v^^^+yy (the 
modulus being equal to c or Cg) = 2N x CM x P* + 2N6 X 

log. CM + PA X gj. Hence the surface generated by the 
elliptic quadranl IXPA about the axis CA is 2N6 x 

b + log. a X -^^ and the surface of this spheroid is to the^ 

surface of a sphere of the radium CD as CD + log. - ^^^ 

to aCD, th^ p\odulus being Cg. Th^e constructions agree with 
Ijfr. 'Cotes^s Harmon, Mcnsurar, p. 28 and 29, where he^ 
illustrates the transition from circular arks to logarithms (or 
from the measures of angles to the measures of ratios), that so 
often occurs ih the resolution of the various cases of a problem, 
floiZL an. analogous transition observed long ago by Pleta in 
the resolution of cubic equations ; the roots of which are in 
some cases obtained by trisecting an ark, and in other cases by 
what may be called the trisecting a ratio (i. e. interposing two 
laean proportionals betwixt the terms of the ratio) ; so that the 
trigonometrical and logarithmical canon are mutually supple- 
ments to each other. Tlieharmony of those measures, which was 
so much considered by ihis excellent authoi*, may be further 
illustrated by the resolution of the two following useful pro- 
Uen^s relciting to the spheroid* 

89^. la 
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. 395. la plain sailing the meridians are suppoiied pafi^lfel^ fiti^ 
the degrees of longitude as \i^ell as those of latittfde are Sup- 
posed eqaal ; whereas the meridians intersect eaeh other in the 
poie^ the degrees of longitude decrease \n the same proportion 
as the semi-diameters of the parallels of latitude^ and the d<^- 
grees of latitude (because of the ohlate figure of the earth) 
increase from the equator towards the pole^. In order to cor* 
rect some of the errors that ari^ in Navigation from these f^lsd 
suppositions^ a projection was invented (commonly called Mer* 
cator*s Chart) in which the meridians are still supposed parallel^ 
and the degrees of longitude enlarged as in the former, but the 
degrees of latitfude upon the meridians are enlstrged iH the sami^ 
proportion. The arks of the meridian thus enlarged (or themc^ 
ridional parts) eire found in a sphereor spheroid by ihefollowing 
theorems. Lettlif arkDHf/Ig.SSl^N'. lXorangleDCH,bethe 
latitude for which the meridional partszare required, H£its siiie, 
let CT bisect the ark Hd (the complement of B I^^ aisd i^et dbe 

tangent at d in T, Then,. 1, in the sphere a;— log. ^^ihtniodu-^ 

Im being CD. 2. In the oblate spheroid, let Hh be an axk 
whose sine th is to EH as CF (he distance of the fbcns from <hd 
centre to CD the semi-diameter of the equator ; let C^ bisect 

the ark dh, and meet dtV int ; then z = log. 3^ — ^ ^ 

i^g- ¥• ^' ^" ^^^ ^^^^^g spheroid, let tiq (fig. SSI, N. 2) be 
the ark whose tangent is to EH .the sine of DH as CF to CD^ 

, CD . CF _ T\ 

aed z = log. 7f + c5 ^ ^i' 
896. For, supposing ADB to be a meridian seQti6ft through 
/ the poles A and B, as in art. 894, let CA ?: a, CD 2d bf 
CF = c, CM = y, EH=ti, and the elliptic ark DP=s. Then, 
to find the meridional parts z, we are to suppose the element 
or fluxion of the ark DP to be always enlarged in the ratio of 
CD the radius of the equator to PM the radius of the parallel 

of P, that is,i :?: J X jjjj^ = (because i : ^ : : PK : NK : : 

X2 CH 
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CH : CE) jL^ >i^ =(bccatisePM : NK : : J* : aa, and 

VM^uu PM 

NK : CE : : FN : EH) i x r^* % ^^^t we found in art. 

694, PA = -i- X \/tf*+ccyy or ~ X A/tf^-^^jry, accofding 
as CD is greater or less than CA; consequently PA be- 
ing to MA as CH to EH, we have u = _ . , or j^ = 

% • • • 

^ and (by art. 728) — = — T -n^- = - - 

Vi*'±ccuu y ^ O^-TCCUU U 

X - ■ ■ . ■ ♦ Therefore » = * — < that is, » =: 



■ccua 



rr in the sphere, » =: .. ■ — ■^ ' m the ob* 

late spheroid, and i zz — — II— + — in the oblong 

spheroid. Suppose now <26 to be the diameter of the circle <2D&^ 
join rfH and H6, then the triangles TdC and rfH6 will be simi- 
lar, dT : rfC : : dH : H6 : : VCJ— EH : v^Cd+EH, dT = 

( X ^jrr^ ^"^ *^ modulus being 6, the fluxion of log, -^sr 

(or of log. ^TTJ/ sh^l '^^ ii^uu * ^^ ^'^^ manner, because 
eh=^9 dt= b X ^ji^i the fluxion of log. -— - (or 
«f log. ^SS^ '* 4r~* Therefore in the sphere z 

f^T\ ana 

^ log. -ssj = log. CD — log. dT ; and in the oblate sphe-' 

xoiiifZ =log. gj — ^ X log. -j^. In. the oblong sphe- 
roid^ 






* t!hap. V. . for the Resolution of Problems. .. ^ ^ S0d 
' roid, Bq is the flaent of pjr^J;;!* 5 conseiqucntly z •* log. 

CD - CF j^ 

- 897. These logpurithms are hyperbolic^ or of Napier's first 
^sort; but it is easy to adapt the^ theorems to the tabular lo- 
garithms^ and ta express themeridioDalpo^tsm ounatea^.asjs 
usual. Thus in the sphere substract the logarithmic tangent of 
half the complement of the latitude from the logarithm of the 
radius (or 10.000000), and multiply 'the remainder by 
7915.704467897 &c. (t)iaf. the number of minutes contained 
in the radius divided by the modulus of the tabl^), then the pvb- 
d.uct shall give the meridional parts in ipinutei^. - 

898. In the oblate spheroid we have this easy rule : let CF : 
CD ::!:«, and u be the sine of the. given latitud^e DCHfor 
which the meridional parts are required. The table-* for 
die meridional parts being already computed in the sph^^ 
find the meridional parts in this table for the latitude #hose 

smeis - Xtt^ dividethesebyM, ^ubstract the quotient <froi]i the 

meridional pajts^n th^saine table iof th^ giv3eik;laltitudieI>CH| 
and theremainder shiall be theif^rj(fictnalpaM^ibclheiiuciiel{i[ti* 
tude in the obUte spheroid:. Thi^tproblem is resolved .by ififit 
ipite series^ and a t|ible of the meridi(Hi9l pafts.is .qomputed foD 
the oblate spheroid wherein cc: l^ %:9& : . 1000^ in ab io-i 
gepions treatise published lately by the ReVgrond Mr: Mur* 
dock J whose table nvay be exajnined by this n4^ ! ^ttd id- iteayt 
likewise serve for facilitating the computatiottj^^he^ ^p differ* 
ent ratio is assumed foi* that of cc! to bb. ' The greatest di^r« 
eqpe betwixt the meridional, pafts in^ the oblatf: spheroid ^ndr 
sphere is easily computed by finding the meridional parts in th^ 
sphere for the latitude whose sihe is to theiradius asil to w, aiiit 
dividing these by w» .^'j.\: -^ J ,: : *^ 

899-. In the oblong spheroid, to findHhemeridional parts for 
the latitude whose sine is w, add to the meridional parts in the 

^phere for the same latitude - x Dy, Dy being the ark whose 

tangent is - X w. 

X 3 900, Let 
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900, LetPMoi«r(7ig.332)beapyramidof'an uniform density 
Upon fke rectangular base l^oux, and ampppue that the attraction 
of Its particles is inversely as the power of the distant of any 
exponent n less than 3. Let the attraction at the given dis- 
tance PC (=a) be represented by e, the attraction at any dis- 
-laniDe PM (sir) by V ; then if the vgiea HPo, MPjr, be con- 
'tiimaUy diminished^ thegraieity atPtowsidstbepyKiinidPMovx 

Villbe ultimately as j— x Mo x M;r. For if N?iA:/ be a sectiop 

,flftlfe pyramid parallel to ^Mow ^t a distwce PN =? PC^ the 
gravity at P towards the pyr^ipid shall be ultimately equal to 

^M^flueat of Vr X Ma.)f^ M<>j or (b^fQaww Jf / ; M* ; :Ni»: Mo 

- a : r and V : <j : : a» : K) 6t fl X W x Nn, thatis^ td 

it^-et^s X ]sf; X N» = ':^ X Mo X Ma:. ' 



/9f^h Heqce it will appear (by proceecliijg j^ in art, 649>, 
ih^ti^^ a portion of a ^li4 ooptained \>y planes that inteneol 
ei^ch other in PH attract aparticleat P^ FMAbeoneof these 
plariesj the right line PM meet the circle BNC described from 
1^ ^f^iitib P with the giveft distance PC in N^ MQ be perpendi^ 
ctfliirtoPOind NRto PH, PC tc «, PM s r, PQ = z, 
I^R :2( Xy the sine of the i|iellnation of 'the planes to the ra- 
dium as;/ to a; lind, supposing this angle to be diminished con« 
tiaually till it vainisb^ the iikiniate value of the gravity at P to- 
WBrdb the slice of th^ iM^ld ^ofitained by the planes in the di«-> 
]^e«ioii PC be repFeeented by q, then q Will be equal to the 

flu^t oi^^ or ^^^i^r±L X r^^. If PC coincide 

wilhFHj thenipta : :2f:r, and the gravity atP will be as the 

if^^^ef * • 

fluent of -.-j^ X f^'-^:fiif.^ If PH be perpendicular tp PC, 

the gravity at P towards the portion of the sgUd wiS be ulti- 
mately 



1 ; 



I 
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1—3 



f mately as the fluetit of ' * ■ ^ X r**^* ' '/'S^, becamein 



■ I 



this case r: z '^: a : v^d»t^. ' 

902. Suppose a solid to bisi generated by tha:figiite PMA Cfig. 
dd2iN.2)revolviiigabout the axisPC,»ndKlf«gmviey atPtdWIitls 
this solid ia the dix€ctioii PC to be measwed by Q^ then 'Q' i± 



4N«"^** 



X F. r aXfTH being supposed to •denot^^e ca£o 

of the semi-circumferenbe to the diaoieJterj' ustBaimeiAj.''^ W6x 
exampk^ if PMA be a Bemieurcle of tlie Tadiua PC^ tl|en i^f b: 

gPR, or r = 8a?; and Q zz F. ^_ ^■^i'^ f;z (^h^ r ]|^ 



comes equal to 2fl) -===-— =a=r. If »=2*Q;=-?Tr-r-,andd|C 

gravity is the same as if the whde;matter ia the^ sph^ceai^iiajjQt- 
ed from the centre C^ because the solid content dP the sphere is 

^-^; and in other ca^es Che gravity is to ti^aftraction as 

3 X 2*"^ to 3 — n X 5 — n* If a == -^ 1> these are equal. If 
n = 0, their ratio is that of 4 to 5; and if n == Ij tlie nttid is 
that of 3 to 4. In different spheres, when n is givenjjbhe gra- 
vity is as PC'-—" , because ^ is as PC—-* . • ' \^ 

903. To find the attraction at the pole A C^g.S33) idwtf di the - 
spheroid generated by the si^mt-elltpsis ADB ftbout tlie A^i^i^S^ 
suppose P to coincide with A, AC ae «/ CJ) se i, IQF ^F 
being the focus) = c, AR 2r jr> AQ it t, AM' te t; liifeh 

AR* : : NR* : : AQ* : QM*> ot 3tx\ dd — xx : ra;;? : —'i^ 
Qaz — zz : : z : — X ^-^z ,• consequently z = , 

and (because x i a \\ z i f^-t 5= — -- — , or x ^ — x 

X4 F. 
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F- ^V^^uil— n » ^^^ ^ ^® suppose bb = rfc, Q will be 

equal to -==: — rr xR JL — F. — — ,wluch 

tfi^^t^ Qne ea^ly meftsured by Che areas of conic sections^ when 
:fM lA^a^y. .integer mimber. The lippeir signs are for the oblong 

spheroid. .,.-., 

^''^.'^oifind ^attraction at the pointD0?g.334) in the equa- 
^Mtof ib9>s|»herQ(id/Jet P coincide with D^ DBEbe a section of 
!ibt/Mlid>iler^ndicular to its equator^ PH or DH a tangent at 

D. HNc a circlp described from the centre D with the radius 
"Ufe (iCJA) mecTDM-in N, MQ perpendicular to PE, and NR 

lo DH, CA^a,CD =: 6, CF = <r, as formerly, and DQ =: z, 
T^ i: F; DRr =t'±. Then NR* : DR* : : DQ* : QM*, that 



aa I , ,t «a 



'i»/>^lBh^^'Jt' : XX :' : SjK : -— x 3SIS : : z : -rr X ST^ and 2:= 
II,', ^A 00 

>r/ii i otit .r: 4*^ i \ . ' 
X 2f f£L£-, which gives the ultimate value of the gra- 

eflll^ii^l^ I^ towJQjrds'^ slice of 1: the spheroid contained by 

'(^diji^a^es. pe^tivijcdalr' to its equator that intersect each 

jf^k^r, uirrDHy ^hefi: ^0 angle contained by the planes va- 

nidies,^ by art. 9pl^^ Jf.we supppse c =o or a = ft, the last 

^ ' Q||Wi M i l ^/V 4 — ff 

ftmid^ becomes equal to *^ x aa — xxl"^ = (sup- 



■«. J 



mer w si aa -r^Xii^ r x — ^^ — -^^ 



pottngjiy 2= gg T-='.ia^) r X — ^====, the fluent of 

X — r.! > . 3— «X2* : Waa^yj^ 

which gives the nlfimate value of the gravity at D towards the 
slice of t^^ sphere (described upon the diameter of the equator 

of 
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of the spheroid) that is contained by the same planes. Because 
the sections of the spheroid by planes perpendicular to the 
equator are ellipses similar to the meridian section and to one 
another, and the sections of the sphere by these planes are cir- 
cles, the gravity at D towards the spheroid is to the gravity at 
D towards the' sphere described upon the diameter of th^equa^ 
tor as the former to the latter fluent, that is (supposing cc : 



X 



aa :: m,: I), as F. a^— » 0^— "x x ^ . i — i- to F. s 



aa-^xjel ^""^ 



^a — xxj^T". These fluxionary expressions are rational when 
n is an even number ; and when n is an odd number they are 
transformed into rational expressions by supposing a?, r= 

3=.. Hence^ therefore, the gravity at the equator, as well 



az 



«is the gravity at the poles, is measured by circular arks or lo- 
garithms when 11 is any integer number less than + 3. 

905. When w=2, the gravity at the pole or equator is easily 
computed from the first theorem in art. 901, viz. j =: F. 

s^— X r*--»»r:(wben w=:2) F. tfzx. For when the par- 
ticle P, whose gravity is required, is at A, as in art. 903, x (or 
AQ, supposing AR = X) =: -^ X -—^^ andj= ^ 

X F. t^ ; consequently the gravity at the pole A towards 
the spheroid is to the gravity at A towards the sphere of the 

^x 

diameter AB as hb X F. -t== — to \ aa. When the particle 
P is at D on the circumference of the equator, suppose, as in 
art. 904, DR = x, then DQ zi % -=z Q,b x. j^^> and q 

:= F. efzx = Qief x F. x X ^^^ ; consequently the 

gravity at D on the circumference of the equator towards the 

spheroid 



314 Of the general S>uh$ Book H^ 

^>berotd is to the. gravity at D towards the sphere upon the dia- 

meter D£ as F* abx K £^^^ to F. x x JH^ = (when 

ar=:fl)-j-; and these flaents give the same constructions 

by circular arks and logarithms that were describedin art. 646 
and 647- The gravity at any point P on the surface of the 
spberoid in the direction parallel to the axisj or perpendicular to 
JX, may be computed in like manner from the theorem q zz F. 

ifzx; but this case is reduced to the former by art. 634. When 
the density varies, but so as to be uniform over any surface si- 
milar and c<H)centric to ADBE, the gravity at any piace in the 
plane of the equator, or axis of the spheroid, may be computed 
by cvrt. 668> &c. The reader will find this subject treated in a 
different manner in a late ingenious essay, PAi7. Tram^, N. 449, 
bv Mr. Clairaut. It was demonstrated in art. 636. &c. 
that if the density of the earth was uniform, its figure would 
be such a spheroid as is generated by an ellipsis revolving about 
its second axis, according to the theory of gravity ; but this 
was assumed as an hypothesis in art. 679, 681, &c. where the 
density was supposed variable. 

906 (i%. 335).'nie centres of gravity and oscillation of figures 
are determined from art. 509 and 534. LetG be the centre of gra- 
vity, and O be the centre of oscillation of the plane figure F^M 

when it revolves about the axis Tf, OG A perpendicular to ^in A 

• 

and tbMminP,AP=a:,M»i=:3^,GA=2:,QA=w;then2=: -^"'^ 



F. 



Sx 



and u = ^^^^i- Thus, if iy = x-^, z = l^^^X^ == 

F.^*^:r F.«^x 

^a^ X jr, orGA:PA::m + L:m + 2; and u = "" .^^ 

= ^i5XJ?,orOA:PA ::w+2:wi+3(jffg.239). The centre 

of oscillation of a sphere was determined, in art. 536^ from the 

fluent 
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fluwtof 2»j/^ X ^I^ [sappoang,.iafig. £39 (^g. 239) the ra- 
diya GE ==a, GK:::;PM=:y, OGzzz^JxAnio 1 asrlhe cireQin'< 

fcrence of the circle to its radius], which is 2m^ x ^ — ^* 

an^ tbia fluent becomes equal to -^ when PMz: GE cry =«, 

v'hich' being divided by y- X a' X z (the solid cC(Otent. of th« 

^^pbec^ muUipUed by the distance of its ceutreof gravit^r frdm 

the axis of oscillation) gives - x -^ = «. The centre of 

ipercussioa is in a right line perpendicular to AO at O.r Several 
principles concerning the centre of gravity and itsn^ptionj, that 
are of use in the resolution of problems^ were e;ij:plaijued in art^ 
5Uj 526, 533, 544, 551, &c. The motion of a fluid issuing 
from a cylindric vessel was considered^ in art. 53T, 540, 341, &c, 
and an example of the n^etbod by which the pinqiplecoi^* 
cerning the equality of the asc<?nt and descent of the oMtre of 
gravity is applied tp this enquiry XCwwwiew** Petr^poL torn.. 4) 
is described in art. 544. But the sa^e theory ha& been.smce 
prosecuted more fully by the learned author, and illustrated 
by Tdi^ous expeiimentSj in a paarticular treatise, entitled 
Hydrodynamica. -^ ' 

907 . In any engine the proportion of the power to the weight, 
when they balance each other, is found by supposing the ^n* 
gine to move, and reducing their velocities to the respective 
directtonwn which they act; for the inverse ratio oipthose ve- 
locities is that of the power to the weight, accbrdmg to the 
general principle of mechanics. But it is of use to determine 
likewise the pr<^rtion they ought to hear to each other, that 
when the power prevails, and the engine is in nK>ti<ni^ it may 
produce the greatest effect in a given timcu When the power 
prevails, the weight moves at first with an accelerated motion; 
and when the velocity of the power is invariable, its action up- 
on the weight decreases while the velocity of the weight in- 
creases. Thus the action of a stream of water or air upon a 
wheel is to be estimated from the excess of the velocity of the 

fluid 
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fluid above the velocity of the part of the engine which it strikes^ 
or their relative velocity^ only. The motion of the engine ceases 
to be accelerated when this relative velocity is so far diminished 
that the action of the power becomes equal to the resistance of 
the enginie arising from the gravity of the matter that is elevat* 
ed by it, and from friction ; for when these balance each oth^r, 
the engine proceeds with the uniform motion it has acquired. 
l^t u denote the velocity of the stream, u the velocity of the 
part of th^eqgine whigh it . strikes when the moticm of the 
machine is uniform, and a — u will represent their relative ve- 
locity. Let A represent the weight which would balance 
thd force of the stream when its velocity is a, and p the weight 
wTiirfh wbtild balance the force of the same stream if its veloci- 

ty;wasonly fl— «t; ^hen p : Ai: ZHu' : a% or/i =: — f— -j 

aod p ^hall represent the action of the stream upon the wheel. 
T£ wd abstract from friction, and have regard to the quantity of 
theiweight only, let it be equal to jA (or be to A as 9 to 1), 
and^ because the motion of the machine is supposed uniform, 

p =z q X A = — -^^ — > or J =;; — - . Ihe momen^uf^ of 
this weight is qAu = JT" j which is a maximum when 

1£ X - * 

the fluxion of — vanishes, that is, when u x 7^^ — 

Cmu X 0-^ ;= Pj or a — 3ii = 0. Therefore, in this case, the 



machine will have the greatest effect ifu = ^, or the weight 

A AX a-^u 4 A 1 • • /» 1 

tfA = — ^ == — ; that IS, if the weight that is raised 

by the engine be less than the weight which would balance 
the power in the proportion of 4 to 94^ and the momentum of 

the weight is -^. 

908. If 



r 
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g08. If we would likewise consider the friction arisiing from 
the motion of the weight, let 1 be to ra as the .weight i^ 
to the. resistance of the engine which would a^:ise fj^cHU this 
friction, if the motion of the engine was such that the part of 
it impelled by the stream moVed with the given velocity a; then, 
supposing the friction to be always in the compound ratio of the 
weight and velocity, the resistance of the engine arising from 
the same cause when the part of the wheel impelled by th% 

stream moves with the velocity u will be — -. Suppose, there^ 
wre,p = jA + -i — = 




and the mom^n^um of the weighty Ate == ~ x ^^r— ; theflux- 
ion of which being supposed to vanish, we shall find aa — 3au-^ 
2nuu = 0, or w = , . ■ s , and the weight ^A == 4A x 

— : — — — . ; that is, the machine will have the orreatest ef- 

3+^/9 + Sa ^ 

feet (according to this supposition) when u : a : : Q : 3 + 
V'9 + 8«,andthe weightis to that which would balance thepower 
as 2 + 2 V9+8S to 9 + 4n^ 3 •9+1^- For example, if 

n = -, then a = -;p, and yA : A ; : 20 : 49 ; consequently, 

though the velocity u he less than in the former case in the 
ratio of 6 to 7 (and therefore the action of the power on the 
wheel be greater), yet the weight that is raised is less in the ratip 
of 45 to 4i^, and the effect of the engine is, less in the ratio of 
' 270 to 343. If n be very small in respect of 1, then u; a : : 

J : 3 + J-, and jA ; A : : 4 + — * 9 + 4« nearly. But if we 

would have likewise regard to the friction arising from the mo- 
tion of the parts of the engine, as well as to that wjbich arises 
from the elevation of the weight, the computation will be some* 

what 
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%hat different. Let the friction be 6qual to m A wh^n this ma- 
chine mdves without any charge in such a manner that the ve- 
locity of the part impelled by the stream is equal to tf; 

and the friction will be equal to — '^ when this velocity h 

Uf, where we suppose m invariable^ because the macbioe re* 

mains tlie same. When the motion of the engine is uniform^ 

. . nqAu fnAn ^ AxJ^* . " . , 

jp = jA H — ^ h —J— z= ' — J and, supposing the 

momentum of q A to he a maxmumfUViUl be found by re- 



■* *■ 



tcrfving Ae equadon u^ + -§ — r 1 — j X am*-— -^ XMon-^ 

•j;^ Pot example/ if ir-i: ^ and ^ =: ■— , i^ is nearly -y^ 

jA is about -jjg, and the effect of the engine about ^ bf Aa 

or ^tfas 6f what it would have been if there Was no fKction, 

and u was equal to ^» 

' 909. Suppose that thegiven weightP (fig.SS6y desc^dingby 
its gravity in the vertical liiie raises a given weight W by theiine 
PMW (that pa^sses over the pully M) along the inclined plane 
'BD, the height of which BA is given ; and let the position of 
the plane BDbe required, along which W wiH be raised in the 
le^lt time from the horizontal line AD to B« Let AB = a^ 
BD=Xj ^zztime in which Wdescribes DB ; the force which ac« 

celerates the motion of Wis P— -^. tt is as ^ ^""^^ and if 
we suppose, the fluxion of this qiJantity to vanish, we shall find 
r = — — or P = J consequently the pl.ane BD requir- 
ed is that upon which a weight equal to sW would be sus- 
tained by P; or if BC be the plane upon which W would 
sustain P, then BD == sBC. But if the position of the plane 
BD be given, and W being supposed variable, it be required to 
find the ratio of W to P when the greatest momentum is pro- 
duced 
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daced in W aloilg the given plane BD ; in tliis case Wough t to 
ketoPasBDtoBA + /IdTba X Vba. 

910. TheradiusCA (^g.337)aiid angle ACB bring given, let 
E be any point upon the a,rk AB, EM the sineof the angle £C A, 
EN the sine of the angle ECB, n any positive number^ and let i|; 
be required to determine the point E when EM* x EN is a majy 
imum. Upon AC produced beyond C take CD : CA : : n — 1 
: »+ 1 ; draw DG parallel to CB, meeting the circle AB in G, 
and if CE bisect the angle ACG, it wilt meet the circle in 
the point £ required, . For^ let ER parallel to CB iheet C A 

in R, CR rz x, ER =: y, and when y^x is a maximum (or when 

• 

its fluxion vanishes^ 2L ^ f. =z 0^ by art. 728^ or ux z^ 

^^ Let the tangent at E meet CA in T, CB in Z, and CG ia 
Q^ and AP perpendicular to CE meet CB in K and the circle 
again in H ; then RT = ?: =: ux, or RT : CR : : n : 1 : : 

ET:EZ::AP:PK : : PH : PK; consequently HK: KA 
: : n— 1 : »4 1 : : CD : CA,and DH isparallel to CB. Therefore 
H cotncidef with 6^ and the ark GA is bisected in E when ER* 
X CR is 9L^ maximum, or (be<;au8e ER is to PM and CR to 
£N id the same invariable ratio of the radius to the sine of the 
given an^e ^CB) when EM** X EN is a maximum. 

gil. Let a fluid that moves with the velocity and direction 
AC strike the plane CE; and suppose that this plane moves pa^ 
raliel to Itself in the direction CB. Take CD : CA : : l\ 3, draw 
DG parallel to CB meeting the circle AB in G; and if the plane 
jCE bisect the angle ACG, then the efiect of the fluid upon CE 
will be greatest at the beginning of the motion (Jig.337, N,9,). 
But ifthe plane CJB has already acquired an^otionin the direction 
CB^ let its velocity in this direction be to the velocity of the'' 
streaxn as Aa to AC> and let Aa be parallel to CB ; let a circle 
described from the centre C with the distance Ca meet DG in 
f.; and theefiectof the stream upon the plane CE will be greatest 

in 



/ 
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ia this case when the plane hisecls the angle aCg. For let AP 
and ap be perpendicolai: to CE in P and p, and ah perpendicular 
to AP in h ; then the motion of the particles of the fluid in the 
direction perpendicular to CE will be represented by AP^ their 
motion in the direction parallel to .the plane CE by CP^ the 
motion of the plane in the former direction by Ah, and its mo- 
tion in the latter direction by aA. The action of the fluid on 
the .plane depends on their relative velocity only^ that is^ on 
the difference of the motions AP and Ah (which is equal to 
KPz=,ap), and on the sum ordiflTerence of the motions PC and 
ha^ which is equal to pC. It follows^ that the action of the 
stream on the plane CE is the same in thia case as when the 
plane is at rest^ and the stream strikes it with the direction and 
£3rce aC. Let this force aC be resolved into ap perpendicular to 
the plane CE^ and j^C parallel to it; and because the latter has no 
effect upon the plane C£^ let the force ap be resolved into the 
force ok parallel toCB^and/^X; perpendicular to it; then because 
the force pk has no effect to impel the plane CE in the direc- 
tion CB^a/c will measure the force with which any particleof the 
fluid impels CE in the direction CB; and the nuifiber of parti- 
cleaincident upon theplaiie«C£in the same time being asap^ the 
efiect of the stream to move the plane CE in the direction CB 
shallbe measured by ak x ap =(Em and EN being perpendicular 
to Ca and CB in m and N^ and consequently ak:ap:: EN : CE) 

^^^CtT — ^ ^* ^ ^^ ^ op's ^^^^^ ^^ ^ maximum when C^ 
bisects the angle aCg, by the last article ; because CE and Ca 
are supposed to be given, nzzQ, and CD : CA : : n — 1 : »+ 1 
: : 1 : S. If Aa = o, g coincides with G, and the stream has 
the greatest effect when CE bisects the angle ACG. 

912. LetCV(/J'or.S38)beperpendiculartoAtfinV,andCEpro- 

ducedmeetAain/; takeVLzzVCx i/2;V/=?|f, joinl/, and 

V^ the tangent of the angle VCE (VC being radius) shall be 
equal to Lf+Vf, when the plane CE is in the most advantageous 
position, CA the velocity and direction of the stream, and Aa 
the velocity and direction of the plane CE being given. For 

let 
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" let pq perpendicular to CV in y meet Ca in tc, let aC and VC 
produced meet Dg in z and d; then, because aC=:3CM, tff =2 
3/m =£ (because ag sr 2ap) ^ = -^-X — — A. 4. _^ -j. 

(because g(? t=i C^* — Cd» = Co* — —^ = -^ + 

L/,and?|^^ rs L/) 1/+ ^; and V^ =: a*HF Va a: 1/ 

TV/ If CV = tf> Vii r: c, then V^ == v^««4-|£ ;;p |^^ 

The Negative sign Is to take place when aCB is greater than 
a right angle. 

913. When the angle ACB ii right, A {Jig. 338, N. 2) co- 
incides with V, DG is perpendicular to AD, and At zzlf-^ 

A/rs Vqm + ^ + ^- If Aa =: c zna, thto A^ : AG 

: : •? : I, or AP the sine of ACE to the radius AC as AG 
to 2CA, or as v'aS to ^/IcI, that is, as •? to ^/S". There- 
fore the stream at the beginning of the motion will have the 
greaftest effect upon the plane C£, if the angle ACE be of 
64^. 44\ ; and this is the case which ha« been consideiTed by 
several authors : but if the plane CE has already a motion in 
the direction CB, the stream will hare the greatest effect 
ftpon it if the angle ACE be greater. For example, if the 
telocity of the plane CE in the direction CB be a third 

J^rt of the velocity of the stream, or c r: j, then A^ = 

S^2aa + ^ + f — ^^> ^*' *^ tfftigent of the angle ACE 
ought to be double of the radius, that is, ACE = 63**. 26'. 
If c : a : : i/S" : •?, then Ai : AC : : 2 + Vi" : 1, and ACE 
ought to be of 73° 40'. If e = «, then ACE = 14!" 19'. 

914. Hence the sails of a common windmill ought to be so 
situated that the wind may strike them in a greater angle Aaa 

VOL. 11. Y that 
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that of 54^ 44'; for this is the most advantageous angle at the 
beginning of the motion only; and when any part of the en- 
gine has acquired a velocity c, the effect of the vrind upon that 
part will be greatest when the tangent of the angle in which 

the wind strikes it is to the radius as v 2 "*" SS "*" ^ *^ ^* 
Let the right line bh represent the length of oneof thesails^ take 
AC to Aft as the velocity of the wind to the velocity of the given 
point ft about the axis of motion J LA =: AC X v^ 2, and a being 

any point upon bh, take Afzz — j then if the sail be so form- 
ed that the wind shall strike it at any distance Aa from the axis 
of motion in an angle whose tangent is always to the radius as 
Ijf+ Afto CA, the wind shall have the greatest effect upon the 
sail. It is truCj that a celebrated author has drawn an oppo- 
site conclusion from his computations^ viz. that the angle in 
which the wind strikes the sail ought to decrease as thie distance 
from the axis of motion increases; that if c =: a, the wind ought 
to strike the sail in an angle of 45^; and that if the sail be in 
one plane^ it ought to be inclined to the wind at a medium in an 
angle of about 50 degrees : but if he had reduced the equation 
of six dimensions^ by which he has determined the ifMUrmum^ to 
a biquadratic equation^ our conclusions would have agreed; and 
the divisor by which this reduction may be made is of no use 
for determining the most advantageous position of the sail when 
theengineisinmotion;becauseitdoesnot give umaximum, but a 
minimum that corresponds to the case when CE coincides with Ca, 
andthestreamhasnoeffectupontheplaneCE. SupposeAanAC, 
or c^a; and if the angle ACE be of 43^, CE will coincide with 
Ca, the velocities of the plane CE and of the stream estimated 
in the direction perpendicular toCE must be equal; so thattha 
stream will have no effect upon the plane CE in this case to pre- 
serve or accelerate its motion ; and the angle ACE must be in. 
creased, that the velocity of the stream in the direction ap (ia 
which it acts upon the plane) may be greater than the veloci- 
ty of the plane in the same direction. In the same manner it 

ia 
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is obvious that> ifA^a was equal to 2AC, and ACE of 54^ 44'. 
then the stream could have no effect upon the plane C£^ and 
the angle ACE must be increased. 

915. When 0?g. 339) the engine is of such a nature that the 
whole fluid, or the same quantity of it, is always incident on the 
plane CE in its various positions, the force by which it impels 

CE in the direction CB is as ak = Em X EN X ^, which is a 

maximum (Ca and CE being given) when CE bisects the angle 
aCB, by art. 910, because in this casennl, CD : CV : : n — 1 
: w -f 1 : : : ^, that is, CD vanishes, and DG coincides with 
CB. In this case, if AC and Aa, the velocities of the stream 
and plane, be given, with CB the direction of the motion of the 
plane, but. the angle ACB be variable, and Aa be greater than 
i AC, the action of the fluid upon the plane will not be greatest 
when AC is perpendicular to CEand CE to CB ; but when ACB 
being an obtuse angle, the sine of ACV is to the radius as AC 
td sAfl, and the plane CE is perpendicular to AC, For let Cg 
n Ca, aq be perpendicular to CB in j, then ak = ^gq. Suppose 
CA :;= a, Aa =: c, AV = x, then aft = Cg T Cgm Ca +aV 

=: V'flo+cr— 2<:*+^-^c; and when the fluxion of this quantity 

• 

vanishes, ^"^ j r + j? =: o,aa+cc — 9,cx =; cc, aazz2cx, 

V aa-{-co^cx 

or a: : a : : a : 2c ; and it is easy to see from the construction that 
in this case ACE must be a right angle. For example, if c =a 
then xzzla, ACV = 30 degr. ACB = 120 degr. ACE =: 90 
degr. and ECB = 30. degr. 

,916. Suppose npw that AC (fig. 338) represents the direction 
and velocity of the wind, CB the direction in which a ship moves, 
Aa parallel toCBthevelocity of the ship, CE the situation of the 
sail, and let us abstract from her leeward way, or suppose that no ' 
deflexion from the direction CB is occasioned by the obliquity of 
the wind or sail to the cpurse CB, Then, in order to determine 
the most advantageous position of the sail CE (when CA, CB, . 
and Aa, are given), that the wind may act with the greatest 
fprce to impel the ship in the given direction CB, produce AC 
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till AT) : AC : : 4 : 3. Let DG be parallel to CB, and a circle 
aeg described from the centre C with the distance Ca meet DG 
in g; then the sail CE ought to bisect the angle aCg, by Art. 
91 1 ; or let CV be perpendicular to A a in V, LV = VC X ^/"a 
Vf = I Va^ Vt = 1/ + V/, and CE produced pass through /. 
Wlien Aa the velocity of the ship is neglected, or when the 
notion begins, CE ought to bisect the angle ACG; which \9 
the case that was resolved long ago by Mr. Fatia and Mr. 
Huygens by a biquadratic equation; and has been considered, 
more fuUy sipce by Mr. BernouiUh Manoeuvre de$ VaimeaucQ^ 
chap. 5. But in some cases the ratio of Aa to AC is not in- 
considerable; and supposing AC perpendicular to C^, if (for 
example) Aa = i AC, the angle ACE ought toexceed \ ACG 
( =: 54^ 44' in this case) by about 9 1. degr.^ if we would ba,vo 
the wind impel the ship with the greatest force in the direction 
CR 

917. The force with which the wind impels the ship in the 
direction CB is always measuied by oft X ap; and when thi». 
force and the resistance of the wa^r becoooie equals the niotion 
of the shjlp becomes uniform. Let. CK repxe^ent the uniform^: 
velocity which the ship would acquire, by the same wind in its 
direction AC, if the sail was perpenficukur lo AC, and the force 
in this case which sustains the Qiotionof the ship* and balances 
the reastance, will be measured by KB** Therefore (the re- 
sistance of the water being as the. square of tW velocity of the 
ship) CK^ : Aa^ : : KB* : ap X ak :^ (supposing Ao parallel to» 

EN' 

CB to aieet CE Ut fyeO^x ^p; cfjoso^mii/tiy A« : mt:: CK 

X v^^: KB. Lei CA = f, Aa = », EN =; y, 4V = p, 
CK:KB ::!:»; tbea Am :at ::;jfi/'J'^ma'^T; aad, became 

At = v*T AV = -/^^rr^. X ^^^zE.Tp, A« =: * = 

...^. ff r: ^ - :—'2r^ - ^^ - — ^ • Suppose a)p, and m, to be wa- 
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stant^ and when x is a maximum we shall find that aa-^Syjf — 

22LilS q: ^Py y^^ S! ::2 o. This is an equation for determin- 

m */ aa^^pp 

Itag the sine of Ihe angle ECB whieh ought to be cotitained by 
«he sail and the line of the ship's motion, in order that the velo- 
<rily of the ship in this line ihay be the greatest possible, a,p, and 
my being given. 

918. If AC be perpendicular to CB, then p ±:6, and Syj/ + 

^ — 2 == aa. For example,. kt mzz^^f, &at is, ktttie ye- 
m 

iocitjr of the ship be to the velocity of the wind when the shl^ 
moves in the direction of the wind, and the wind i» perpendi- 
cular to the sail as 1 to 1 Hh 2v'*2 (or nearly aa I to 3.828) J 
then, if the ship sail in a direction perpendicular to that of the 
wind, the sail oughtto be inclined to the windin an angle of 60*=»- 
or to the way of the ship in an angleof 30^. For the equatioR 
fory when x is sl maximum is, in this example, oa "^Syy -^ 

^ ■ ;^ :^ o, which givee jr ac ^ ; and in this Case the velocity of 

*' *' ° °^M^ = 57?- The ».« of U>. »gl. 

ECB is always less than — - x C6. 

919. The angleECBc^g. 340) contained by the sail CE and 
course of the abipGB,wi thAC the vcldeily of the wind being giveti, 
the velocity of the ship is gifeatcsl wlien AGE in a right angle, 
that b, when the wind is pe^ndicular t6 the sail ; ees isf obvious, 
and agrees with art. 917, where, if rf, y, and m, be given, i-be- 
eomes a maximum when p^y* Supposing ACio be perpendicn* 

lar to C£, r =r _ -^ j , and is a maximum wheny or pzia 




M. V -7- ; thaA 16^ of ijl caae* ivhoreifit ibe l^iml b supposed to 

be perpendicular to the sail, (he velocity of the ship is greatest 

Y 9 (providing 
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(providing CK be not less than i CA, or m be not greater 
Uian 2) when the sine of the angle ECB contained by the sail 

and course is to the radius as Vmm to VT, and the velocity 
of the ship is greater in this case than when the wind blows m 
thedirection of the course^ and is perpendicular to the sailin the 



ratio of wi + 1 to 3 v ^, or (supposing » =: 2 — m) of 1 — 

J to 1 — iJ . If^ for example^ CK : CA : : 1 : 2, the velo- 
city of the ship in the direction CB will be greatest when the 

s 

sine of ECB, or ACV, is to the radius as 1 to \/4 ; that is, when 
the angle ECB is about 39^ 3', or when the angle AC6, 
in which the direction of the wind is inclined to the course 
of the ship, is an angle of about 50^ 57'. And the velocity 
of the ship is in this casegreater than when the same wind blows 
directly in the course of the ship, and the sail is perpendicular 
to the wind (in which case the wind is conimonly thought 

to be most favourable) in the ratio of i/55 to •s?, or of 2v^4 
to 3; and by inclining the sail CE to the wind, so as to increase 
the angle BCE, the velocity of the ship in the right line CB 
will be still greater. There may be many other cases supposed 
from art. 91 6, wherein a side^-wind would promote the motion 
of the vessel more than a direct wind. For example, if the ve- 
locity of the vessel in the direction CBbe to the velocity of the 
wind as 1 to 3, and the angle ACB be only of lOg® 28', the 
force by which the wind will promote the motion of the vessel 
in the course CB will in this case be greater than when the 
wind is direct, or the angle ACB is of 180^ in the ratio of 

^ 9S to \/27 ; the sail being supposed in both cases to have the 
most advantageous position, which was determined in ait. 916. 
920. AgivenUneACoig.341) beingdividedinB, thereptangle 
AB X BCisafytojrimim when AB =: BC, by what is shown in the 
dements of geometry. Hen9e it follows, that^ if a given line 

AG 



■^" 
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AG be divided into a given number of parts AB, BC^ CD, DE, 
EF, FG, the product of the parts AB x BC x CD x DE^&c- 
is a maximum when they are equal to each other; because if 
BD the sum of any two adjoining parts be divided equally ia 
C and inequally in c, BC X CD is greater than Be X cD, and 
AB X BC X CD X DE X 8cc. is greater than AB x Be x cD 
xDE X &c. If a given right line AG be divided in C, and 
AC» X CG*" be a maximum, then AC : CG :: mm; for if we 




_ J!2L, and if y = o, - = ~, that is, AC : CG.: :n:m.' 

The same proposition may be derived from the former case 
when n and m are any integer numbers : fot example, AB X 
BG^ is a maximum when AB is to BG as i to 5; because if 
BG be divided into five equal parts BC, CD, &c. then AB x BG« 
= 5 X5X5X5X5XABXBC X CD X DE X EF x ¥&, 
which is a maximum when AB — BC = CD = DE s: EF=s 
FG. If AG be divided into three parts AB, BD, and DG, 
then AB x BD» x DG™ is a maximum when AB, BD, and DG, 
are to each other in the same proportion as the numbers l,7i,and 
'Wi, respectively; because, wherever we suppose the point Bto 
be> BD" X DG"* cannot he a maximum (artd consequently AB 
X BD* X DG"* is not s^ maximum) unless BD : DG : :n:m; 
and wherever we suppose the point D to be, AB X BD» cannot 
be a maximum unless AB ': BD : : 1 : n. The continuation of 
those theorems is obvious; and this brief method of resolving 
several questions relating to maxima and minima that cannot be 
so easily reduced to the common rules, was mentioned in a letter 
to Martin Folkes, Esq. Phil. Trans. No. 408. The following 
article gives another use^ful instance. 

921. TheradiusACC%.342)andarkAFbeinggiven, letAFbe 
divided into three parts, AE, EB, and BF, let EM, EN, and 
BR, be the sines of the arks AE, EB, and BF; then if EM» X 
EN X BR"4)eamaitmu9n,thetangentsofthearksAE,£B, and 

Y4 BF, 
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BF> shall be ip the sc^ne proportion ^s the pijinbers^n^ l^i aa4 m^ 
This follows ffofn art. QIO, becfiusej wherever we siippoae th^ 
point B to be placed upon the ark F E, EM* X EN is not a iwax- 
imum (art. 910)^ unless the tangent of the ark A£ be to the 
tangent of EB as » to 1 ; consequently the ark AB must be 
divided in this manner, that BH"* X EN x EM** may be » 
p^aximum. In like m^^nner^ wherever we suppose the point Eto 
be taken upon tlie ark ABj EN x BR*^ cannpt be a maxirmuh 
unless the tangent of EB be to the tangent of BF as 1 to m; 
and the arkFE must be divided in this manner^ that EM" X EN 
X BR» maybe a maximum. Therefor^ if EM« X EN X BR*» 
h^amasnmwn, the tangent of AE must be to the tangent of £B 
^ If to Ij wd tbe tangent of EB to the tangent of BF as 1 to 
ti|i* l^ftt Uj the Rrk FA most be divided in suoh a manner in B 
%94 ^ ^)^^ the tangents of A£j EB^and BF^may be in the same 
m^gof tjoA to naoh other as the numbers », 1, and m. If nnm, 
tl^eq AE ^ BF« The oontiouattoa of these theorems is like- 
wise p|>w>na« If a given ark be divided into any given nnm- 
\^ <|f pfMf t3 wbose sines are represented by a, b, o, d, c, tic. and 
^ X 6^ X (^ ycj* X &c. he a naxMiifm^ then the tangents of 
the irespiective parts must be in the same proportion as the in^ 
4i^9f^ if^ ^, r, s, fcc. and (because the sine of an ark is^ to the 
rp4io9 M ftb0 radima to the secant of the same ark) the product 
of the^^i^e powtia of the respective secants of those parts is q 



99d« For an example of this^ the force and direction of the 
mndr being gi^cn^ let it be requited to find the most advanta- 
geont Mur&e of tba ship and position of the sail, that the ship 
in^ Ipia carried in a given direction^ or removed from a given 
coast w right line> a3 fast as possible. Let AC represent the 
force and direction of the wind^ CF the line from which the 
ship i^ to be carried as fast aa possible^ CB the course of the ship^ 
and CE th? position of the sail. Let AQ be parallel to CB^ AP 
p^cp^ndicular to CB in P> and PQ perpendicular to AQ in Q. 
Then tb^ force by which the wind impds the ship in the di- 
X^Ction CB at the beginning of the motion will be as AP x AQ 
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a EM* + ^ ; ^and the velocity of the ship (supposing it td . 

he incomparably less than the velocity of the wind) shall be as j 

EM X • EN ; which, reduced to the direction BR perpendicu- 
lar to CF, is as EM X v^en X BR ; *and this last velocity is a 
maximum (by the last article) when the tangents of the arks 
AE, EB, and BF, are in the same proportion as the numbers 
1, 1 and 1, or 2, 1 and 2. Let the radius CE=a, the tangent 
of AF be represented by h^ the tangent of AE or BF by t^ and 
Ihe tangent of AB or FE by T. Because the arks AB + BF 

ah uiT 

= AF, it will easily appear that *=::a x -^^zir > ^^^ ^^ ^^ *^™^ 
manner, becaose BF + BE r= FE, the tangent of BE (=: ^\ 

p: a X -—T^y ; whence T x: ^g^Ztt » consequently t^ -^Aibtt 

•^ 5aat + ^bua =: a ; and, b being given, t and T may be 
found by the resolution of this cubic equation. 

923. If FCA be a right angle, then b is infinite, and 2tt:=aa, 
ortiaiil: •?, and T : a : r i/f: 1 ; that is, ACB^FCE=: 
M® 44' ; consequently, if the velocity of the ship may be neg- 
lected as incomparably less than the velocity of the wind^ the 
course ought to contain an angle of 54^ 44', and the sail an 
aiigl« of 35** 16' with the diaection of the wind, that the sliip - 
may gain upon the wind as much as possible; and this is the 
case i^esolved by Mr. BemmHlH, Manoeuure des Faisseaux, 
p. 50, &c; If the course CB and position of the sail CE is re- 
quired, that the ship may get away, from the line AC as fast as 
possible) then we are to suppose ACFto be a continued right 
iine, or b z: o, in which case tt = 5aa, or t : a : : »/J : l ; 
eoosequently the angle ACE ought to be of 65^ 54', and ACB 
of 1 14* ff. If the angle ACE be given, the tangent of ECB 
ought to be to the tangent of ECF as 2 to 1 ; and ECB is de- 
termbsted by a oooatroction similar to that in art. 910* We 
have always supposed the sail to be a plane, and have abstracted 
firom the lee-way of the ship, but shall not enter farther into 

this 
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this theory at present. Mr. Renau published an ingenious 
treatise on this subject in 1689 ; but some particulars in it 
have been corrected by Mr. Huygem and Mr. Bernouillu 
Several other mechanical problems may be resolved in the 
same manner as these we have considered. 

924. In book I. chap. 13, it was shown how many problemys 
may be immediately reduced to equations that involve first 
iluxions only, which it has been usual to resolve first by equa- 
tions that involve second or higher fluxions ; but as that me- 
thod is not always applicable, we shall give some examples of 
the method of reducing equations from second to first fluxions. 

Suppose X constant, and if the equation involve x, y, and y, 
but if either or or y 'be wanting (of which kind are those which 
arise most commonly in the resolution of problems), it may be 

reduced to first fluxions^ by introducing a new variable quantily 

•* . 

z, and supposing it equal to 4^ or ^. Suppose, for example, 

» jr 

that X* + y* =r SL, lety r= zx, and consequently y zzz x. 



then war* X 1 +z^ r:y2X>or tir x \+zz (:^ni/X -2-— l=:yz; 

therefore 22f = J^^^ and (by art* 740) y*» = l + zz x A, 

y 1 + zz 

erzz:=i^ Ini^; conseqwcntly x- zr ^ — —^ where 

A denotes an invariable quantity. 

925. Let the point T0Jg.343>) move in the right line Aa, and 
the point M in the curve FM, so that the velocity of the point 
T may be to the velocity of the point M in the invariable ratio 
of » to 1, and the motion of M may be always in the direction 
JdT or TM ; and let it be required to determine the curve FM. 

I^t AP = X, PM zzy, FM = 5, AT = t; then m=:i=z (be- 
cause f = X — ^, or to^ — x, and x is supposed constant) 
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t • . • • • » • •• 

LJUUL^ Let X = zy, then zy + jry = o, and ny v'l + «« = 

r-^yy^ ^ = ±V2?j and — •=: — ■ * whence A^ = 
»/T^±Zy and AAy«HF 2A;?y» = 1^ or 2;?; =: ~ =; — 
db Ay«, consequently 2jr= $?- ± Av«v> and Sjt re ,23: 

' — -—^ — + K, where K denotes an invariable quantity;, 

If« = I, then X = - ^ ±-JL~JL + iK^ and the curve is 

aparabolaof theihird orderof lines. If«=: l,thecurve(^.344) 
is constructed by logarithms or the equilateral hyperbola. Let 
KDN be such an hyperbola described betwixt the asymptotes 
Oa and Cb, D a given point in the hyperbola, join CD^ let 
NLM perpendicular to the asymptote Ca in L meet CD in K^ 
and let LM X 2FD be always equal to the area UNK ^ then M 
^hall be a point in the curve. 

. 926. An equation that involves second fluxions is sometimes 
easily reduced to first fluxions^ by the common rules of the in- 
verse method, which were described in chap. 2 ; and that the 
solution may be general enough, when any fluxion is supposed 
constant, a quantity compounded from it or from its powers and 
invariable quantities ought to be added to the equation. For 
example, lei it be required to find the nature of the line 
in which the curvature is always as the ordinate, this being a 
figure by which several problems of diflerent kinds are resolved* 
Let the ray of curvature be represented by R, and because 



c* 



R = > / \ .. 9 suppose s constant, then R =: -^ • In the 

5 *' — X S X 

figure required R is inversely as the ordinate^ ; consequently, 
a being an invariable quantity, we may suppose — = R =: 4r 

or 
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OTiy^s =: aax; and by finding the fluents, yys = aax + Kf 
where K denotes an invariable quantity, and Ks is added 
because s i& supposed constant. If K =: o, then t :i^t: ^^: 

y%y* : a^ : : a* — y* = yS and consequently x = <^~^ 

927. Tlie celebrated author who first resolved this as well 
as several other curious problems, after his account of this 
igure (which is commonly called the tlaUic curvt\ adds. Oh 
graves causassuspicor curve nostra comtructionem a nulHuiveetiO" 
nis conica sen qitadratura sen rectijicatione paidere, Act.Lws. 
1694, p. 272. But itiscoristructed by the rectification of theequi* 
lateral hyperbola ; for if the base of a figure be always taken 
tqual to the perpendicular from the centre onthetangentof such 
an hyperbola,a»d theordinateequal to the excess of the tangent 
terminated by that perpendicular above the ark intercepted be- 
twixt the vertex of theliypcrbolaand thepoifit of contact, then 
the figureshall be the elastic curve. Let A EZ 0%:- 34.5) be an eqnl- 
kleral hyperbola that has its centrie in S and vertex in A, let E 
be any point in the hyperbola, ET a tangent at E, and SP per- 
pendicular from the centre S to the tangent at P; upon S A take 
SQrzSP, and the ordinate QM always equal to the excess of the 
tangent EP above the ark AE of the hyperbola ; then M shall 
be a point in the elastic carve AMB. For suppose SAira, SQ 
(rrSP) = y, QM=jr, SB = r, EP rr z, and the ark AE = s, 

thenr :=^, EP == ^ = •;;:^=: £f!=2i,; =3 -2:^^ 

y y yf7^^ 

But %\T\\r\%\\aa': VTZ^ and.r = If2U coiweqiietttly 



-r^=:j and i = ;J _ ; = -ry*y-^i^±f ^ ^ 



— :yV 



;:^-~ > which is the equation for the comsuw elttiiki 
ciffve. ^ 

928. In 
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9£8. In general, the equation for tl^e elastic curve waSj^^^ ^ 

and ky comparing this fluxion with those described in art. 'SO* 
and 805, it will appear that the elastic curve gaay be construct- 
ed in all cases by the rectification of the conic sections. Let 
SAC^.34$) be halflhe transverse axisof tbebyp^rbola AEH,SD 
half the second axis ; upon DS take SF. SA : : SA. St), and S6 
rzAF, describe the elliptic quadrant ARfe, aivl, E being any 
point in the hyperbola, SP perpendicular to the tangent EP ia 
P, upon SA take SQ = SP, and let the ordinate QR meet the 

eUipss in. R; then, by taking QM upon QR equal to ^m x 

EprjE + f!$Ax^D ^ ^^^ ^ ^^^^ ^ ^ ^^^^ ^° *® elastic 
curve ; and the ray of curvature at any point M shall b« 

AD* 

equal to -^j becanse in comparing those fluxions we suppose 

fla — K = SD* and aa + K = SA*, or 2aa = SD* + SA* 
=£ AD% and the ray of cufvatmre was supposed equal tQi 

40 ^ AD* 

■55; ^TSS* 

ft29* liet SA Ofe347)be incomparably less than SD, then,be^ 
pause SD : SA : : SA : SF, we may suppose SF to vanish, ARi to 
b« a qua dr gw t of a circle and £P — A£ to vanish ; consequent- 
ly QMrr^xAR and SB = ^ xARi = (ifafceratioofj» 

to 1 denote that of the circumference to the diameter) y x SD ; 

and the ela^ic curve in this case will represent the figure 
which a mmieal chord BAG assumes in its small vibratixxis by 
the converse of art. 569> the tension of the chord being every 
where equal. Let P represent this tension, or a weight equi« 
Talent to it, n a section of the chord perpendicular to its length. 
It the ray of curvature at any point M, and V the force by 
which the motion of any point at M towards BC is aocekrat* 
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cd, while ihe chord returns to its natural state ; then^ by art. 
561, the tension would be equal to the weight of a chord of 
Ae same thickness of the length IR, if the gravity was equal 

to V;thati», P =»RV,or V=:^ = I X S=(be-. 

cause SD is to AD nearly in a ralio of equality) - x -g^ =r 

*— X J55;. If we suppose, with Dr. Taylor, N to repre- 
sent the weight of the chord, L its length, g the force of 
gravity, D the length of a given pendulum, SA = a, SQ or 

MN = y ; then, because N = nLg, or w = j- and L = 2SB, 

kfollows, that V = -^^» Because V is asy the distance of 

M from BC, the vibrations of the chord are similar ta 
those of a pendulum; and the time in which M describes 
MN is to the time in which the pendulum D performs 

talf a vibration as v ~ to v -3 or as — -z^ to \/ d ; con- 

Kqoently the number of vibrations made by the chord, while 

the pendulum vibrates once, is expressed by m X ^^; which 

is Dr Taylor's theorem, and serves for determining the 
number of vibrations made in a given time by any given chord 
that is extended by a given weight; or for comparing the 
iumber of vibrations made by different chords in equal times^ 
upon which their tone depends. Thus if the weight P be 

the same^ the number of vibrations is as » and when 

the chords are of the same kind (or N is as L) the vibrationt 

are as j- ♦ If the chord be given, the number of vibrations is 

as •?• The ratio of m to 1, or of the circumference to the , 
diameter, enters the expression of the number of the vibrations 
of the chord ; because the ratio of 2SB the length of the chord 
to jthe ray of curvature involves it; and there seems to be a dif- 
ference 
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ference in this respect betwixt the theorems^by which the vi- 
brations of a musical chords and these which are produced in 
the air by organ-pipes^ or other wind-instruments^ are to be^le^ 
tennmed, 
930. Because the elastic curve is defined by the equatiooi 

• • • • 

(art 926), t/ys — Ks = aax, it follows, that s zz 



-aay 



/a* - jy-K* 



— "^-^ • Let this fluxion be compared witfar 



that in art. 805 (fig. 346), of which wefound the fluent to be-^ 

xAR+AE — EP; and it will appear, by supposing aa + Kzi 
SA% and aa — K=:SD% that AM the ark of the elastic curvt 

is equal to ^ x |J x AR + AE-^EP. Therefore th# 

figures that have been constructed by the rectification of th^p 

elastic curve may be constructed by the rectification of the fay« 

pe'rbola and ellipsis; particularly the curve along which if ». 

heavy body moved it would recede equally in equal times. 

firom a given point, which Mr. Leibnitz constructed by the 

rectification of a geometrical curve of a higher kind than 

the conic sections^ and Mr. James Bemouilli by the elastic 

curve. Jet. Lips. 1694, p. 272, 277, 338, 370, 8cc. The fluenU 
• ' • • • 

of ^ ^ . — > ana (which ane 

mentioned, ibid, p. 338, where it is said of the first only^ that it 
may be assigned by the rectification of the hyperbola) are all 
assignable by the rectification of the equilateral hyperbola, and 
of the ellipsis, whose excentricity is equal to the second axis. 
Let AE and AR (fig. 348) be such an hyperbola and ellipsis, 

SA=:a, and SE=z, then the F. ^**- =:AE, and the fluent of 



oat 



=: AR + AE — EP. If SP be perpendicular from 

the 
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the centre S on the tangent at E in P, SArrcr, and SP ^ z, 



thealhe F. n^'» = AR + AE — EP, and the F.-^r^^ 

= EP — AE, as appears from art. 799 and 802. Fluents of 
other fbrmsmay be assigned by the rectification of the conic 
sections by art. 804 and 805. 

931. It may be worth while to show here how the §ame 
€Qsy niethod which was described in chap. IS, book I. for de« 
termiuing^ by first fluxions only^ thenatureof the lines of sWift^ 
est dtsoent, of the figares that amongst all those of eqaal peri-* 
meters produce «»ajri;Ma and minima, and of that which gene« 
lates the solid of least resistance^ serves wHk equal facility and 
evidence for discovering the equation of the curve when other 
fimit^tions are added in the problem ; as when it is required us 
find the solid^ which amongst all those of equal capacities^ aad 
that ace bovaded by equal surfaces^ meets with tbe least lesist^ 
aocse ia a fiuid. The fundameotal lemma (demonstrated m 
«rt.572and 593) isthat^ if AK 0^^-349) begiven^KE be perpen^ 
diciilai toAK^ a andt^ deftote any given or invariable qvantitiea^ 

tfien AE % a — KE X u (or ^ — ^j is a miiiimu r fi whenr 

KE: AE::M:fl, ora X KE = i*xAE. Let the base FP =: 

X, the ordinate PA = y, the ark GA =: s, AK = y, and if AE 
llie tangent at J^ meet KE ptirallel to the base in E^ then AE 

zi a and KE = :r ; aad it follows from the kiitma, that i£ 
Y and u lepfesent any quantities compoomded from tbe powers 
c£y (so ad to be of the same value when y is the same)^ smd if 

y be given, then Vs — ux,. and — . — — are minima whett 

Yx = m. From this it follows (as in art. 576 and 59S)p. 
that if GAD be the whole curve, and DH the difference of the 

ordiaates at G and D be given, then the F« Vs— ^-F. ux, or the 
F. -i F. -^, shall be a minimum when the nature of thA 

u V ' 

fi^re is defined by the equation Vxzzus^ Therefore^ supposing 

this 
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this to be the equs^tion of the curve, aixd PH tob^ giv^oiy if 

* • 

the fluent of V^ be also given, then the F. ux shall be a nsaxi- 

mum ; or if the latter fluent be given, then the former shall he 
ti minimum : and if the fluent of — be given, the F. ~ shall 

be B, maximum ; or if the fluent of -^ be given, the flueut of -^ 
shall be a minimum. It appears, likewise (as in art. 59^), that if 
DH with the base FC or GH be given, and the fluent of Vsbe 
given or invariable, then the F. ux will be a maximum or mini* 

mun^ when the equation of the curve is V^ = e-f^u X s, where 
e denotes an invariable quantity that may he positive, or nega- 
tive, or vanish. 
932. Suppose, therefore, V=: A + By + Cyy + Dy^ + &c. 

and M =a + fty + cy* + dy -{- &c. where A, B, C, &c. and a, b, 
c; &c. denote any invariable coefficients that may be positive or 
negative, any of which may be supposed to vanish; and the flu* 

ent of Vs — ux, that is, of s X A + By + Cyy + &c. — i X 
a ^ by + cyy + &c. shall be a miriimum when the equation of 
the figure is j^' X A+By+Cyy+ &c. =: sxa+6y + cyj^+8cc. 
th e ordinate DH b eing given. Therefore, if the fluent of « 
X A + By + Cyy + &c. be also given, the fluent of i x 
a + by + cyy 4" &c. shall be a maximum; or if the latter be 
given, the former shall be a minimum : and if the base FC or 
GH be given with DH and the F. 5 x A + By + Cyy + &c. the4 
the F.x X a + by + cyy + &c. shall be a ma^xnmum or minimun^ 

when xxA+By + Cyy + kc. =i i X e'fA+By+Cyy+ &c. 
Of which theorem it is an obvious but a particular case only, 
that, if the nature of the figure be defined by the last equation, 

and GH, DH, with the fluents of A5, By$, Cyys, &c. byx, cyyx, 

rfy X, &c. be all given or invariable, one only excepted, this last 
guent shall be either a maximum or minimum. 
VOL. n, Z 933. For 
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^S. For example^ the points 6 and D being given, if the 

perimeter GAD (or the F. As) be also given, the area F6ADC 

(or the F.yx)is a maximumox minimumvfhcnAxizs X c+A+By, 
that is, when GAD is an ark of a circle* If the surface gene» 

rated by the ark GAD about the axis FC (or the F. Byi) be 
given, ^en the soUd generated by the figure FG ADC about the 

same axis (or the F. cyyx) is a maximum or minimum when Byx 

= 5 X e^cyy; and when e = o, this is again a circle. If the 

perimeter GAD (or the F. As) be given, the solid generated by 

FGADC about the axis FC is a maximum or minimum when Ax 



= &fcyy X 5, and GAD is the elastic curve, which was con- 
structed by the arks of conic sections in art. 928. If the F. 5 X 
A + By be given, then the fluent of x X a + by+ cyy is a maxi-- 

mum or minimum when x XA + Byzss X e+a + 6y + cyy. 
And it is no more but a particular case of this theorem that the 
same equation comprehends that of the figure when the points 
G,D,with the surface generated by GAD about FC and the area 
FGADC, are given or invariable, and the solid generated by this 
area about the axis FC is a maximum or minimum. For since, by 

the supposition, the fluents of s X A+ By with the F. ax and 

F.iyjrare given, so that theF. cyyx alone is variable, and the 

Auent of F. x xa + by + cyy is a maximum or minimum^ it is ma- 

nifest that the F. cyyx is a maximum or minimum. Nor is there 
any occasion, in order to obtain such equations, to have recourse 
to higher fluxions, or to resolve the element of the curve into a 
number of infinitesimal parts. Other examples may be derived 
in the same manner at pleasure. 

934. The same method is extended to several other saris of 
problems, by art. 605. Let V be now compounded from the 

powers of s and y as well as from the powers of y and in* 
variable quantities. For example, let V =— /-. + A + By + 



#» 



Cy*+Dy + 8cc. where K is supposed to be compounded from 
the powers of y and invariable quantities, and u ^ a^ by + 

cyy 
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cyy + &c. as formerly. Thea it appears^ as in article 
605, that Vs -h t«jp shall be a minimum when TZJJ X 

-4^ + Ai + Byop + Cy4 + 8cc. = T sm r= 

4- s X a+ 6y 4- cyy + &c. and by substituting 3 for n this 
equation serves for resolving the problems that may be proposed 
concerning the sohd of least resistance. For, supposing the solid 
that is generated by the revolution of the figure FG ADC (fig. 350) 
to move in a fluid with a given velocity, and in the direction of 
the axis CF, then, according to the common doctrine of the 
action of the particles of fluids on bodies (or if the fluid be 
rare, as Sir Isaac Newton supposes), the resistance of the co- 
nical surface generated by the tangent AE will be ultimate- 

aeF "J 



ly as PA X AK x ^^^~ = ^ =^ x s, and 9,yy^x — xs 



X A + By + Cyy + &c. = V y, a -{- by + cyy + &c, is 
the equation for the curve that generates the solid of least resist- 

ance, when the points G and I) with the fluents of As, Byi^ 

Cyysy and the F. a: x a + fty 4" <^yy + 8cc. are supposed to be given 

or invariable. Thus if the points G and D only are given, 

• • • 
the equation is 2yy^x = as% as Sir Isaac Nezoton found. If 

the solid of the least resistance is required amongst all the solids 

. . . . 

of equal capacity, the equation is Q,yy^ x = as* + cy*s*. If 

the solids are supposed to be bounded by equal surfaces, the 

equation for the figure which generates the solid of least resist* 

ance is .Syy^x — Byjfs^ = as^. If the solid is to have the least 
resistcince of all those that have equal capacity, and aretermi- 

nated by equal surfaces, the equation is 9.yy^x — Byxs' = as*+ 

cyV ; and in like manner the equation is found, when other 
limitations that relate to the perimeter GAD, area FGADC, &c, 
are superadded. 

935. Because the theorems proposed in art. 563, add explain- 
ed in the subsequent articles, are of more general use, it may 
be proper to give one example of the manner of applying them 

Z2 for 
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for discovering the equation of the figure required. Let u the 
Velocity acquiredat any point A be as Aa:*»4*By«* x 2*y, and the 
equation of the line of swiftest descent be requ ired. Let O A Cfig. 
35 1 ) the ray of curvature at A be considered as given in position, 
and, supposing the point O to remain, Jet A move in the right 
line OA, and AP be always perpendicular to FC in P ; let OA 
c= J, FP = X, and AP =; y, then if OA meet FC in I — x : q 
: : PI : lA : : y : i, md y : q : : PA : lA : : t : i But, 
l>y the theorem in art. 565, OA and u increase proportionally 
While the point A is supposed to move in the right line OA, 

thatis, -1- = i. = ^'A."-'; + ^B,^--'; + ± + 'y. 

• • • • 

Hence by substituting 3L for x, and ^ for y, then dividing 

by q, and substituting for the ray of curvature q its value 

— -r-5 ^ being supposed constant, it follows, that LI = 
— ^J' ;• 

jj,n^ ^m — V y^ required that the 

curve shall be described in less time than any other of an equal 
perimeter, tlie equation may be found by the third general 
principle described in art. 563. 

936. The preceding examples may serve to show the exten- 
sive usefulness of the method of fluxions in geometry and the 
various parts of philosophy. In the account we gave of thii 
doctrine in the first book, we supposed with Sir Isaac New- 
foft quantities to be generated by motion, and considered the 
fluxion of a quantity as the velocity or measure of this motion. 
Some propositions, however, were demonstrated (as prop. £0 
and 32) without making use of fluxions; and several other 
theories described in this and the preceding book may be Hke- 
wigeestablished in a mj^nner independent of the notion of a flux- 



ion. 
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ion. Thus, it is easily demonstrated from art. 7 10, that, sup* 
posing n to be any integer and positive number, if the area 
upon the baseAP0Jg.352)orjcbe always equal to j;", then the ordi^ 
natePMory shall bealvvaysequal to njj«— *. For let o represent 
Vp any increment of the base x; and, because x andy increase 
together, PM X Pp, ory x o, shall be less than FMmp zz 

x-^-o^ — a*, the simultaneous increment of the area, which (by 
substituting x + o for E> and x for F, in art. 7 10) is less than 

n X x-^-o^*^* X o; consequently^^ is less than n X x+o**— '. 
In the same manner, it appears that PM X Pp, or^ X o, isgreater 

than PMjXT = x^ — x — o^, which, by the same article, is 

greater than no X x — o"-"* ; consequently the ordinate y is 

greater than n xx — o«— '. But if ^ be said to be greater than 

7"! 

!«:♦»—% suppose y = nj^«— * + r, and o zz x"— * + - 



1 



X, or x+ o»-'* = x»— ' + -, then y = nxi*^^^ t^ r zz n X 

x+o«— *, the contrary of which has been demonstrated; 

and if y be said to be less than wj:«— "*, suppose y = nx"*-* 

1 



r, and o zz x — x**— ' — - 

n 



«— I, or X — 0'*— * = j:***"* — 

, J _ _ ., _ . , against what has been demon* 

strated : therefore y zz wi«— *. I intended to have subjoin- 
ed demonstrations of this kind of some othey theorems; 
but this seems to be unnecessary, after what has been shown 
at so great length in the first book, and the first chapter of this 
book, for demonstrating the evidence of this method. Some- 
times we have spoke of infinites in this chapter in the 
usual style of writers on this subject; but we took no greater 
liberty in making use of such expressions than is allowed to 
authors in the inferior parts of these sciences, particularly to 

such 
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such as treat of trigonometry, who, while they assign a tan^ 
gent and secant to every ark, and find that no finite tongent 

or secant can belong to the quadrant, therefore mark it injinite 

• • • 

in their tables. In the same sense y or y are in certain 
cases supposed to become infinite ; but we pretend to draw 
no conclusions concerninginfinites from the use of such concise 
and convenient expressions, nor inferences of any kind, but 
such as may be otherwise justified by unexceptionable evi* 

dence. 

937. In this doctrine, when the velocity of amotion is de^^ 
termined, it is always with relation to the velocity of some 
other motion; and when we enquire at what rate the ordinate, 
for example, increases or decreases, it is always in relation to 
the base, or some other magnitude, with fvhich it is compared. 
It is only relative space and motion we have occasion to consi- 
der in this method, than which no sort of quantities seem to be 
more clearly conceived by us. 
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